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ADVERTISEMENT. 


THE  publishers  of  this  second  Anericai^  edition  of  Dr.  Hutton^s  Coarse  oli 
Mathematics  were  induced  to  enfrag^e  in  tht;  work  from  a  conviction  gf 
its  utility  to  private  Students  as  well  as  to  Ccrfleges  and  other  Seminaries  in 
-which  Matheroatieal  Science  (constitutes  a  branch  of  education.  They  also 
had  in  view  the  furnishing  ot  the  Mihtary  School  of  their  cotintiy  with  a  Tost 
Book  of  high  standing,  and  long  in  use  in  the  British  Military  Academy.  And 
in  order  thist  this  echtion  roJEht  ilprivw.  advantHge  from  the  progi'ess  of  the 
Science,  and  thereby  become  more  worthy  of  the  public  patronage,  they  en« 
eaged  a  gentleman  of  acknowledged  eminence  to  revise  its  pages  and  super- 
intend the  printing ;  and  thev  ootifidently  unist  this  duty  has  been  performed 
-with  some  profit  to  the  work  generally.  Togentlemen^therefore,  who  study 
tiiis  delightful  science  in  pi*ivate,  and  to  the  literary  and  military  institutions  of 
their  country,  the  publishers  and  proprietors  look  iov  remuneration*— nnd  they 
feel  as  though  they  should  not  look  ip  vain.  An  increasing  taste  for  Mnthe- 
snatical  Studies  will  produce  a  corres|iondent  increase  of  purchasers  ;  while 
the  preference  which  an  honourable  patriocisro  gives  to  American  editions 
^hen  well  executed,  will  receive  additional  activity  from  the  saper-eminence 
<tf  the  work  itself. 

'  q^  Orders  for  this  publication  will  be  thankfully  received  by  any  of  the 
proprietors ;  all  whose  names  are  printed  ftt  the  foot  of  thetiile*page* 
Mw'Tork,  1816. 
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BE  IT  REMEMBERED,  that  on  the  eleventh  day  of  Avnut,  in  the  thirty«ventb  year 
of  the  Independence  oi  the  UiUted  States  dk  Anu-rica.  Samvei  CampbeO.  of  the  laid  district, 
hath  deponted  in  this  office  the  title  of  a  book,  the  right  whereof  he  claims  as  proprietor, 
in  the  words  following,  to  wit : 

**  A  Coune  oi  Mathematics.  la  two  volumes  For  the  use  of  Academies,  as  well  as  Pri- 
vate Tnitino  By  Chaiks  Hutton,  L  L.  D.  F.  R.  S.  I«te  Professor  O!*  Mathematics  in  the 
Koyal  Military  Academy  From  the  fifth  and  sixth  London  editions, revised  and  coneetcd 
by  Robert  Adiain.  A.  M  Fellow  o''  the  American  Philosophical  Society,  and  ProA^ssor  ot* 
Iklathematici  in  Ctuttsi's  CoUece,  NewJersey  *' 

In  omforroity  to  the  Act  ofthe  Congress  of  the  United  States,  entitled  *'  An  act  for  the 
eneourapresnfnt  or'  learning,  by  securing  the  copies  of  maps,  charts,  and  bo^cs  to  the  au> 
tbors  and  pTMmeton  o '  such  copies,  doxuig  the  times  ibereio  mentioned,'^  And  also  to  an 
tt^t.  entitled  ^  An  act,  snpplementary  to  an  aet,  entitled  an  act  lor  the  encouragement  of 
learning,  by  securing  the  copies  of  maps  charts,  and  books  to  the  authors  and  proprietors 
of  such  copies,  during  the  times  therein  mentioned  and  extending  the  benefiu  them^  to 
the  atts  of  designing,  engxsring,  and  etching  historical  and  other  prints.*' 

CHARLES  CLINTON, 
Ckrk  of  the  iHitrkt  of  Nenf7^\ 


Georgp  Long^  PrinUr. 
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A  SHORT  and  Easy  Course  of  the  Mathematical  Sciences 
has  ioog  been  considered  as  a  desideratum  for  tne  use  of  Stu« 
dents  in  thp  different  schools  of  education  :  one  that  should 
hold  a  middle  rank  between  the  more  voluminous  and  bulky- 
collections  of  this  kindt  and  the  mere  abstract  and  brief  com- 
mon-place forms,  of  principles  and  memorandums. 
^  For  long  experience,  in  all  Seminaries  of  Learning,  ba$ 
shown,  that  *uch  a  work  was  very  much  wanted^  and  would 
prove  a  great  and  general  benefit ;  2^  for  want  of  it,  recourse 
has  always  been  obliged  to  be  had  10  a  Qun\ber  of  other  books 
by  different  authors  §  sclecttng-span  (rom  one  and  a  part  from 
another,  as  seemed  most  suitable  to  the  purpose  in  hand,  and 
i*ejecting  the  other  pdrts — a  practice  which  occasioned  much 
expense  and  trouble,  in  procuring  and  using  such  a  number 
of  odd  volumes,  of  various  forms  and  modes  of  composition  ; 
besides  wanting  the  benefit  of  uniformity  and  reference,  which 
are  found  in  a  regular  series  of  composition. 

To  remove  these  inconveniences,  the  Author  of  the  present 
work  has  been  induced,  from  time  to  time,  to  compose  various 
parts  of  this  Course  of  Mathematics  ;  which  the  experience 
of  many  years*  use  in  the  Academy  has  enabled  him  to  adapt 
and  improve  to  the  most  useful  form  and  quantity,  for  the  be- 
nefft  of  instruction  there.  And,  to  render  that  benefit  more 
eminent  and  lasting,  the  Master  General  of  the  Ordnance  has 
beta  pleased  to  give  it  its  present  form,  by  ordering  it  to  be 
enlarged  and  printed,  for  the  use  of  the  Royal  Military  Aca- 
demy. 

As  this  work  has  been  composed  expressly  with  the  inten- 
tion of  adapting  it  to  the  purposes  of  academical  education,  it 
is  not  designed  to  hold  out  the  expectation  of  an  entire  new 
niass  of  inventions  and  discoveries :  but  rather  to  collect  and 
arrange  the  most  useful  known  principles  of  mathematics,  dis- 
poaed  in  a  convenient  practical  form,  demonstrated  in  a  plain 
and  concise  way,  and  illustrated  with  suitable  examples,  re- 
jecting whatever  seemed  to  be  matters  of  mere  curiosity,  and 
retaining  only  such  parts  and  branches, as  have  a  direct  tenden- 
cy and  application  to  some  useful  purpose  in  life  or  profession. 

It  is  however  expected  that  much  that  is  new  will  be  found 
in  many  parts  of  these  volumes  ;  as  welt  in  the  matter,  as  in 
the  arrangementandmanner  of  demonstration,  throughout  the 
whole  work}  especially  in  the  geometry,  which  is  rendered 
much  more  fasy  and  simple  than  heretofore  ;  and  in  the  conic 
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'  sections,  which  are  here  treated  in  a  manner  at  once  ne  w^  ea  %y, 
f  and  natural ;  so  much  so  indeed,  that  all  the  propositions  and 
their  demonstrations,  in  the  ellipsis,  are  the  very  same,  word 
for  word,  as  those  in  the  hyperbola,  using  only,  in  a  very  few 
places,  the  word  iutn^  for  the  word  difference  :  also  in  many  of 
the  mechanical  and  philosophical  parts  which  follow,  in  the 
second  volume.  In  the  conic  sections,  too,  it  may  be  observed, 
that  the  first  theorem  of  each  section  only  is  proved  from  the 
cone  itself,  and  all  the  rest  of  the  theorems  are  deduced  fronoi 
the  first,  or  from  e^ch  other,  in  a  very  plain  and  simple  manner. 
Besides  renewing  most  of  the  rules,  and  introducing  every 
where  new  examples,  this  edition  is  much  enlarged  in  severaJr 
places;  particularly  by  extending  the  tables  of  squares  and 
cubes,  square  roots  and  cube  roots,  to  1000  numbers,  which 
will  be  found  of  great  use  in  many  calculations  ;  nUo  by  the 
tables  of  logarithms,  sines,  and  tangents,  at  the  end  of  the  se^ 
cond  volume  ;  by  the  addition  of  Cardan'^  rules  for  resolving 
cubic  equations  ;  with  tables  and  rules  for  annuities  ;  and  many 
other  improvements  in  different  parts  of  the  work. 

Though  the  several  parts  of  this  course  of  mathematics  are 
ranged  in  the  order  naturally  required  by  such  elements,  yet 
students  may  omit  any  of  the  particulars  that  may  be  thought 
the  least  necessary  to  their  several  purposes  ;  or  they  may, 
study  and  learn  various  parts  in  a  different  order  from  their 
present  arrangement  in  the  book,  at  the  discretion  of  the  tutor. 
So,  for  instance,  all  the  notes  at  the  foot  of  the  pages  may  be 
omitted,  as  well  as  many  of  the  rules  ;  particularly  the  1st  or 
Common  Rule  for  the  Cube  Root,  p.  85,  may  well  be  omittedy 
being  more  tedious  than  useful.  Also  the  chapters  on  Surds 
and  Infinite  Series,  in  the  Algebra :  jor  these  might  be  learned 
after  Simple  Equations.  Also  Compound  Imerest  and  Annui- 
ties at  the  end  of  the  Algebra.  Also  any  part  of  the  Geome- 
try, in  vol.  I  ;  any  of  the  branches  in  vol.  3,  at  the  discretion  of 
the  preceptor.  And,  in  any  of  the  parts,  he  may  omit  some  of 
the  examples,  or  he  may  give  more  than  are  printed  in  the 
book;  or  he  may  very  profitably  vary  or  change  them,  by  alter- 
ing the  numbers  occasionally — As  to  the  quantity  of  writing ; 
the  author  would  recommend,  that  the  student  copy  out  into 
his  fair  book  no  more  than  the  chief  rules  which  he  is  directed 
to  learn  off  by  rote,  with  the  work  of  one  example  only  to 
each  rule,  set  down  at  full  length  ;  omittin|^  to  set  down  the 
work  of  all  the  other  examples,  how  many  soever  he  may  be 
directed  to  work  out  upon  his  slate  or  waste  paper. — In  short, 
a  great  deal  of  the  business,  as  to  the  quantity  and  order  and 
manner,  must  depend  on  the  judgment  of  the  discreet  and  pru* 
dent  tutor  or  director. 
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^H£  beneficial  unproyements  lateljr  made,  and  still  makidg* 
in  the  plan  of  the  scicntiiic  education  of  the  Cadets,  in  the 
Royal  Military  Academy  at  Woolwich,  haidng  rendered  a 
further  extension  of  the  Matheraatical  Course  adviseable,  I 
was  honoured  v^ith  the  orders  of  his  Lordship  the  Master 
General  of  the  Ordnance,  to  prepare  a  tiiird  volume,  in  addi- 
tion to  the  two  former  volumes  of  the  Course «  to  contaia 
such  additions  to  some  of  the  subjects  before  treated  of  in 
tliosetwo  volumes,  with  sucTi  other  new  branches  of  military 
science^  as  might  appear  best  adapted  to  promote  the  ends  of 
this  important  institution.  From  my  advanced  age,  and  the 
precarious  state  of  my  health,  I  was  desirous  of  declining  such 
m  task,  and  pleaded  my  doubts  of  being:  able,  in  such  a  state, 
to  answer  satisfactorily  his  lordship's  wishes.  This  difficult/ 
ho^trever  was  obviated  by  the  reply,  that,  to  preserve  «  uni- 
formity  between  the  former  and  the  additional  parts  of  the 
Course,  it  was  requisite  that  I  should  undertake  the  direction 
of  the  arrangements  and  compose  such  parts  of  the  work  as 
might  .be  found  convenient,  or  as  related  to  topics  in  whicli 
I  had  made  experiments  or  improvements  ;  and  for  the  rest» 
I  might  take  to  my  assistance  the  aid  of  any  other  person  I 
anight  think  proper.  With  this  kind  indulgence  being  eiH 
couraged  to  exert  my  best  endeavours,  I  immediateiy  ^• 
nounced  my  wish  to  request  the  assistance  of  Dr.  Gregory  of 
the  Royal  MiUury  Academy «  than  whom,  both  for  his  ex* 
tensive  scientific  knowledge,  and  his  long  experience,  1  know 
ef  no  person  more  fit  to  be  associated  in  the  due  performance 
of  such  a  task.  Accordingly,  this  volume  is  to  be  considered 
as  the  joint  composition  of  that  gentleman  and  myself,  hav- 
ing each  of  us  taken  and  prepared,  in  nearly  equal  portions, 
separate  chapters  and  branches  of  the  work,  being  such  as 
in  the  compass  of  this  volume,  with  the  advice  and  assistance 
of  the  Lieut.  Governor,  were  deemed  among  the  most  useful 
additional  subjects  for  the  purposes  of  the  education  estab* 
Hshed  in  the  Academy. 

The  several  parts,  of  the  work,  and  their  arrangement,  are 
as  follow. — In  the  first  chapter  are  contained  all  the  proposi- 
tions of  the  course  of  Conic  SecUongf  first  printed  for  the  use 
of  the  Academy  in  the  year  1787,  which  remained,  after 
Those  that  were  selected  for  the  second  volume  of  this  Course  : 

to 
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to  which  is  added  a  tract  on  the  algebraic  equations  of  the 
several  conic  sections,  serving  as  a  brief  introduction  to  the 
algebraic  properties  of  curve  liri^s. 

The  ad  chapter  contains  a  short  geometrical  treatise  on  the 
elements  of  laoperimetry  and  the  maxima  and  minima  of 
surfaces  and  aoUda  ;  in  which  several  propositions  usually  in- 
vestigated by  fluxionary  processes  are  effected  geometrically  i 
and  in  which,  indeed,  the  principal  results  deduced  by  Thos, 
Simpson,  Horsley,  Lcgendre,  and  Lhuillier  are  thrown  into 
the  compass  of  one  short  tract. 

The  dd  and  4th  chapters  exhibit  a  concise  but  compre- 
hensive view  of  the  trigonometrical  analy ait ^ov  that  in  which 
the  chief  theorems  of  Plane  and  Spherical  Trigonometry  are 
deduced  algebraically  by  means  of  what  is  commonly  de- 
nominated the  Arithmetic  of  Sines,  A  comparison  of  the 
mo^des  of  investigation  adopted  in  these  chupters,  and  those 
pursued  in  that  part  of  the  second  volume  of  this  course 
which  IB  devoted  to  Trigonometry,  will  enable  a  studetit  to 
trace  the  relative  advantages  of  the  algebraical  and  geome- 
trical methods  of  treating  this  useful  branch  of  science.  The 
fourth  chapter  includes  also  a  disquisition  on  the  nature  and 
measure  of  aoUd  angles^  in  which  the  theory  of  that  peculiar 
class  of  geometrical  magnitudes  is  so  represented,  as  to  ren- 
der their  mutual  comparison  (a  thing  hitherto  supposed  im- 
possible except  in  one  or  two  very  obvious  cases)  a  matter  of 
perfect  ease  and  simplicity. 

Chapter  the  fifth  relates  to  Geodesic  Operations,  and  that 
more  extensive  kind  of  Trigonometrical  Surveying  which  is 
employed  with  a  view  to  determine  the  geographical  situation 
of  places,  the  magnitude  of  kingdoms,  and  the  figure  of  the 
earth.  This  chapter  is  divided  into  two  sections  ;  in  the  first 
of  which  is  presented  a  general  account  of  this  kind  of  survey- 
ing ;  and  in  the  second,  solutions  of  the  most  important  prob- 
lems connected  with  these  operations.  This  portion  of  the 
volume  it  is  hoped  will  be  found  highly  useful  ;  as  there  is  no 
work  which  contains  a  concise  and  connected  account  of  this 
kind  of  surveying  and  its  dependent  problems  ;  and  it  cannot 
fail  to  be  interesting  to  those  who  know  how  much  honour  re« 
dounds  to  this  country  from  the  great  skill,  accuracy,  and 
judgment,  with  which  the  trigonometrical  survey  of  England 
Aas  long  been  carried  on. 

In  the  6th  and  7th  chapters  are  developed  the  principles  of 
Polygonometry,  and  those  Which  relate  to  the  Division  of  lands 
and  other  surfactt^  both  by  geometrical  construction  and  by 
computation. 

The 
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The  8Ui  chapter  contains  a  Yiew  of  the  nature  and  solution 
of  cpiaHons  in  general,  with  a  selection  of  the  best  rules  for 
equations  of  different  degrees.  Chapter  the  9th  is  devoted  to 
the  nature  and  properties  of  curves^  and  the  conMlruction  of 
tquatitms  These  chapters  are  manifestly  connected,  and 
show  how  the  mutual  relations  subsisting  between  equations  of 
different  degrees,  and  curves  of  various  orders,  serve  for  the 
reciprocal  illustration  of  the  properties  of  both. 

In  the  loth  chapter  the  subiects  of  Fluents  and  Fluxional . 
equations  are  concisely  treated.  The  various  forms  of  Fluents 
cocnprtsed  in  the  useful  table  of  them  in  the  2d  volume,  are 
investigated  :  and  severdl  other  rules  are  given  ;  such  as  it  is 
believed  will  tend  much  to  facilitate  the  progress  of  students 
In  this  interesting-  department  of  science,  especially  those 
which  relate  to  the  mode  of  finding  fluents  by  continuation. 

The  11th  chapter  contains  solutions  of  the  most  useful 
problems  concerning  the  majcitnum  effects  of  machines  in  mo^ 
$ion  ;  and  developes  those  principles  which  should  constantly 
be  kept  in  view  by  those  who  would  labour  beneficially  for  the 
improvement  of  machines. 

In  the  12th  chapter  will  be  found  the  theory  of  the  firea^ 
sure  of  earth  and  fluids  against  walls  and  fortifications  i  and 
the  theory  which  leads  to  the  best  construction  of  /lowder 
magazines  with  equilibrated  roofs. 

The  I3thchapter  is  devoted  to  that  highly  interesting  sub- 
ject, as  well  to  the  philosopher  as  to  military  men,  the  theory/ 
and  firactice  of  gunnery.  Muny  of  the  difficulties  attending 
this  abstruse  enquiry  are  surmounted  by  assuming  the  results 
of  accurate  experiments,  as  to  tho  resistance  experienced  by 
bodies  moving  through  the  air,  as  the  basis  of  the  computa- 
tions. Several  of  the  most  useful  problems  are  solved  by 
means  of  this  expedient,  with  a  facility  scarcely  to  be  expect- 
ed, and  with  an  accuracy  far  beyond  our  most  sanguine  ex- 
pectations. 

The  1 4th  and  last  chapter  contains  a  promiscuous  but  tX" 
tensive  collection  of  problems  in  statics^  dynamics,  hydrostoi' 
Hcsy  hydrauHcSffirojectiles^  &c.  8cc. ;  serving  at  once  to  exer* 
cise  the  pupil  in  the  various  branches  of  mathematics  com- 
prised in  the  course,  to  demonstrate  their  utility  especially 
to  those  devoted  to  the  military  profession,  to  excite  a  thirst 
for  knowledge,  and  in  several  important  respects  to  gratify  it. 

This  volume  being  professedly  supplementary  to  the  pre- 
ceding two  volumes  of  the  Course,  may  best  be  used  in  tuition 
by  a  kind  of  mutdal  incorporation  of  its  contents  with  those 
of  the  second  volume.  The  method  of  effecting  this  will,  of 
course,  vary  according  to  cireun\stances,  and  the  precise  em- 
ployments 
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ployments  for  which  the  pupils  are  destined  :  but  in  genera] 
it  is  presumed  the  following  may  be  advantageously  adopted. 
Let  the  first  sevenchapters.be  taught  immediately,  after  the 
Conic  Sections  in  the  2d  volume.  Then  let  the  substance  of 
the  2d  volume  succeed,  as  far  as  the  Practical  Exercises  on 
Natural  Philoiiophy,  inclusive.  Let  the  Sth  and  9th  chapters 
in  this  3d  vol.  precede  the  treatise  on  Fluxions  in  the  2d  ;  and 
when  the  pupil  has  been  taught  the  part  relating  iojluenfa  ia 
that  treatise,  let  him  immediately  be  conducted  through  the 
iOth  chapter  of  the  3d  volume.  After  he  has  gone  over  the 
remainder  of  the  Fluxions  with  the  applications  to  tangents^ 
radii  of  curvature,  rectificutions,  quadratures,  Seethe  1 1th  and 
13th  chapters  of  the  3d  vol.  should  be  taught.  The  prob* 
lems  in  the  13th  and  14tJ)  chapters  must  be  blended  with  the 
practical  exercises  at  the  end  of  the  2d  volume,  in  such  manner 
as  shall  be  found  best  suited  to  the  capacity  of  the  student,  and 
best  calculated  to  ensure  his  thorough  comprehension  of  the 
•everal  curious  problems  contained  in  those  portionsof  theworl^. 

In  the  composition  of  this  3d  volume,  as  well  as  in  that  of 
the  preceding  parts  of  the  Course,  the  great  object  kept  con- 
stantly in  view  has  been  utility,  especially  to  gentlemen  in- 
tended for  the  Military  Profession.  To  this  end,  all  such  in- 
vestigations as  might  serve  merely  to  display  ingenuity  or  tal- 
ent, without  any  regard  to  practical  benefit,  have  been  carefully 
excluded.  The  student  has  put  into  his  hands  the  two  power- 
ful instruments  of  the  ancient  and  the  modern  or  sublime  ge- 
ometry ;  he  is  taught  the  use  of  both  and  their  relative  ad- 
vantages are  so  exhibited  as  to  guard  him,  it  is  hoped,  from 
any  undue  and  exclusive  preference  for  either  Much  novel- 
ty of  matter  is  not  to  be  expected  in  a  work  like  this  ;  thought 
considering  its  magniiude,  and  the  frequency  with  which  sev- 
eral of  the  subjects  have  been  discussed,  a  candid  reader  will 
not,  perhaps,  be  entirely  disappointed  in  this  respect.  Per- 
spicuity and  condensation  have  been  uniformly  aimed  at  through 
the  performance  :  and  a  small  clear  type,  with  a  full  page,  have 
been  chosen  for  the  introduction  of  a  large  quantity  of  matter. 

A  candid  public  will  accept  as  an  apology  for  any  slight  dis- 
order or  irregularity  that  may  appear  in  the  composition  and 
arrangement  of  this  Course,  the  circumstance  of  the  different 
volumes  having  been  prepared  at  widely  distant  times,  and 
with  gradually  expanding  views.  But,  on  the  wfaoie,  I  trust  it 
"will  be  found  that,  with  the  assistance  of  my  friend  an4  coadju- 
tor in  this  aupplementary  volume,  I  have  now  produced  a 
Course  of  Mathematics,  in  which  a  great  variety  of  useful  sub- 
jects are  introduced,  and  treated  with  perspicuity  and  correct- 
siess>  than  in  any  three  volumes  of  equal  size  in  any  language. 

CHA.  HUTTON. 
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BY  THE  AMERICAN  EDITOR. 


I^HE  last  English  edition  of  Hat  ton*  a  Course  of  Mathema* 
ticBy  in  three  volunies  octavo,  maf  be  considered  as  one  of  the 
best  syaiems  of  Mdthematics  in  the  English  languagb  Iti 
great  excellence  coqsIhu  in  tlie  judicious  selection  made  bj 
the  authors  of  the  work,  who  have  constantly  aimed  at  such 
Ihin^  as  are  most  necessary  in  tj^e  useful  arts  of  life.  To 
this  may  be  added  the  e&sy  and  perspicuous  manner  in  which 
the  subject  is  treated— a  quality  of  primary  importance  in  a 
treatise  intended  for  beginuers,  and  containing  the  elements 
of  science. 

The  third  volume  of  the  English  edition  having  been  but 
lately  published,  is  scarcely  known  ai  present  in  this  country-^ 
it  is  but  justice  to  its  excellent  authors  to  state,  that  they  have 
collected  in  it  a  great  number  of  the  most  interesting  sub« 
jects  in  Anaiyucal  and  Mechanical  Science.  Analytical  Tri- 
gonometry Plane  and  Spherical,  Trigonometrical  Surveying, 
Maxima  and  Minima  of  Geometrical  Qiiantities,  Motion  of 
Machines  and  their  Maximum  Effects,  Practical  Gunnery, 
&c.  are  amon$c  the  mos^  important  subjects  in  Mathematics, 
and  are  discussed  in  the  volume  just  mentiont^d  in  such  a 
manner  as  not  only  to  prove  highly  useful  to  pupils,  but  alsot 
to  such  as  are  engaged  in  various  departments  of  Practical 
Science. 

As  the  work,  after  the  publication  of  the  third  volume,  em- 
braced most  subjects  of  curiosity  or  utility  in  Mathematics* 
it  has  been  thought  unnecessary  to  enlarge  its  size  by  much 
additional  matter.  The  present  edition  however,  differs  in 
several  respects  from  the  last  English  one  ;  and  it  is  presum- 
ed, that  this  difference  will  be  found  to  consist  of  improve* 
ments.     These  are  principally  as  follows  ; 

In  the  ftrst  place,  it  was  tht-ugiit  adviseable  to  publish  the 
work  in  two  volumes  instead  of  three  ;  the  two  volumes  being 
still  of.a  convenient  size  for  the  use  of  students. 

Secondly,  a  new  arrangement  of  various  parts  of  the  work 
has  been  adopted.  Several  parts  oi  the  thtrd  volume  of  the 
English  edition  treated  of  subjects  already  discussed  in  the 
precedinp;  volumes  ;  in  such  cases,  when  it  was  practicable, 
the  additions  in  the  third  volume  have  been  properly  incor- 
porated with  the  corresponding  subjects  that  preceded  them ; 
Vol.  I,  A  md, 
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andf  in  general,  such  a  disposition  of  the  various  depirtoientt 
oi  the  work  has  been  made  as  seemed  best  culcuiated  to  pro- 
mote the  improvenient  of  the  pupik>  and  exhibit  the  respec* 
tive  places  of  the  various  branches  in  the  scale  of  science. 

And  thirdly,  several  notes  have  been  added  ;  and  numerous 
corrections  have  been  made  in  various  places  oC  the  work  & 
it  were  tedious  and  unnecessary  to  enumerate  all  these  at  pre- 
sent ;  it  may  suffice  to  remark  the  few  foUowin^j^ : 

In  pages  169,  and  263>  vol.  1,  are  given  useful  notes  res- 
pecting the  degree  of  accuracy  resulting  from  the  application 
of  logarithms ; — these  notes  will  appear  the  more  necessary  to 
beginners*  when  we  observe  such  oversights  committed  by 
authors  of  experience. 

In  page  173,  vol.  1,  a  new  definition  of  surds  is  given,  in- 
stead of  that  by  the  author  of  the  work. 

In  the  English  edition,  a  surd  is  defined  to  be  "  that  which 
has  not  an  exact  root"  In  Bonny  castle's  Algebra,  it  is  ^'  that 
which  has  no  exaat  root'*  And  in  Emersoi/s  Algebra,  it  is 
(<  a  quantity  that  has  not  a  proper  root."  But  noiwithstand- 
ing  the  weight  of  authority  thus  evidently  against  me,  1  do  not 
hesitate  to  assert,  that  the  definition,  just  stated  is  altogether 
erroneous.  According  to  their  definition,  the  integer  2  is  a 
surd,  for  it  <^  has  not  an  exact  root." 

In  the  mensuration,  page  411,  vol.  I,  a  remark  is  added  re- 
specting the  magnitude  of  the  earth.  Dr.  Hutton  has  com- 
monly used  a  diameter  of  7957i  English  miles,  merely  be- 
cause it  gives  the  round  number  35,000  for  the  circumfe- 
'  rence  :  in  a  few  places  he  has  used  a  diameter  of  7930.  Hav- 
ing some  years  ago  discovered  the  proper  method  of  ascer- 
taining the  most  probable  magnitude  and  figure  of  the  earth, 
from  the  admeasurement  of  several  degrees  of  the  meridian, 
I  found  the  ratio  of  the  axis  to  the  equatorial  diameter,  to  be 
as  330  10  331,  and  the  diameter,  when  the  earth  is  considered 
as  a  globe,  to  be  7918-7  English  miles. 

In  the  additions  immediately  preceding  the  Table  of  Loga- 
rithms in  the  second  volume,  anew  method  is  given  for  ascer- 
taining the  vibrations  of  a  variable  pendulum.  This  problem 
was  solved  by  Dr.  Hutton,  in  his  Select  Exercises,  1787,  and 
he  has  given  the  same  solution  in  the  present  work,  see  page 
537,  vol.  2.  The  method  used  by  the  Doctor  appears  to  me 
to  be  erroneous  ;  but  in  order  that  such  as  would  judge  for 
themselves  on  this  abstruse  question,  may  have  a  fair  oppor- 
tunity of  deciding  between  us,  the  Doctor's  solution  is  given 
as  well  as  my  own. 

It  may  be  proper  to  observe,  with  respect  to  the  new  solu- 
tion, as  well  as  Dr.  Hutton's  that  the  resulting  formula  does 

not 
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mat  flhew^  the  relation  bctveeo  the  time  and  any  number  of 
▼ibratiaas  actuaify  (performed  ;  but  merely  gives  the  limit  to 
which  thia  relation  approaches,  when  the  horizontal  velocity 
l»  iiklefinitely  diminished.  If  therefore  we  would  use  tho 
new  foamula  as  an  apf^roximaiion  in  very  small  finite  vibra- 
lious,  the  times  must  not  be  extended  without  limitation. 

ROB£RT  AURAIN. 


C0M7Ein$l 


GONTEWTS 


or  VOLUME  I 


Page 

GEJ^TERAL  PrindpleM 1 

ARITHMETIC. 

•Yoiation  and  Numeration •  4 

Jiotnan  JVofa^'on       ...•...«••  7 

•^dditum             8 

Subtraction II 

Multiplication 19 

Jhvidon            •       .        .        .       •       4 IS 

'Seduction           2S 

Compound  Addition    ...«....*.  32 

'                 Subtraction       .........  36 

—————  MuUipiication •  38 

■     Division            41 

Golden  Huh,  or  Xule  of  Three        .       * 44 

Compound  jProportion        .        .   - 4^ 

Vulg'ar  Fractiom      ....<.-       i       •       •  51 

IteducUon  of  Vulgar  Fi^actioM         .......  52 

Addition  of  Vvigar  Ffactiono           i        .        *       j       *        .       .  61 

Subtraction  of  Vu^ar  Fractions 62 

MuUipUcation  of  Vulgar  Fraclicns           ..:...  63 

Division  of  Vulgar  Fractions          .       • <64 

Suleof  Three  in  Vulgar  Fractions 65 

• 

Decimal  Fractions            66 

Aiii&iion  ofDeamals .67 

Subtrqction^ofDtdinaU 68 

Milli^cation 


CONTENTS*  m 

Page 

J^MlH^XcatiM  •f  DeeimaU     ....,.;;  €| 

Jktin'm  of  DedmaU     .•...«•••  70 

^due/ion  of  DedmaiM          ••••«•••  7S 

Mule  rf"  Three  in  DedmaU           ..«...,  9S 

Jhtodedmala 77 

Jhoft/tiJion       .•...••••••  79 

Jpoohition        •••••••••••  (0 

7«  extract  the  Square  Root 8i 

2^  extract  the  Cuhe  Root             •••.,.•  S5 

T«  f x^Y-acr  miy  Root  vihaiever tt 

Tahk  of  SfuareMf  Cubee^  Sgvare^oot^  ami  Cube»So9t$          •  90 

MaHoe,  Proporticni,  and  Progrtemom         .       •       •       •       •  119 

Jfrithmetical  Progreemon     •       •.•••«.  lli 

Qe^metricai  Progreewion              ••..,%••  U6. 

Muncal  Proportim       ...•••.,•  Ul^ 

RUovfthip,  or  PartnertJ4p          •••»•«•  flb 

i§iip^  JVOowtAtp       .«.«••••«  lao 

Ikmtblc  FeUermhip         •...•.«••  122 

fiimfife  iatere«l      .        .               ««..•«•  1^ 

Om^^oundihtereti laot 

MigaiionJUedial         ^              .       .       ^       .       .       \       .  IS». 

Mkgation  AJUerwUa     ..,••«••..  ISl 

Siagle  PodOm .  l» 

JhuSiePoeitim            ,  '  iSf 

J^ennutttiioru  and  Combimaiani          •«....  140 

J^ractical  Queetion* 150 

lAiGABrtWdS, 

ejfUgarithnu '      .       ,       i       ,       .  1S4[ 

ThcomputqLegaritkm *       .       •  159 

jDeKr^9n.qfidjffe^thenVfitfl^tfnihiijft        ,      ,      .  I6a 


CONTENTS. 

Fage 

MtatipUcMion  hy  LogaritfoM lef 

Jhviaion  hy  Ltiffarithma        . '      .  .       ^ '      .       .       .  168 

Involution  by  Lo^aTithm*      .        »*      .        .*      .  ^  169 

JEvolution  by  logarithms  •       •       «  *  170 

^ALGEBRA. 
Ikfimitiotti  and  J^otatimt        ....%...         171 

Addition ;       .        .       .         175 

Subtraction     ««:.»: 180 

JIMiipUctaion         /..,..•*•.  181 

IHvision  t •        .         184 

Jllgebrmc  Fractiono 188 

Jhrvolution         ,        i ^       •       .  199 

Xvoltaion         ...........  90S 

gardo       *«-•••• 906 

In/imte  Serieo 213 

JtHthmeticai  Froportit/n S18 

TiUngofSdUr 983 

Geometricai  Proportion  .»»«..        •       .  2918 

sXnpio  Eguationo  t***>*»*»  930 

^uqdmtic  Eguationt ^Md 

XeooluHonofCfOdcandB^herEqwaiont    ,       •       .       •       •  957 

Simph  Interest       ,       ^       x       •       •       \     '       •       •       *  ^^ 

XUtmpownd  InUfoot         •       •       ^  ' 907 

JbmdUfio        w 370 

GEOMETRY. 

Definitions     C       ,       *       i       x       s       *       >       •       •       *  ^^ 

Axionu—Theoremo 281 

Of  Ratioa  and  Propartiont  »»•••..  019 

Of  Planes  and  SoUdo^Definitiono       • 036 

KPrdblam        *      ^ ••      v      .  0*3 

yfippU^fKlgfi 

* 


^ 


CONTENTS. 

Page 

* 

A^lkaHmM  •/ Algebra  to  OeomHry  »       •        *       .       .  J9 

Flane  THgtmometry 977 

BagkU  and  Di9tance9  •        .  39S 

MenMurtLtion  of  Planet  .        •  403 

JUtmwation  of  SolitU  4lJ 

Jjotnd  Surveying 429 

Jh-tificei^  Work* 457 

lHaL^-er  MeoMuring 46€ 

Cwic  SectumM 469 

OJtheEUipte -        .  474 

Of  the  Hyperbola 491 

Of  Ihfi  Parabola 51* 

Of  the  Conic  Sectiom  as  expretoed  by  Algebraic  equatiotu,  called  the 

Equatioru  of  the  Ctarve 53S 

Elements  of  Jaoperimetry  .,....*.«  53S 

Probleuu  relative  to  the  Divinon  of  Surfaces         .       «       •        .  55S 

CoTistruction  of  Geometrical  Problems      • 571 

Practical  Exercises  in  Aiensuratien. 575 


COURSE 


or 


MATHEMATICS,  &c, 


GENERAL  PRINCIPLES. 


.Q 


,\J  ANTITY)  or  Maonitudb^Is  any  thing  that  wOl 
admit  of  increase  or  decrease ;  or  that  U  capable  of  any  sort 
of  caiculatioo  or  menauraiion  ^  auch  as  nunibera,  lineS)  space, 
timef  motion,  weight 

3.  Mathsmatics  is  the  science  which  treats  of  all  kinds 
of  quantity  whateyer,  that  can  be  numbered  or  measured.— 
Tlidt  part  which  treats  of  numbering  is  called  jtrithmetic  / 
and  that  which  concerns  measormg,  or  figured  extension,  is 
called  Gffomf rry.— ^hese  two,  wluch  are  conversant  about 
multitude  and  magnitude,  being  the  foundation  of  all  the 
other  parts,  are  csiled  Pure  or  Abstract  MathcTnatica  s  be* 
cause  they  investigate  and  demonstrate  the  properties  d  ab- 
stract numbers  and  magnitude^  of  all  sorta.  And  when  these 
two  parts  are  applied  to  pardcular  or  practical  subjects,  thejr 
<;onstitute  the  branches  op  parts  called  Mixed  Matkematic;"^ 
Mathematics  is  also  distinguished  into  Sfiecuiative  and  Pror- 
tkai  :  viz.  Sfieculatvve^  when  it  is  concerned  in  discovering 
properties  and  relations;  and  Practical^  when  applied  to 
practice  udd  roai  use  concerning  physical  objects. 

Vot.  I.  B  3.  In 


2  GENERAL  PRINCIPLES. 

3.  In  Mathematics  are  several  general  terms  or  principles ; 
sucb  as,  Definitions,  Axioms,  Propositions,  Theorems,  Prob- 
lems, Lemmas,  Corollaries,  Scholiums,  he. 

4*  J  Definition  is  the  explication  of  any  term  or  word  in  a 
science ;  showing  the  sense  and  meaning  in  which  the  term 
is  employed.— Every  Definition  ought  to  be  clear,  and  ex- 
pressed in  words  that  are  common  and  perfectly  well  under- 
stood. 

5.  ^  Profiosition  is  something  proposed  to  be  proved,  or 
something  required  to  be  done  ;  and  is  accordingly  either  a 
Theorem  or  a  Problem. 

6.  A  Theorem  is  a  demonstrative  proposition ;  in  which 
some  property  is  asserted,  and  the  truth  of  it  required  to  be 
proved.  Thus,  when  it  is  said  that,  The  sum  of  the  three 
angles  of  any  triangle  is  equal  to  two  right  angles,  this  is  a 
Theorem,  the  truth  of  which  is  demonstrated  by  Geometry. 
*»A  set  or  collection  of  such  Theorems  constitutes  a  Theory. 

7.  A  Problem  is  a  proposition  or  a  question  requiring 
something  to  be  done  ;  either  to  investigate  some  truth  or 
property,  or  to  perform  some  operation.  As,  to  find  out  the 
quantity  or  sum  of  all  the  three  angles  of  any  triangle,  or  to 

draw  one  line  perpendicular  to  another. A  Limited  Prob* 

lem  is  that  which  has  but  one  answer  or  solution.  An  Un* 
limited  Problem  is  that  which  has  innumerable  answers. 
And  a  Determinate  Problem  is  that  which  has  a  certain  num- 
ber of  answers. 

8.  Solution  of  a  Problem,  is  the  resolution  or  answer  given 
to  it.  A  JVumerical  or  JVumeral  Solution^  is  the  answer  given 
in  numbers.  A  Geometrical  Solution^  is  the  answer  given  by 
the  principles  of  (geometry.  And  a  Mechanical  SoliUion^  is 
one  which  is  gained  by  trials. 

9.  A  Lemma  is  a  preparatory  proposition,  laid  down  in 
order  to  shorten  the  demonstration  of  the  main  proposition 
which  follows  it. 

10.  A  Corollary i  or  Ctmaectary^  is  a  consequence  drawn 
immediately  from  Some  proposition  or  other  premises. 

1 1  A  Scholium  is  a  remark  or  observation  made  on  some 
foregoing  proposition  or  premises.  * 

l^.  An  Axiom^  or  Maxim^  is  a  self-evident  proposition ; 
lequiring  no  formal  demonstration  to  prove  the  truth  of  it ; 
but  is  received  and  assented  to  as  soon  as  meuUoned.  Such 
as,  The  whole  of  any  thing  is  greater  than  a  part  of  it ;  or, 
The  whole  is  equal  to  all  its  parts  taken  together :  or.  Two 
quantities  that  are  each  of  them  equal  to  a  third  quantity, 
are  equal  to  each  other* 

13,  .^ 


GENERAL  PRINCIPLES-  3 

13.  ^  Postulate^  or  Petition^  is  something  re  uired  to  be 
doDe,  which  is  so  easy  and  evident  that  no  person  will  hesi- 
tate  to  allow  it. 

14.  ^n  Hyftothena  is  a  supposition  assumed  to  be  true^  in 
order  to  argue  from,  or  to  found  upon  it  the  reasoning  and 
demonstration  of  some  proposition. 

15-  Demonstration  is  the  collecting  the  several  arguments 
and  proofs,  and  laying  them  together  in  proper  order,  to 
show  tho  truth  of  the  proposition  under  consideration. 

16.  wf  Directy  PoHtivcy  or  Affirmative  Demonstration^  is 
that  which  concludes  with  the  direct  and  certain  proof  of  the 
ppoposVlion  in  hand. — ^This  kind  of  Demonstration  is  most 
satis&ctory  to  the  mind  ;  for  which  rea&on  it  is  called  some- 
times an  Ostensive  Demonstration, 

IT*  An  Indirect,  or  JVegative  Demonstration^  is  that  which 
shows  a  proposition  to  be  true,  by  proving  that  some  absur- 
dity would  necessarily  follow  if  the  proposition  advanced  were 
&Ise.  This  is  also  sometime^  called  Retfuctto  ad  Absurdum  / 
because  it  shows  the  absurdity  and  falsehood  of  all  supposi- 
tions contrary  to  that  contained  in  the  proposition. 

18.  Method  is  the  art  of  disposing  a  train  of  arguments  in 
a  proper  order,  to  investigate  either  the  truth  or  falsity  of  a 
proposition,  or  to  demonstrate  it  to  others  when  it  has  been 
found  out. — This  is  either  Analytical  or  SyntheUcal. 

19.  Anaiysisi  or  the  Analytic  Method^  is  the  art  or  mode 
of  finding  out  the  truth  of  a  proposition,  by  first  supposing 
the  thing  to  be  done,  and  then  reasoning  back,  step  by  step, 
till  we  arrive  at  some  known  truth— This  is  also  called  the 
Method  of  Invention,  or  Resolution  ;  and  is  that  which  is  com« 
monly  use^  m  Algebra. 

20.  Synthesis^  or  the  Synthetic  Method,  is  the  searching 
out  truth,  by  first  lajring  down  some  simple  and  easy  princi-^ 
pies,  and  pursuing  the  consequences  fi6wing  from  them  till 
we  arrive  at  the  conclusion.— -This  is  also  called  the  Method 
of  Composition  ;  and  is  the  reverse  of  the  Analytic  method,  as 
this  proceedsfrom  known  principles  to  an  unknown  conclu- 
sion ;  while  the  other  goes  in  a  retrograde  order,  from  the 
thing  sought,  considered  as  if  it  were  true,  to  some  known 
principle  or  fact.  And  therefore,  when  any  truth  has  been 
found  out  by  the  Analytic  method,  it  may  oe  demonstrated 
by  a  process  in  the  contrary  order,  by  Synthesis. 
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ARITHMETIC. 

x\RITHM£TIC  is  the  art  or  science  of  numbering  ;  be- 
ing that  branch  of  Mathematics  which  treats  of  the  nature 
and  properties  of  numbers.*- When  it  treats  of  whole  num- 
bers, it  is  called  Vulgar ^  or  Common  Arithmetic  ;  but  when  of 
broken  numbers,  or  parts  of  numbers,  it  is  called  Fractiont* 

Unity ^  or  an  (7mr,  is  that  by  which  every  thing  is  calle4 
one  ;  being  the  beginning  of  number ;  as,  one  man,  one  ball» 
one  gun. 

Mimber  is  either  simply  one,  or  a  compound  of  several 
units  ;  as,  one  man,  three  men,  ten  men. 

An  Integer^  or  Whole  Mimdery  is  some  certain  precise 
quantity  of  units ;  as,  one,  three,  ten— These  are  so  called  as 
distinguished  from  Fractiotu^  which  are  broken  numbers,  or 
parts  of  numbers ;  as,  one-half,  two-thirds,  or  three-fourths. 


NOTATION  AND  NUMERATION. 


Notation,  or  Numeration,  teaches  to  denote  or  ex- 
press any  proposed  number,  either  by  words  or  ctiaracters  | 
or  to  read  and  write  down  any  sum  or  number. 

The  numbers  in  Arithmetic  are  expressed  by  the  following 
ten  digits,  or  Arabic  numeral  figures,  which  were  intnoducec} 
into  Europe  by  the  Moors,  about  eight  or  nine  hundred 
years  since ;  viz.  1  one,  3  two,  3  three,  4  four,  5  five,  6  six, 
7  seven,  8  eight,  9  nine,  0  cipher,  or  nothing.  These  cha- 
racters or  figures  were  formerly  all  called  by  the  general 
name  of  Cifiher^  $  whence  it  came  to  pass  that  the  art  of^ 
Arithmetic  was  then  often  called  Cifihering,  Also  the  first 
nine  are  called  Significant  Figurrsy  as  distinguished  from  the 
cipher,  which  is  of  itself  quite  insignificant* 

Besides  this  value  of  those  figures,  they  have  also  another 
which  depends  on  t^e  place  they  stand  in  when  joined  toge- 
ther ;  as  in  the  foUowing  table  : 

Unitsi 
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S5  I     e  5 

o   ;g       ^   JB 

2  ^   i  1  o   i   2 

«   1S3|s§lS.i 

*^^-   9   a   7   6   5   4   3   2   1 
987654   32 
9   8   7   6   5   4   3 
9   8   7   6   5   4 
9   8   7   6   5 
9   8   7   6 
9       8       7 
9       8 
9 


vpli 


Here  any  figure  io  the  first  p1ace>  reckoning  from  right  to 
left,  denotes  only  its  own  simple  value  ;  hut  that  in  the 
second  pUce,  denotes  ten  times  its  simple  value  ;  and  that  in 
the  third  place,  a  hundred  times  its  simple  value ;  and  so  on : 
the  value  of  any  fig:ure9  in  each  successive  place,  being  always 
ten  times  its  former  value. 

Thus,  in  the  number  1796,  the  6  in  the  first  place  denotes 
only  six  units,  or  simply  six  ;  9  in  the  second  place  signifies 
nine  xem,  or  ninexy  ;  7  in  the  third  place,  seven  hun<1red  ; 
and  the  I  in  the  fonrih.  place,  one  thousand :  so  that  the 
whole  number  is  read  thus,  one  thousand  seven  hundred  and^ 
mnety^six. 

As  to  the  cipher,  0,  though  it  signify  nothing  of  itself,  yet 
befaig  joined  on  the  right-hand  side  to  other  figures,  it  in- 
creases their  value  in  the  same  ten-fold  proportion  :  thus,  $ 
signifies  only  five ;  but  50  denotes  5  tens,  or  fifty ;  and  500  is 
five  hundred  ;  and  so  on. 

For  the  more  easily  reading  of  large  numbers,  they  are 
divided  into  periods  and  hsdf'periods,  each  half*pe?iod  con« 
^sting  of  three  figures ;  the  name  of  the  first  period  being- 
units  ;  of  the  second,  millions ;  of  the  third,  millions  of 
millions,  or  bl-millions,  contracted  to  billions:  of  the  fburthy 
millions  of  millions  of  millions,  or  tri-miilions,  contracted  to 
tffllions,  and/so  on.  /Viso  the  first  part  of  any  period  is  so 
i|ttoy  units oLitt «s4  thelatter  part  so  many  thousands* 

The 


t  ARITHMETIC. 

The  following  Table  ccmtains  a  susninaiy  of  the  whole 
doctrine. 


Periods. 


Half-per. 


Figures. 


Quadrill  ;Trillions;  Billions  ;  Millions ;  Units. 


th.  un.     th.  un.     th.  un«     th.  un.     th.  un. 


133,456  ;  789,098;  765,432  ;  101,234  ;  567,890. 


Numeration  is  the  reading  of  any  number  in  words 
that  is  proposed  or  set  down  in  figures ;  which  will  be  easily 
done  by  help  of  the  foUowiqg  rule,  deduced  from  the  fore- 
going tablets  and  observations— viz. 

Divide  the  figures  in  the  proposed  numbeFf  as  in  the  eum- 
mary  above,  into  periods  and  half  periods  ;  then  begin  at  the 
left-hand  side,  and  read  the  figuresvhh  the  namea  set  to 
them  in  the  two  foregoing  tables.    ^^iW 


EXAMPLES* 

Express  in  words  the  following  numbers ;  viz. 

34  15080  13405670 

96  72003  47050023 

180  109026  S09025600 

304  483500  4723507689 

6134  2500639  274856390000 

9028  7533000  6578600307024 

Notation  is  the  setting  down  in  figures  any  number  pro- 
posed  m  words  ;  which  is  done  by  setting  down  the  figures 
instead  of  the  words  or  names  belonging  to  them  in  the  sum* 
mary  above ;  supplying  the  vacant  pkicea  with  ciphers  where 
any  words  do  not  occur^ 

examples. 


Set  down  in  figures  the  foUowmg  numbers : 
Fifty-seven. 

Two  hundred  eighty  six. 
Nine  thousand  two  hundred  and  ten. 
Twenty-seven  thousand  five  hundred  and  ninety-four* 
Six  hundred  and  forty  thousand,  four  hundred  and  eighty  one. 
Three  millions,  two  hundred  sixty  thousand|  one  hundred 

and  six. 

Four 
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Four  bimdred  and  eight  millions,  two  hundred  and  fifty-five 

thousand)  one  hundred  and  ninety-two. 
Twenty-seven  thousand  and  eight  millions^  ninety-six  thou* 

sand  two  hundred  and  four. 
Two  hundred  thousand  and  five  hundred  and  fifty  millions^ 

one  hundred  and  ten  thousand,  and  sixteen. 
Twenty-one  billions,  eight  hundred  and  ten  inilUons>  sixty^ 
four  thousand,  one  hundred  and  fifty* 

Ow  THB  Roman  Notation. 

The  Romans,  like  several  other  nations,  expriessed  their* 
numbers  by  certain  Xeltera  of  the  alphabet.  The  Romans 
used  only  seven  numeral  letters,  bclnR  the  scveii  following 
capitals ;  viz.  I  for  one  /  V  §orJive  i  X  for  fen  i  L  iov fifty  s 
C  for  an  hundred  j  D  for  Jive  hundrfd  ;  M  for  a  xhQu%Qn^ 
The  othernumbers  they  expressed  hj  various  repetitions  and 
combinations  of  chesey  alter  the  foliowiog-  manner : 

1  =1 

2  s  II  As  ofiten  as  any  character  is  re- 

3  s=  III  peated,  so  many  times  is  its 

value  repeated. 

4  =  im  or  IV.  A  less  character  before  a  great*- 

5  =  V  er  diminishes  its  value. 

6  c=  VI  A  less  character  after  a  greater 

7  sa.  VII       •  increases  its  value. 

8  «  VIII 

9  =  IX 

10  ^X    • 
50  =1. 
100  =C 

500  =  D  or  ID 

1000  r=  MorClD 
2000  =  MM 


5000  ss  V_or  100 

6000  *:  VI 

10000  =:  X  or  CCIOO 

50000  a=  L  or  1000 

60000  a=  LX 

100000  =8  C  or  CCCIOOO 
1000000  «  M  or  CCCCIOOOO 
SOOOOOO  =  MM 

&C.  &c.       •    ' 


Por  every  3  annexed,  this  be- 
comes 10  times  as  many* 

Yov  every  C  and  3,  placed  one 
at  each  end,  it  becomes  10 
times  as  much. 

A  bar  over  any  number  in- 
creases it  1000  fold. 


EXPLA- 


► 
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Explanation  or  cbrtaIn  CnAnActKAs* 

Th^re  are  various  characters  or  marks  used  in  Arithmetic^ 
And  Algebra,  to  denote  several  of  the  operations  and  proposi* 
tions  ;  the  chief  of  which  are  as  follows  : 

-I-  signifies  plua^  or  addition. 
-—    -   -     minus,  or  subtraction. 
X  or  .  -     multiplication. 
*r-    -    -     division. 
:  : :  :  -     proportion, 
ass    -    -     equality. 
^    -    -     square  root. 
A    •    «     cube  root,  &c. 

0}   <>    «     diff.  between  two  numbers  whtnk  is  not  known 
which  is  the  greater. 


Thus, 

5  4-3,  denotes  that  3  is  to  be  added  to  5. 

6  *-  2,  denotes  that  2  is  to  be  taken  from  6. 

7  X  3y  or  7  .  3,  denotes  that  7  is  to  be  multiplied  by  3. 

8  -r-  4,  denotes  that  8  is  to  be  divided  by  4. 
2;3:t4s6,  shows  that  2  is  to  3  as  4  is  to  6. 

6  +  4  ss  10,  shows  that  the  sum  of  6  and  4  is  equal  to  10. 
i/  3,  or  34-1  denotes  the  square  root  of  the  number  3. 
^  5,  or  S\y  denotes  the  cube  root  of  the  number  5. 
7*,  denotes  that  the  number  7  is  to  be  squared. 
8^,  denotes  that  the  number  8  is  to  be  cubed. 
&c. 


OF  ADDITION. 

Addition  is  tlie  collecting  or  putting  of  several  nurtibers 
together,  in  order  to  find  their  aunty  or  the  total  amount  of  the 
whole.    This  is  done  as  follows : 

Set  or  place  the  numbers  under  each  vthery  so  that  each 
figure  may  stand  exactly  under  the  figures  of  the  same  valuCf 

that 


t 

^ 
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that  isy  anits  under  onits,  tens  tinder  tens,  hundreds  under 

hundirds,  &c.  and  draw  aline  under  the  lowest  number,  to 

separate  the  given  numbers  from  their  sum,  when  it  is  found. 

— >Thea  add  up  the  figures  in  the  colunm  or  row  of  units, 

and  find  how  many  teas  are  eontaiacd  in   that  sum — Set 

down  exactly  below  what  remains  more  than  those  tens,  or 

if  nothmg  remains,  a  cipher,  and  carry  as  many  ones  to  the 

next  row  a«  there  are  tens  -—Next  add  up  the  second  row, 

together  with  the  number  carried,  in  the  same  manner  as  the 

first.     And  thus  proceed  till  the  whole  is  finished,  setting 

down  the  toteil  amount  of  the  last  row. 


TO  PBOVE  ADDITION. 

JPir^t  .AfoAo^.— Begin  at  the  top,  and  add  together  all  the 
rowsof  numbera  downwards  ;  m  the  same  manner  as  chey 
were  before  added  upwards  ;  then  if  the  two  sums  agree,  it 
may  be  presumed  the  work  is  right.  This  method  of  proof 
is  only  doing  the  same  work  twice  over,  a  little  varied. 

Second  Methott-Jytzxt  a  Une  below  the  uppermost  number, 
and  suppose  it  cut  off.  Then  add  all  the  rest  of  the  numbers 
together  in  the  usual  way,  and  set  their  sum  under  the  num- 
ber to  be  proved.— Lastly,  add  this  last  found  number 
and  the  uppermost  line  together  ;  then  if  their  sum  be  the 
same  as  that  found  by  the  first  addition,  it  may  be  presumed 
the  work  is  right. — ^This  method  of  proof  is  founded  on  the 
plain  axXom,  that  **  The  whole  is  equal  to  all  its  parts  taken 
together.^ 


M 


Third  Metkod.^^Add  the  figures  in 
tbe  uppermost  line  together,  and  find  KXAMPLE  I. 

how    many  nines  are    contained  in 
their  sum. — Reject  those  nines,  and  3497     •>     5 

set  down  the  remainder  towards  the  65 1 2     .§     5 

right-hand    directly   even   with   the  8295     ]f     6 

figures  in  the  line,  as  in  the  annexed        «"  ^     .^ 

example.— Do   the   same  with  each  18304     S      t 

of  the  proposed  lines  of  numbers,  set-        ■■     ■   -     g     ^ 
ting  all  these  excesses  of  nines  in  a  co-  ^ 

lumn  on  the  right-hand,  as  here  5,  5, 6.  Then*  if  the  excess 
of  9's  in  this  sum,  found  as  before,  be  equal  to  the  excess 
of  9's  in  the  total  sum  18304,  the  work  is  pi^bably  right.-— 
Thus,  the  sum  of  the  right-hand  column,  5, 5,  6,  is  Id,  the 
cxc:e$s  of  which  above  9  is  7.    Also  the  sum  of  the  figures  in 

Vol.  I.  C  the 
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TO  PROVE  SUBTRACriON: 

Adb  U)e  remainder  to  the  less  number^  or  that  which  is 
just  above  it ;  nnd  if  the  sum  be  equal  to  the  greater  or  up- 
permost number,  the  work  is  right*. 


1. 
From  538642/ 
Take  2164315 


KXAMPUKS. 

3. 
From  5386427 
Take  4258792 


3. 
From  1234567 
Take    702973 


Rem.  3222  i  12 


Rem.  1127635 


Proof.5386427 


Proof.5S86427 


Rem.     531594 
Proof.  1234567 


4    From  5331806  take  5073918. 

5.  Fronj  7020974  lake  2766809. 

6.  From  8503602  lake  574271. 


Ans.  257888. 
Ans  4254165, 
Ans.  7929131. 


7.  Sir  Isaac  Newton  was  bom  in  the  year  1 642,  and  he 
died  in  1727  :  how  old  was  he  at  the  Ume  of  his  decease  ? 

Ans.  85  years. 

8.  Homer  was  bom  S543  years  ago,  and  Christ  1810  years 
ago :  then  how  long  before  Christ  was  the  birth  of  Homer  ? 

Ans.  733  years* 

9.  Noah's  flood  happened  about  the  year  of  the  world  1 656, 
9md  the  birth  of  Christ  about  the  year  4000  :  then  how  long 
was  the  flood  before  Christ  ?  Ans.  2344  years. 

10*  The  Arabian  or  Indian  method  of  notation  was  first 
known  in  England  about  the  year  1 150 ;  then  how  long  Is 
it  since  to  this  present  year  1810  f  Ans.  660  years. 

11.  Gunpowder  was  invented  in  the  year  1330 :  then  how 
long  was  this  before  the  invention  of  printing,  which  was 
in  1441  ?  Ans.  1 )  1  years. 

12.  The  mariner's  compass  was  invented  in  Europe  in  the 
year  1302  :  then  how  long  was  that  before  the  discovery  of 
America  by  Columbus,  which  happened  in  1492  ? 

Ans.  190  years. 


*  The  reason  of  this  method  of  proof  is  evident  j  for  if  the  dlifer« 
ence  of  two  numbers  be  added  to  tlw  less,  it  most  manifestly  make  up 
a  sum  equal  to  the  greater. 

OF 
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«       OF  MULTIPLICATION, 

Multiplication  is  a  compendious  method  of  Addiiiou. 
teachmg  how  to  find  the  amount  of  any  given  number  when 
repeated  a  certain  number  of  times ;  asj  4  times  6,  which 
is  34. 

The  number  to  be  multiplied,  or  repeated,  is  called  the 

MuiifiHamd, — ^The  number  you  multiply  by»  or  the  number 

of  repet\uons,  \s  the  MuUifUicr. — And  the  number  found,  be- 

inf;  xh«  iota\  ^imountn  is  called  the  Product, — Also,  both  the 

multiplier  and  roultip\icakndaTe»  in  general  named  the  TVrma 

or  Factory. 

Before  proceeding  t6  any  operations  in  tyiis  ru\c»  it  is  ne- 
cessary to  /cam  off  very  perfectly  the  following  Table,  of  all 
the  products  of  the  first  12  numbers^  commoniy  called  the 
MnUfpHcatlon  Tablc^or  sometimes Pythagoras's  Table,  from 
its  inventor. 


3fULTIPUCATI0N  TABLE. 


To 
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To  multifily  any  Given  Number  by  a  Single  Figurt^  or  hy  any 

JVutnber  not  more  than  13*         n 

•  Set  the  multiplier  under  the  units  figure,  or  right-hand 
place,  of  the  multiplicand,  and  draw  a  line  below  it.*-  Then 
beginning  at  the  right-hand,  multiply  every  figure  in  this  by 
the  multiplier. — Count  how  many  tens  there  are  in  the  pro* 
duct  of  every  single  figure,  and  set  down  the  remainder  di- 
rectly under  the  figure  that  is  multiplied ;  and  if  nothing 
remains,  set  down  a  cipher. — Cany  as  many  units  or  ones  as 
there  are  tens  counted,  to  the  product  of  the  next  figures  ; 
and  proceed  in  the  same  manner  till  the  whole  is  finished* 


EXAMPLE. 

Multiply  98r65432IO  the  Multiplicand. 
By     -     -     «     -     2  the  Multiplier. 

19753086420  the  Product. 


To  multi/ily  by  a  J^umber  consisting  of  Several  Figurea. 

t  Set  the  multiplier  below  the  multiplicand,  placing  them 
as  in  Addition,  namely,  units  under  units,  tens  under  tens,  &c. 
drawing  a  line  below'^it.^—Multipiy  the  whole  of  the  multi- 
plicand by  each  figure  of  the  multiplier)  as  in  the  last  article ; 

setting 


5678    ' 

*  The  reason  of  this  rule  is  the  same  as  for  4 

the  process  in  Addition,  in  "which  1  is  car-  — 

lied  for  every  10,  to  the  next  place,  gra-  32 «     8x4 

dually  as  the  several  products  are  poduced  280  «=    70  x  4 

one  after  anotlxer,  instead  of  settling  them  2400^=600  x  4 

all  down  one  below  each  other,  as  in  the  an-  20000=5000  x  4 

nesed  example*  ■              — — ^— . 

^  22712  =5678  x  4 


t  After  having  found  the  prodiice  of  the  multiplicand  by  the  first 
figure  of  the  multiplier*  as  in  tlie  foi-mer  case,  the  multiplier  is  sup- 
posed to  be  divided  into  parts,  and  the  product  is  found  for  the  second 
figure  in  the  same  manner  :  but  as  this  figure  stands  in  the  place  of 
tensjthe  product  must  Ihj  ten  times  its  simple  value  ;  and  therefore  the 
trst  figure  of  this  product  must  be  set  in  the  ptecc  of  Uns  ^  or,  which 
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setting  down  a  tine  of  products  for  each  figure  in  the  multi- 
plier, so  as  that  the  first  figure  of  each  line  may  stand  straight 
■under  the  figure  multiplying  by. — Add  all  the  lines  of  pro- 
duces tpgether,  in  the  order  as  they  stand,  and  their  sum  will 
be  the  answer  or  whole  product  required. 

TO  PKOVE  MULTIPLICATION. 

Thkhs  are  three  different  ways  of  proving  Multiplication, 
which  are  as  below  : 

First  A/cr/iod.— "NVuke  the  multiplicand  and  multiplier 
change  places,  and  muUip\y  x\\e  Vaiier  by  the  former  in  the 
same  manner  as  before.  Then  \l  \he  product  found  in  this 
way  be  the  same  as  the  former,  the  number  is  right. 

Second  Method, — *Cast  all  tiie  9's  out  of  the  sum  of  the 
figures  in  each  of  the  t»o  factors,  as  in  Addition^and  set 
down  the  remainders.  Multiply  these  two  remainders 
together,  and  cast  the  9's  out  of  the  product,  as  also  out  of 


is  the  same  thing",  directly  under  the  fij^re  multiplied  by.    And  pro- 

ceetling  in  this  roanncrsepa- 

rately  with  all  the  figures  of 

the  multiplier,  it  is  evident        1234567    the  multiplicand. 

that  we  shall  multiply  all  the  456r 

parts  of  the  multiplicand  by  — ^ 

all  th.e  parts  of  the    multi-         8611969=      *I  times  the  mulU 

p\Kir^   or  x\\e    vihole  oi'  the      74ij7402  =     60  times  ditto. 

iDultiplicuivd  by   t\\e  "whole     617^835     =  500  times  ditto. 

of  the  multiplier:   therefore  493B268      =4000  times  ditto. 

these  several  products  being  ,    __ 

added  together,  will  beeqisd  56o8 2^489  =4o 67  times  ditto. 
to   the   whole  required  pro«   i 
duct  3  as  in  the  example  an- 
nexed. 

■ 

♦  Xhis  method  of  proof  is  derived  from  the  peculiar  property  of  the 
mirober  9,  mentioned  in  the  proof  of  Addition,  and  the  reason  for  the 
one  fcay  serve  for  that  of  the  other.  Another  more  ample  demonstra- 
tion of  this  rule  may  be  as  follows  : — Let  P  .ind  (^denote  the  number 
of  9*s  in  the  factors  to  be  multiplied,  and  a  ur.d  b  what  r-main  i  then  9 
P+a  aind  9  Q^  b  will  be  the  numbers  themseK  es,  and  their  product  is 
<9FX9QJ  +  (9PX  b)^{9qjX  a)  +  ^a  X  A)  ;  but  the  first  thiee 
of  these  pKxlttCts  are  each  a  precise  number  of  9's  because  their  fttc- 
tOTS  are  so,  e'viher  one  or  bi)rh  :  these  thert  fore  being  rast  awny,  tliere 
remains  only  a  X  ^  .•  and  if  the  9's  alao  be  cast  out  of  this,  the  excess 
is  the  exress  of  9*'*  in  the  tr^tal  p'o^hict :  but  a  an<l  b  lire  the  ex- 
cesses in  die  factors  themselves,  and  a  X  ^  is  their  product;  therefore 
the  rule  is  troe.  ,  ^ 
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the  whole  product  or  answer  of  the  question,  reserving  the 
remainders  of  these  last  two,  which  remainders  must  be  equal 
when  the  work  is  right — Notes  It  is  common  to  set  the  four 
remainders  within  the  four  angular  spaces  of  a  cross,  atf  in  the 
example  below. 


Third  Method — Multiplication  is  also  very  naturally 
f  roved  by  Division ;  for  the  product  divided  by  either  of  the 
iactors,  will  evidently  give  the  other.  But  this  cannot  be 
practised  till  the  rule  of  Division  is  learned. 


by  ^-^ 


542 

196 


21252 
31878 
3542 
21252 


21946232  Product. 


EXAMPIJW. 

Proof. 

or 

Mult.  6196 
by       3542 

X 

12392 
24784 
30980 

18^88 

« 

21946232  Proof. 

OTilER  EXAMPLES. 


Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Mul'-iply. 
Muldply 
Multiply 
Multiply 
Multiply 
Muhiply 
Multiply 
Multiply 


12345678b 

123456789 

123456789 

123456789 

123456789 

S 23456789 

123456789 

123456789 

123456789 

302914603 

273580961 

402097316 

82:64973 

7564900 

8496427 

2760325 


by  3. 
by  4. 

by  5. 
by  6. 
by  r. 
by  8. 
by  9. 
by  11. 
by  12. 
by  16. 
by  23. 
by  195. 
by  3027. 
by'579. 
by  874359. 
by  37072. 


Ans.  37037036r. 
Ans.  493827156. 
Ans.  617283945. 
Ans.  740740734. 
Ans  864197523. 
Ans.  987654312. 
Ans.  11111 1 1 101. 
Ans.  1358024679. 
Ans.  1«  148 1468. 
Ans.  4846633648. 
Ans.  6292362103. 
Ans.  78408976620. 
Ans.  248713373271. 
An*?  4:\^0077I00. 
hM*  74 -289:'.  74 15  293. 
Aqs«  10^330768400. 


COKTRAa 
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CONTRACTIOKS  IN  MULTIPLfCATIQN* 
I.  WAen  there  are  GfUkre  in  the  factors, 

Jr  the  ciphers  be  at  the  right-hand  of  the  numbers  $  mtil- 
tipiy  the  other  figures  ouly,  and  annex  as  many  ciphers  to 
the  right-hand  of  the  ivhole  product^  as  are  in  both  the  fac« 
tors.-* When  the  ciphers  are  in  the  middle  parts  of  the  mul- 
tiplier ;  neglect  them  as  before^  only  taking  care  to  place 
the  first  figure  of  oTcry  line  of  products  exactly  under  the 
figure  muluplying  ^ith. 

£ZAMPl£S. 
1.  2. 

itf tilt  900 1 635  MuU.  S90720400 

by     -     70100  by      -      4oeoo0 


9001635  35443394 

630.1445  15638816 


631014613500  Products    158633483400000 


3-  Multiply  81503600  by  7030-  Ans.  573970308000. 

4.  Multiply  9030 1 00    by  2100.  Ans.  18963310000. 

5.  Multiply  8057069    by  70050.  Ans.  564397683450. 

II.   9Vhen  the  multi/iUtr  m  the  Product  qftwo  or  more  Mim^ 

here  in  the  TaHe  i  then 

*  Multiply  by  each  of  those  parts  separately)  instead  of 
tVie  -wbflAft  number  at  once. 

I.  Multiply  5I5or*i9«  by  56^  or  7  times  8. 

5  \  3Q729Q 
7 


359151086 
8 

3873308688 


rfM 


•  The  reusoQ  of  tbit  rule  is  obvious  enough  ;  for  any  number  mul- 
tiplied bpr  '  "  *       '  '^ 
duct  as  ifi 

1st  example]  ^ 

tniic.«  the  same  number,  as  plainly  aa  /'times  8  makes  56,         ^ 

Vol.  I.  D  2-  ^"^' 
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3.  Multiply  SI704592    by  36.  At)5.  1U136S3I3. 

3.  Multiply  29753804    by  72.  Ans.  2U2273888. 

4.  Multiply  7128368      by  96.  Ans.  684323328. 

5.  Multiply  160430800  by  108.  Ads.  17326526400. 

6.  Multiply  61835720   by  1320.  Ans.  81623150400. 

7.  There  was  an  army  composed  of  1 04  *  battalions^  each 
consisting  of  500  men  s  what  was  the  number  of  men  con- 
tained in  the  whole  ?  Ans.  52000. 

8.  A  convoy  of  ammunition  t  bread,  consisting  of  250 
waggons,  and  each  waggon  containing  320  loaves,  havmg 
been  intercepted  and  taken  by  the  enemy  i  what  is  the  num- 
ber of  loaves  lost  ?  Ans.  80000. 


OF  DIVISION. 

Divisioir  is  a  kind  of  compendious  method  of  Subtrac- 
tiont  teaching  to  find  how  often  one  number  is  contained  in 
another,  or  may  be  taken  out  of  it :  which  is  the  same  thing. 

The  number  to  be  divided  is  called  the  Dividend — 
The  number  to  divide  by,  is  the  Z)m«or.— .And  the  number 
of  times  the  dividend  contains  the  divisor,  is  called  the  Quo- 
tient  —Sometimes  there  is  a  Remainder  leftf  after  the  divi- 
sion is  finished. 

The  usual  manner  of  placing  the  terms,  is,  the  dividend  in 
the  middle,  having  the  divisor  on  the  left  hand,  and  the  quo- 
dent  on  the  right,  each  separated  by  a  curve  line ;  asj  to 
divide  12  by  4,  the  quotient  is  3, 

Dividend  12 

Divisor  4)  12  (3  Quotient ;  4  subtr. 

showing  that  the  number  4  is  3  times        -— 
contained  in    12,  or  may  be   3   times  8 

subtracted  out  of  it,  as  in  the  margin.  4  subtr. 

X  /?u/ff— Having  placed  the  divisor        — • 
before  the  dividend,  as  above    direct-  4 

ed,  find  how  often  the  divisor  is  con-  4  subtr. 

tained  in  as  many  figures  of  the  divi-        — 
dend  as  are  just  necessary,  and  place  the  0 

number  on  the  right  in  the  quotient.  — 

Mul- 


*  A  battalion  is  a  body  of  foot,  consisting  of  500,  or  600,or  700  men^ 
more  or  less. 

j-  The  ammunition  bread,  ia  that  which  i*  provided  for,  and  distri- 
buted to,  tfte  soldiers  ^  the  usual  allowance  bemg  a  loaf  of  6  pounds  to 
every  soMier,  once  in  4  days 

A  la  this  way  the  diTidend  is  resolved  into  partSi  and  by  trial  is 

foood 
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Multiply  tlie  dinsor  bf  this  number^  and  set  the  product 
under  tfae  figures  of  the  dividend  before-mendoned.—Sub- 
tract  this  product  from  that  part  of  the  dividend  under  which 
it  icands,  and  bring  down  the  next  figure  of  the  dividend,  or 
more  if  necessary,  to  join  on  the  right  of  the  remainder— -Di- 
vide this  number,  so  increased,  in  the  same  manner  as  before; 
and  so  on  till  all  the  figures  are  brought  down  and  used. 

JV.  B  If  it  be  necessary  to  bring  down  more  figures  than 
one  to  any  remainder,  in  order  to  make  it  as  large  as  the 
divisor,  or  larger,  a  cipher  must  be  set  in  the  quotient  for 
every  figure  so  broug^vii  down  more  than  one. 


TO  PROVE  division: 

*  Multiply  the  quotient  by  tbe  divisor  {  jto  tbj^  product 
add  the  remauider,  if  there  be  any  ;  then  tbtT^sum  will  be 
equal  to  the  dividend  when  the  work  is  right. 


found  how  often  the  divisor  is  cont&ined  in  each  of  those  parts>  one 
after  another,  arranging  the  several  figai'es  of  the  quotient  one  alter 
aaothery  into  one  number. 

When  there  is  no  remainder  to  a  diviaion,  the  quotient  is  the  whole 
and  perfect  answer  to  the  question.  But  when  there  is  a  remainder, 
it  goes  80  much  towards  another  time,  as  it  approaches  to  the  divisor  y 
■Ot  if  the  remainder  be  half  the  divisor,  it  will  g^  the  half  of  a  dme 
more  ;  if  the  4th  part  of  the  divisor,  it  will  go  one  fourth  of  a  time 
more  ;  and  so  on.  Therefore,  to  complete  uie  quotient,  set  the  re- 
mainder at  the  end  of  it,  above  a  small  line,  and  the  divisor  below  it> 
thus  forming  a  fractional  part  of  tbe  whole  quotient. 

*  This  method  of  proof  is  plain  enough ;  for  since  the  quotient 
Is  the  number  of  tiroes  the  dividend  contains  the  divisor>  the  quo- 
tient multiplied  by  the  divisor  must  evidently  be  equal  to  the  divi- 
dend* 

There  are  also  several  other  methods  sometimes  used  for  proving 
Division,  some  of  the  most  useful  of  which  are  as  follow  : 

Second  Jl^^kthod^^htnct  the  remainder  fix>m  the'  dividend  s  and 
divide  what  is  left  by  the  quotient;  so  shall  the  new  quotient  from 
this  last  division  be  equal  to  th^  former  divisor,  when  the  work  is 
right. 

Third  Method — Add  together  the  remainder  and  all  the  products  of 
the  sevend  quotient  figures  by  the  divisor,  according  to  the  o<'der  in 
which  they  stand  in  the  work  ;  and  the  sum  will  be  equal  to  the  divi- 
dend when  tbe  work  is  right. 

EXAMv 


^9 
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1.      Quot 

9)   1334567   (411522 
IS       mult.  3 


••      Quot. 
87)  12345678  (333666. 
Ill  37 


3 
3 


1234566 
add  1 


4 


1234567 


Proof. 


2335662 
1000998 
rem.  36 

1234567a 


15 
15 

'  6 
6 


346   Proof, 
232 


7 
6 

Rem.  1 


Rem.  36 


Ans  182865124. 
Ans.  7597122894. 
Ans.  475 1 6365.^ 
Ans.  2017246/^. 
Ans.  1421 610|*. 
Ans.  46886^. 

Ans.  13861^<>yV 
Ads.  80496^70^ 


3.  Divide  73146085      by  4. 

4.  Divide  5317986027  by  7* 

5.  Divide  570196382    by  12. 

6.  Divide  74638105      by  37a 

7.  Divide   137896254   by  97. 
8    Divide  35821649      by  764. 
9.  Divide  72091365      by  5201. 

10.  Divide  4637064283  by  57606. 

1 1  •  Suppose  47 1  men  are  formed  into  ranks  of  three  deep^ 
what  is  the  number  in  each  rank  f  Ans*  157. 

13.  A  part^  at  the  distance  of  378  miles  from  the  head 
quarters,  receive  orders  to  join  the  corps  in  18  days  :  what 
number  of  miles  must  thiey  march  each  day  to  obey  their 
•orders?  Ans.  21. 

13.  The  annual  revenue  of  a  gentleman  being  38330/; 
how  much  per  day  is  that  equivalent  to,  there  being  365  days 
in  the  year?  Ans.  104/. 

coNtaAcnoNs  m  division. 

There  are  certain  contractions  in  Division,  by  which  the 
operation  in  particular  cases  may  be  performed  in  a  shorter 
inanner  as  follows : 


DIVISION. 


2t 


I.  DvMon  by  any  Small  Mtntherj  not  greater  than  \%  may 
be  expeditiously  performed,  bj  muUiplying  and  subtracting 
menfollyf  omitting  to  set  down  the  work^  except  only  the 
quodent  immediately  below  the  ditidend. 


3)  56103961 
QttOt   1870132Ql| 


EXAMPUaS. 
4)52619675 


5)    1379192 


6)  38672J40         7)  81396627         8)  23718920 


9)  A^9Bi96%       \  1)  57614230       12)  27980373 


II.  *  When  Ctfihers  are  annexed  to  the  Divisor  £  cut  off  those 
ciphers  from  it,  and  cutoff  the  same  number  of  figured  from 
the  right-hand  of  the  dividend  ;  then  divide  with  the  remain* 
ing  figures,  as  usual.  And  if  there  be  any  thing  remaining 
af^r  this  division,  place  the  figures  cut  off  finom  the  dividend 
to  the  right  of  it»  and  the  whole  will  be  the  true  remainder } 
•therwi8e9  the  figures  cut  off  only  will  be  the  remainder*   - 

.  EICAMPLES. 
1 .  Divide  37041 96  by  20.        2.  Divide  3  \  086901  by  T 100. 
2/>)  37v4i9,6  71,00)  310869,01    (43781^^. 

— 284 


QttOt.  185209^ 


268 

313 


556 
497 

599 
568 

31 


3.  Divide 


*  This  method  is  only  to  avmd  a  needless  repetition  of  ciphen 
which  would  happen  in  the  common  way*    And  the  tntth  of  the 

piinciple 


1 


32  ARITHMETie. 

3.  Divide  7380964  by  23000.  Ans.  320||J«4. 

4    Divide  2304109  by  5800.  Au^.  39r^oj. 

III.  IVhen  the  DivUor  is  the  exact  Product  of  two  or  more 
itfthe  small  lumbers  not  greater  than  12  :  *  Divide  by  each 
of  those  numbers  separately^  instead  of  the  whole  divisor  at 
once. 

N.  B.  There  are  commonly  several  remainders  in  work- 
ing by  this  rule,  one  to  each  division ;  and  to  find  the  true 
or  whole  remainder,  the  same  as  if  the  division  had  been  per- 
formed all  at  once»  proceed  as  folio ws  :  Multiply  the  last 
remainder  by  the  preceding  divisor,  or  last  But  one,  and  to 
the  product  add  the  preceding  remainder  ;  multiply  this  sum 
by  the  next  preceding  divisor,  and  to  the  product  add  tho 
next  preceding  remainder  ;  and  bo  on«  till  you  havt'  gone 
backward  through  all  the  divisors  and  remainders  to  the  first. 
As  in  the  example  following  : 

EXAMPLES. 

1.  Divide  31046835  by  56  or  7  times  8. 
7)  31046835  6  the  last  rem.* 

mult.  7  preced.  divisor. 


a)    443526^*-^!  first  rem. 


42 


554407— 6  second  rem*  add     l  the  1st  rem. 


Ans.  5544074^  43  whole  rem. 


TS 


2.  Divide  70 14596  by  72..  Ans.  97424fJ. 

3.  Divide  5130652  by  132.  Ans  3886^711* 

4.  Divide  83016572  by  240.  Ans   345902,1$. 

principle  on  which  it  is  founded  is  evident  :  for  cutting  off  tlie 
same  number  of  ciphersj  or  figures,  from  eacb^  is  the  same  as  di« 
viding  each  of  them  by  10,  or  100,  or  1000,  &c.  according  to  the 
number  df  ciphers  cut  off;  and  it  is  evident,  that  as  oflen.  as  the 
whole  divisor  is  contained  in  the^wfaole  dividend,  so  often  must  any 
part  of  the  former  be  contained  in  a  like  part  of  the  latter. 

*  This  follows  from  the  second  contraction  in  Multiplication^  being 
only  the  converse  of  it  ;  for  the  half  of  tlie  third  part  of  any  thing, 
is  evidently  the  same  as  the  sixth  part  of  the  whole  \  and  so  of  any 
other  numbers. — The  reason  of  the  method  of  finding  the  whole  re- 
mainder from  the  several  particular  ones,  will  best  appear  from  the 
nature  of  Vulgar  fractions.  Thus  in  the  first  example  above,  the 
first  remainder  being  1,  when  the  divisor  is  7,  makes  t  this  must  be 
added  to  the  second  remainder,  6,  making  6y  to  the  divisor  8,  or  to  be 
divided  by  8.    But  6^-  =  6  X  7  +  1        43 

43  43  ■  »— i  and  this  divided  by  8 

gives— -«=^    '  7  7 

7X8      56 

IV.  Common 
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• 

TV.  Common  Drvinon  may  be  fierformed  more  concisely^ 
by  oTnittiDg  the  several  products,  and  setting  down  otoly  the 
retnaiiK/ers  s  namely,  multiply  tfae  divisor  by  the  quotient 
figures  as  before^  and,  without  setting  down  the  product,  sub- 
tract each  figure  of  it  fi*#m  the  dividend,  as  it  is  produced  ; 
alwys  remembering  to  carry  as  many  to  the  next  figure  as 
were  borrowed  before. 

EXAMPLES. 
1.  Divide  3104679  by  833, 
833)  3104679  (3727^. 
6056 
*     2*257 
59  \9 
88 

3.  Divide  79165238  by    S.'^S.  Ans.  3356^T.J,\. 
3    Divide  <j9  137062  by  5317.             Ans.  5479*|4». 

4.  Divide  62015735  by  7803.  Ans.  7947f^. 


OF  REDUCTION. 

Reduction  is  the  changing  of  numbers  from  one  name 
or  denomination  to  another,  without  altering  their  value.*— 
This  is  chiefly  concerned  in  reducing  money,  weightsi  and 
measures. 

When  the  numbers  arc  to  be  reduced  from  a  higher  name 
to  a  lovrer,  it  is  called  Reduction  Descending  ;  but  when^ 
coniTatywise,  from  a  lower  name  to  a  higher,  it  is  Reduction 
jiacentUng,' 

Before  proceeding  to  the  rules  and  questions  of  Reductioni 
it  wilt  be  proper  to  set  down  the  usual  Tables  of  money, 
weights,  and  measures,  which  are  as  follow  : 

0/  MONEY,  WEIGHTS,  AND  MEASURES. 

TABLES  OF  MONBY.^ 

2  Farthings  =  I  Halfpenny  |  grs  d 

A  Fanhings  =  1  Penny        d  4  ==       1        « 

12  Pence        s=  1  Shilling      «  48  =     12  s  1        £ 

20  Shillings    =s  1  Pound       £  .     960  =  240  =  20  »  i 

PENCE 


*  £  denotes  ponnds, «  shillings)  and  d  denotes  pence. 
\      denotes  1  farthing,  or  one  quarter  of  any  thing. 
\      denotes  a,  halfpenny  or  the  half  of  any  thing, 
i     denotes  3  fiKthings  or  tluee  quarters  of  any  thing. 


The 


ARITHMETIC. 


FEKGE  TKHJSI 

SHUXINGS  TABUl 

■  1 

d             M    d 

9 

d 

20     is      18 

1 

is 

12 

30     _     3     6 

2 

•M. 

24 

40     —     3     4 

3 

.. 

36 

50     —     4     2 

4 

-^ 

48 

.60     _     5     0 

5 

». 

60 

70     -.     5   10 

6 

..» 

72 

» 

30     _     6     8 

7 

.i— 

84 

90     —     7     6 

8 

«_ 

96 

100     ^ —     8     4 

9 

— . 

108 

110     —     9     2 

10 

-. 

120 

120     —   10     0 

11 

— « 
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FEDERAL  MONEY. 


10  Mills  (in) 
10  Cents 
10  Dimes 
10  Dollars 


1  Cent  c 
I  Dime  d 
1  Dollar  D 
l£«gle  E 


Standard  Weight,  dwt  gr 
The  Cent  Weighs  6  23  Copper 
Dollar  17     l|  Silver 


Eagle 


11 


4|  Gold 


The  standard  for  Federal  Money  of  Gold  and  Silver  is  1 1 
parts  fine,  and  1  part  alloy. 

A  dollar  is  equal  to  4«  and  Qd  in  South  Carolinay  to  6«  in  the 
New- England  States  and  Virginia)  to  7#  and  6(/  in  New- 
Jersey,  Pensylvania,  Delaware)  and  Maryland,  and  to  8«  in 
New-York|  and  North-Carolina. 

TROT 


The  full  weight  and  value  of  the  Engliah  gold  and  silver  coiiiy  b  as 
here  below ; 

Weighu 


Goi<D 


Value. 
£    t    J 
1    1 
0  10 


A  Guinea 
Ualf-gujnea 
Seven  ShilhngsO    7 
Quarter-guhieaO    5 


0 
6 
0 
3 


dvt  gr 
5  9i 
2  162 
1  194 
1    ?i 


SZLVBK. 

A  Crown 
Half-crown 
Shilling 
Sixpence 


Value* 

Weight. 

9      d 

dwtgr 

5    0 

19    8| 

2    6 

9  16i 

1    0 

3  21 

0    6 

1  22i 

The  usual  value  of  gold  is  nearly  4/  an  ounce*  or  2</  a  grain  ;  and 
that  of  silver  is  nearly  5«  an  ounce.  Also  the  value  of  any  quantity 
of  gold,  is  to  the  value  of  the  same  weight  of  standard  silver,  nearly 
as  15  to  I9  or  more  nearly  as  15  and  h  14th  to  1. 

Pure  gold,  free  from  mixture  with  other  metals,  usually  called 
fine  gold,  i%  of  80  pure  a  nature,  that  it  will  endure  the  fire 

without 


TABLES  OF  WEIGHTS-  25 

TBOY  WEIGHT*. 


Grains  -  •  marked  gr 
24  Grains  make  1  Pennyweight  dv>t 
20  Penny  weights  1  Ounce  oz 

\2  Ounces  I   Podnd  ib 


gr    dvtt 

24r»       1         oz 
480=  20—1      ib 
5760=240=12=51 


By  this  weight  are  weighed  Grold,  Silver,  and  Jewels. 

APOTHECARIES'  WEIGHT. 

Grains    -     •      marked  gr 
510  Graixksinake    1  Scruple  8c  or  3 
3  Scruples  -     -  \  Dram    dr  or  5 
8  Drams     -     -  \  Ounce    oz  ov  J 
12  Ounces    -     -  1  Pound    IbQi 

gr  sc 

20  =1  dr 

60  s£       3  =  1            or 

480  r=     24  =  8  «=       I          /^ 

5760  r=s  288    =s  96  =s     13  .-     1 

This  is  the  same  as  Troy  weight,  only  hciHng  some  differ- 
cnt  divisions-  Apothecaries  make  use  of  this  weif^ht  in  com- 
pounding their  Medicines  ;  but  they  buy  and  tell  their  Drugs 

by  AToirdupois  weight- 

AVOIR. 


without  wfta\.\T\g,thQU^\tbekept  continually  melted.  But  silver,  not 
having"  the  purity  of  gold,  ViU  not  endure  the  fire  like  it  ;  yet  fine 
silrer  will  waste  but  «  very  little  by  being  in  the  fire  any  moderate 
time  ;  whereas  copper*  tin^  'ead|  &c  will  not  only  waste,  but  may  be 
calcined,  or  burnt  to  a  powder. 

Both  gold  and  silver,  in  their  purity,  are  so  very  soft  and  flexible 
(like  new  lead,  &.c),  that  they  are  not  so  useful,  either  in  coin  or 
otherwise  (except  to  beat  into  leaf  g^ld  orsdver),  as  when  they  aro 
allayed,  or  mixed  and  hardened  with  copper  or  brass.  And  though 
most  nations  differ,  more  or  iess>  in  the  quantity  of  such  allay*  am  well 
as  in  the  same  place  at  dilTerent  times,  yet  in  Engfland  the  standard  for 
j^ld  and  silver  coin  has  been  for  a  long  time  as  follows— viz.  That  2^ 
])arts  of  fine  gold,  and  2  parts  of  copper,  being  melted  together,  shall 
"be  esteemed  the  true  standard  for  g<3ld  coin  :  And  that  11  ounces  and 
2  pennyweights  of  fine  silver,  and  18  penny weiglits  of  copper,  being 
melted  together,  is  esteemed  the  true  standard  for  silver  com,  called 
Sterling  silver.  , 

*  The  original  of  all  weights  used  in  England,  was  a  grain  or 
com  of  wheat,  gathered  out  of  the  middle  of  the  ear,  and,  being 
V.  ell  dried,   32  of  them  were  to  make  one  pennyweight,  20  p^nny- 

weighCB 

VOT..  T.  T: 


2$  ARITHMETIC. 

AV(XBDUP01S  MHBIGHT. 

Drains        ....        marked  dr 

Ifi  Drams        make  1  Ounce        -        -        or 

16  Ounces       -  1  Pound         "        •        lb 

S8  Pounds       -  1  Quarter       -        -        ^r 

4  Quarters     -  1  Hundred  Weight         cwt 

^0  Hundred  Weight  I  Ton  -        -        ton 

dr  oz 

16  =  1  lb 

256  =r  16  =         1         gr 

7168  =       448  =       28  =      1  cwt 

28672  =      1792  =     112  ==     4  =      1      ton 
573440  =  35840  =  2240  ==  80  =    20  =  I 

By  this,  weight  arc  weighed  all  things  of  a  coarse  or  drossjr 
nature,  as  Corni  Bread,  Butter^  Cheese,  Flesh,  Grocerjr 
Waresy  and  some  Liquids  ;  also  all  Metals,  except  Silver  and 
Gold. 

ox  dwt  gr 
JVb/f,  that  Mb  Avoirdupois  =  1 4  11  is^Troy* 
loz        -         -     =    0  18     Si 
\dr        -        -    =    0     I     3i 

Hence  it  appears  that  the  pound  Avoirdupois  contains  6999| 
grains,  and  the  pound  Troy  5760  ;  the  former  of  which  aug- 
mented by  half  a  grain  becomes  7000,  and  its  ratio  to  the  latter 
is  therefore  very  nearly  as  700  to  576,  that  is,  as  175  to  144  ; 
consequently  1 44  pounds  Avoirdupois  are  very  nearly  equal  to 
175  pounds  Troy :  and  hence  we  infer  that  the  ounce  Avoirdu- 
pois  is  to  the  ounce  Troy  as  175  to  192. 


LONG  MPiASlTRE. 

3  Barley-corns  make 

1  Inch 

« 

In 

12  Inches 

1  Foot 

• 

Ft 

3  Feet 

1  Yard 

* 

Yd 

6  Feet 

1  Fathom    • 

• 

Fth 

5  Yards  and  a  half 

1  Pole  or  Rod 

• 

PI 

40  Poles 

1  Furlong  * 

- 

Fur 

8  Furlongs  - 

1  Mile 

M 

ABle 

3  Miles 

1  League    • 

* 

Lea 

69^  Miles  nearly    • 

1  Degree    - 

• 

£>eg  or  ^. 

weights  one  ounce,  and  12  ounces  one  pound  But  in  latter  times,  it 
was  thought  sufEcient  to  divide  the  same  pennyweight  inUi  S4  equal 
parti,  still  called  grains,  being  the  least  weight  now  in  common  use  j 
and  from  theoce  the  rest  are  computed*  as  in  the  Tables  abtve. 

Jn 


TABLES  OF  MBASURES.  27 


A 

Ft 

12  rs 

1               Yd 

36  = 

3=1             PI 

198  = 

16J  =         5|  =      I 

Fur 

7920  = 

660    =     220    =:    40 « 

1 

Mic 

63360  = 

5280    =    1760    =320  = 

8  = 

I 

1  Nail 

m 

1  Quarter  of  a  Yard 

Q^ 

\  EWrUmiah 

EF 

I  Yavd 

Yd 

1  £J1  English 

EE 

']  EH  Scotch 

E  8 

CLOTH  l^fEAStJRE. 

2  Inches  and  a  quarter  make  1  Nail 
4  Nails        -        -        - 

3  Quarters  -        - 

4  Quarters  -        -        - 

5  Quiiriers  -         -         - 
4  Quarters  ij-  Inch    - 


SQUARE  MEASURE. 

144    Square  Inches  make  1  Sq  Foot  -  Fc 

9    Square  Feet      -         I  Sq  Yard  -  Yd 

sol  Square  Yards    -    '     1  Sq  Pol^  •  Po/e 

40    Square  Poles     -         I  Rood    «  -  JRd 

4    Roods        -       -        I  Acre     •  -  Acr 

Sq  Inch  Sq  Ft 

144  =  I  Sq  Yd 

1296=  9     s=s  I  Sq  Fl 

39204=  2724=  304=            I           Bd 

1568160==  10890    =  1210    =        40  rs     1       Acr 

6272^A0  =  43560    »  4840    =  160  =     4  =     1 

By  this  measure,  Land,  and  Husbandmen  and  Gardeners' 
work  are  measured  ;  also  Artificers'  work,  such  as  Boardi 
Glass,  Pavements,  Plastering,  Wainscoting  Tiling,  Floorings 
and  every  dimension  of  length'  and  breadth  only. 

When  three  dimensions  are  concerned,  namely,  length, 
breadth,  and  depth  or  thickness,  it  is  called  cubic  or  solid 
measure,  which  is  used  vo  measure  Timber,  Stone,  &c. 

The  cubic  or  solid  Foot,  which  is  12  inches  in  length  and 
breadth  and  thickness,  contains  1728  cubic  or  solid  inche9, 
and  27  solid  feet  make  one  solid  yard. 


1»tY 


tss 


ARTTHM£TIC. 

i>bt;or  corn  measube. 

2  Pints  make     1  Quart 

Qt 

2  Quarts       -     I  Poitle 

Pot 

2  PoiUes       -     1  Galloa 

Gal 

2  Gdllons     -     I  Peck 

Pec 

4  Pecks        -     1   Bushel 

Bu 

8  Bu  hels     -     1  Quarter 

Qr 

5  Quarters  -     1   Wcy»  Load}  or  Ton 

IVey 

2  Weys        -     1  Last      -        •        - 

Last 

Pu         Gal 

8  ==        1              Pec 

16  =       2  =         1         Bu 

64  =       8  •-          4—1          Qr 

512  =s      64  =        32  =   •  8  =        1 

IVey 

356U  =   320  =      160  =   40  =s        5  = 

1         Last 

5UO=640a»      320=s80=      10== 

2  =      1 

By  this  are  measured  all  dry  wares,  as,  Corn,  Seeds,  Roots, 
7ruit>  Salt,  Coals,  Sand,  Oysters,  Sec. 

The  standard  Gallon  dry-measure  contains  268-^  cubic  or 
telid  inehes,  and  tlie  Com  or  Winchester  bushel  2150|  cubic 
inches ;  for  the  dimensions  of  the  Winchester  bushel,  by  the 
Sidiute,  are  8  inches  deep,  and  18^  inches  wide  or  in  diameter, 
but  the  Coal  bushel  must  be  19^  inches  in  diameter  ;  and  36 
busheU,  heaped  up,  make  a  London  chaldron  of  coals^  the 
Veight  of  which  is  3 1561b  Avoirdupois. 

ALE  AND  BEER  MEASURE. 


2  Pmtsmake 

m 

1  Quart 

Qf 

4  Quarts 

m 

1  Gallon       - 

Gal 

S6  Gallons      - 

^ 

1  Barrel 

Bar 

1  Burrel  and  a 

half 

1  Hogshead 

Hhd 

2  Barrels 

. 

1  Puncheon 

Pun 

2  Hogsheads 

- 

1  Butt 

m 

Butt 

2  Butts 

- 

1  Tun 

Tun 

Pt9             Qi 

2=         1 

Gal 

8:=          4afe 

1 

Bar 

388  =S5     !44  - 

36  = 

V      ma 

432  =     216  ^ 

54  3: 

ii=    1 

Butt 

864  sc      432  =s 

i08  = 

:     3     =      2  = 

1 

yote.  The  Al^  Gallon  contains  282  diibic  or  solid  inches. 


IVINB 


TABLES  OP  MEASURES  AND  TIME. 
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WIKB  MEASURE. 

d  Pints  make 

m                    m 

1  Quart        -    Qt 

4  Quarts 

m                   m 

1  Gallon       -     Gal 

42  Gallons     - 

m 

1  Tierce       -     7)>r 

63  Gallons  or  liTieixe» 

1  Hogshead  -     Nhd 

fi  Tierces 

. 

1  Puncheon  -    Pun 

2  Hogsheads 

- 

I  Pipe  or  Butt  Pi 

2  Pipes  or  4  Hhds 

1  Tun     -    -    Tun 

Pt9            Qc 

^ 

2   =            1 

Gal 

8   =;»            4  « 

I 

TUr 

336  =  *    168  s= 

42  =» 

I          Hhd 

504  =       252  = 

63  S3 

1J=      I           Ptm 

672  =      336  « 

84  = 

2  =       H=      I          P      . 

1008  s=      504  = 

126  = 

3  =      2   =      lj=    I   Tun 

2016  =     1008  = 

252  = 

6=4=3=2=1 

Mitcy  By  tbts  are  measured  all  Wined,  Spirits,  Strong* 
waters,  Cyder,  Mead«  Perry,  Vinegar,  Oil,  Honey,  &c. 

The  Wine  Gallon  contains  231  cubic  or  soUd  inches*  And 
it  is  renEurkabie,  that  the  W^ine  and  Ale  Gallons  have  the  same 
proportion  to  each  other,.as  tke  Troy  and  Avoirdupois  Pounds 
have  s  that  iss  as  one  Pound  Troy  is  to  one  Pound  Avoirdu- 
pois, so  is  one  Wine  Gallon  to  one  Ale  Gallonr 


OF  TIME 

• 

60  Seconds 

or  60"  make 

1  Minute    -     Jkf  or ' 

60  Minutea 

;            -        •        • 

1  Hour        -    Hr 

24  Hours 

«•••«■ 

1  Day          -     Bay 

7  Days 

-        -.       •        - 

1  Week      .     iVk 

4  Weeks 

at                      •                     «•                      « 

1  Month      -    Mo 

13  Months  1  Day  6  Hours,  > 
or  365  Days  6  Hours    3 

1  Julian  Year  Yr 

Sec 

jMin 

k 

60  •- 

1             Hr 

3600  ^ 

60  =          1 

Bay 

36400  = 

1440  »       24  = 

1        Wk 

604800  :5= 

10080  =      168  = 

7=1      Mo 

94192U0  = 

4U320  =      672  = 

28    r=  4  =   1 

31557600  =3 

525960  =  8766  = 

365J=                    1    Yd 

fi)r 


St  ARITHMETIC. 

Wit  Da  Hr    Mo  Da  Hr. 
Or  52     <     6  =  13     1     6=1  JuHan  Year 
Da  Hr  M  Sec 
But  365    5    48    48  =  1  Solar  Tear. 


RULES  FOR  REDUCTION. 

I.   When  the  JVumdera  are  to  be  reduced  from  a  Higher  Beno^ 

minaiion  to  a  Lower  : 

Multiply  the  number  In  the  highest  denomination  by  as 
many  as  of  the  next  lower  make  an  integer,  or  1,  in  that 
higher;  to  this  product  add  the  number,  if  any,  which  was 
in  this  lower  denomination  before,  and  set  down  the  amount. 

Reduce  this  anv>uot  in  like  manner,  by  multiplying  it  by 
as  many  as  of  the  next  lower,  make  an  integer  of  this,  taking 
in  the  odd  parts  of  this  lower,  as  before.  And  so  proceed 
through  all  the  denominations  to.  the  lowest ;  so  shall  the 
number  last  found  be  the  value  of  all  the  numbers  which 
were  in  the  higher  denominations^  taken  together.* 


EXAMPLE, 

1.  In  1334/  \5a  7d,  how  many  fitrthbgs  ? 

/        «      d 

1234     15     7 
20 


24695  Shillings 
12 


296347  Pence 

4 


Answer  1185388  Farthings* 


■PW 


*  The  reasen  of  this  role  is  very  e^dent ;  for  pounds  are  brought 
into  shillings  by  multiplying  them  by  2u  ;  shillings  into  pence,  by  mul* 
tiplying  them  by  12  j  and  pence  into  farthinp,  by  multiplying  bv  4 ; 
and  the  reverse  of  this  rule  by  Division.— Andf  the  same,  it  is  evident, 
will  be  true  in  the  reduction  of  numbers  coosistuig  of  any  denomina-* 
tions  whatever. 


HULES  FOR  REDUCTION.  SI 


II'   f^n^  the  /iTumbern  are  to  be  reduced  from  a  Lower  DC" 

nondruuion  to  a  lUgher  : 

DiviDsi  the  given  number  by  as  many  as  of  that  denomma* 
tion  make  1  of  the  next  higher,  and  set  down  what  remsans, 
as  well  as  the  quotient 

Divide  the  quotient  by  as  many  as  of  this  denomination 
make  I  of  the  next  higher;  setting  down  the  new  quotient^ 
and  remainder,  as  before. 

Proceed  m  the  same  manner  through  all  the  denomina- 
tions, to  the  highest ;  and  the  quotient  last  found,  together 
with  the  several  remainders,  if  any,  will  be  of  the  same  value 
as  the  first  number  proposed. 


EXAMPLES. 

S.  Reduce  1185388  farthings  into  potmds,  shillings^  aB«l 
pence. 

4)1185388 

12)   296347  d  *  '    • 

2,0)      2469,5  9^7d 
Answer  1234/  15t  7d  \ 


3.  Reduce  24/  to  farthings.  Ans.  33040. 

4.  Reduce  337587  farthings  to  pounds,  Sec. 

Ans.  351/ 139  0  j. 

5.  How  many  farthings  are  in  36  guineas  ?         Ans.  36288. 

6.  In  36288  farthings  how  many  guineas  t  Ans.  36. 

7.  tn  59  lb  13  dwts  5  gr  how  many  grains  ?       Ans.  340157. 
S.  In  8012131  grains  bow  many  pounds,  fcc.  ? 

Ans.  1390  lb  1 1  oz  18  dwt  19  gr. 
9.  In  35  ton  17  cwt  1  qr  23  lb  7  oz  13  dr  how  many  drams  ? 

Ans.  20571005. 

10  How  many  barley-corns  will  reach  round  the  earth, 

supposbg  it)  according  to  the  best  calculations,  to  bt  25000 

miles  I  ^  Ans.  4752000000. 

11.  How  many  seconds  are  in  a  solar  year,  or  865  days 
S  hr^i  48  «un  48  sec  ?  Ans.  31556928. 

12.  In  a  lunar  month)  or  29  ds  12  bra  44  min  3  sec,  how 
many  seconds  f  Ans.  255 1 443. 

COM- 
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ARITHMETIC- 


COMPOUND  ADDITION. 

.  Compound  Addition  shows  how  to  add  or  collect  several 
numbers  of  different  denominationft  into  one  sum. 

RuLK. — Place  the  numbers  so^  that  those  of  the  same  de« 
nommation  may  stand  directly  under  each  other,  and  draw  a 
line  below  them.  Add  up  the  figures  in  the  lowest  denomi- 
nation,  and  find^  by  Reduction>  how  many  units,  or  ones>  of 
the  next  higher  denomination  arc  contained  in  their  sum.— 
Set  down  the  remainder  below  its  proper  column,  and  carry 
those  units  or  ones  to  the  next  denomination,  which  add  up 
in  the  same  manner  as  before. — Proceed  thus  through  all  the 
denominations,  to  the  highest,  whose  sum,  together  with  the 
several  remainders,  will  give  the  answer  sought. 

The  method  of  proof  is  the  same  as  in  Simple  Addition* 

EXAMPLES  OF  MONEY. 


1. 

2. 

3. 

4. 

/  « 

d 

/ 

9 

d 

I 

8 

d 

/ 

9 

d 

7  13 

14 

7 

5 

15 

17 

10 

53 

14 

8 

3  5 

lOi 

8 

19 

2J 

3 

14 

6 

5 

10 

H 

6  18 

7 

7 

8 

\i 

23 

6 

2j 

93 

U 

6 

0  2 

Si 

31 

3 

9 

14 

9 

44 

7 

5 

0 

4  0 

3 

7 

16 

81 

15 

6 

4 

13 

2 

5 

\7   15 

44 

0 

4 

3 

6 

12 

9J 

0 

18 

7 

39  15 

9} 

32  2 

6} 
9* 

39  15 

5. 

/  a 


6. 


7. 


8  15  3 

62  4  7 

4  17  8 

23  0  4j 

6  6  7 

91  0  10^ 


I 


14  12  9j 

17  14  9 

23  10  9} 

8  6  0 

14  0  5| 

54  2  7i 


7  Id  8 
29  13  lOj 
12  16  2 

0  7  5i 
24  13  0 

5  0  lOj 


/ 


14  0  71   37  15  8    61  3  24   472  15  3 


9  2  24 

27  12  6{. 

370  16  24 

13  7  4 

6  10  5J 

30  Oil; 
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'EjLhu,  9«  A  nobleinftai,  going  out  of  town,  is  informed  by 
biB  steward  that  his  butcher's  bill  comes  to  197/  13«  7|d  ;  his 
baker's  to  59M9  3|d;  his  brewer's  to85/>-  hi^  wine-mer* 
Cham's  to  103/  13<;  ^o  bis  com-cbandler  is  due  75  J  3cf ;  to 
his  tallow-cbandier  and  cheesemonger)  27/  15«  llj<f/  and 
to  bis  tailor  55/  3«  Sh^ :  also  for  rentt  servants'  wages,  atid 
ofber  charges,  127/  3«  ••  Now,  supposing  he  would  take  100/ 
with  him  to  defray  his  charges  on  the  road,  for  what  sum 
must  he  send  to  his  banker  \  Ans  $30/  \U  6icf. 

10.  The  strength  of  a  regiment  of  foot,  of  10  compames^ 
and  the  amount  o£  their  «ub«isience*,  for  a  month  of  30  dayS) 
according  to  the  annexed  Table,  are  required  \ 


Numij. 

Rank. 

Subsistence  for  a  Month.    ^ 

I      9    d 

1 

Colonel 

27    0    0 

1 

Lieutenant  Colonel 

19  10     0 

I 

Major 

17     5     0 

7 

Captains 

78  15     0 

11 

Lieutenants 

5J   15     0 

9 

Ensigns 

40  10     0 

1 

Chaplain 

7   10     0 

1 

Adjutant 

4   10     0 

1 

Quarter- Master 

5     5     0 

1 

Surgecm 

4  10     0 

I 

Surgeon's  Mate 

4  10     0 

1     30 
1     30 

Serjeants 

45     0     0 

Corporals 

30     0     O 

30 

Drummers 

20     0     0 

2 

Fifers 

2     0     0 

390 

Private  Men 

292  10     0 

I 

507 

lutal 

656   10     0 

•  Sabslstence  Money,  is  the  tnoney  paid  to  the  soldiers  weekly, 
-which  is  short  of  their  fUU  pay,  because  their  clothes,  accootremenu^ 
fcc.  are  to  be  accounted  for.  It  is  likewise  the  money  advanced  to 
officers  till  their  accoanU  are  made  up,  which  is  commonly  once 
m  year,  when  they  are  paid  their  arrears.  The  foUowinr  Table  shows 
tbe  fuU  pay  and  subsistence  of  each  rsnk  on  the  Kn|^1ish  esublishr 

;nt« 
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EXAMPLES  OF  WEIGHTS,  MEASURES,  fcc. 


TROT  WEIGHT. 


I. 

lb  oz  dwt 

17    3  15 

7     9     4 

0  10     7 

9     5     0 

176     2   17 

23   11    12 


2. 

oz  dwt  gr 
37  9  3 
9  5  3 
8  12  12 
17  7  8. 
5  9  0 
3     0  19 


APOTHBCABIES'  WEIGHT. 


3. 

lb  oz  dr  8C 

3     5  7     2 

13     7  3     0 

19  10  6     2 

0     9  12 

36     3  5     0 

5     8  6     1 


.   4. 

OZ  dr  8C  gr 

3  5  1   17 
7     3  2     5 

16     7  0  12 

7     3  2     9 

4  1  2  18 
36     4  1   14 


AVOmDUPOIS  WEIGHT. 


UOKG  MEASURE. 


5. 
lb   OZ  dr 
17   10  J3 

5  14  8 
12  9  18 
27     1     6 

0     4     0 

6  14  10 


6. 

cwt  qr  Jb 
15  2  15 
6  3  24 
9  1  14 
9  I  17 
10  2  6 
3     0     3 


7. 

8. 

mis  fur  pis 

ydft  feet  inc 

29     3  14 

127     1     5 

19     6  29 

12     2     9 

7     0  24 

10     0  10 

9     1  37 

54     1    11 

7     0     3 

5     2     7 

4^  5     9 

23     0     5 

•v^ 


CLOTH  MEASURE. 


LAND  MEASURE. 


9. 

10. 

11. 

12. 

yds  qr  nls 

el  en  qrs  nls 

ac  ro  p 

ac    ro  p 

26     3     I 

270     1     0 

225     3  37 

19     0   16 

13     I     2 

57     4     3 

16     1  25 

270     3  29 

9     1     2 

IB     I     2 

7     2   18 

6     3   13 

217     0     3 

0     3    2 

4     2     9 

23     0  34 

9     1     0 

10     1     0 

42     1   19 

7     2   \6 

55     3     1 

4     4     1 

7     0     6 

75     0  23 

mm 


WINE  MEASURE. 


ALE  AND  BEER  MEASURE. 


13. 

14. 

15 

16. 

1  hds  gal 

hds  gal  pts 

hds  gal  pts 

hds  gal  pts 

13     3  15 

15  61     5 

17  37     3 

29  43     5 

8     1  37 

17  14  13 

9   10  15 

12   19     7 

14     I  20 

29  23     7 

3     6     2 

14  16     6 

25     0  12 

3  15     1 

5  14     0 

6     8     1 

3     1     9 

16     8     0 

12     9     6 

57   13     4 

72     3  21 

4  36     6 

8  42     4 

5     6     0 

«^i 
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COMPOUND  SUBTRACTION. 


Compound  SuBTaACTxoN  shows  how  to  find  the  difference 
between  any  two  numbers  of  different  denominationa.  To 
perform  which,  observe  the  following  Uulc  : 

*  Placb  the  less  number  below  the  greater,  so  that  the 
parts  of  the  same  denomination  Biay  stand  directly  under 
^ach  other ;  and  draw  a  line  below  tbem. — Begin  at  the 
right-hand,  and  subtract  each  number  or  part  in  the  lower 
line,  from  the  one  just  above  it,  and  set  the  remainder 
straight  below  it<— But  if  any  number  in  the  lower  line  be 
greater  than  that  above  it*  add  as  many  to  the  upper  number 
as  n&ke  1  cyf  the  next  higher  denomination  ;  then  take  the 
lower  number  from  the  upper  one  thus  increased,  and  set 
down  the  remainder.  Carry  the  unit  borrowed  to  the  next 
number  in  the  lower  line ;  after  which  subtract  this  number 
from  the  one  above  it,  as  before ;  and  so  proceed  till  the  whole 
is  finished.  Then  the  several  remainders,  taken  together, 
yfiW  be  the  whole  difference  sought. 

The  method  of  proof  i;i*  the  same  as  in  Simple  Subtraction. 


EXAMPLES  OF  MONEY. 

2.  3.  '   4. 


i    9      d 

/  s     d 

I    9    d 

I    a      d 

From  79  17  8| 

103  3  ^ 

81  10  11 

254  12  0 

Take  35  13  4^ 

71  12  5} 

29  13  3i 

37  9  4| 

Rem.  44  5  4^ 

31  10  8j 

Proof.  79  17  8j| 

103  3  2i 

5.  What  is  the  difference  between 73/  5idand  19/  I3f  \odf 

Ans.  53/  6«  lyu 


^  The  reason  of  this  Bule  will  easily  appear  from  what  has  been 
«aid  in  Siwple  Subtraction ;  for  the  borrowing  depends  on  the  same 

Srinciple,  and  is  only  different  as  the  numbers  to  be  subtracted  are  of 
ifferent  denominations. 

Ex.  6. 


COMPOUND  SUBTRACTION. 


it 


Ex.  6.  A  lends  to  fi  l6oit  hov  much  Ss  B  in  debt  after  A 
has  taken  goods  of  him  to  the  amount  of  73/ 1 2»  Aid  f 

Ans.  36/  7«  7\d. 

7  Suppose  that  my  rent  for  half  a  year  is  20/  12««  and  that 
I  have  laod  out  for  the  land-tax  14«  6(^  and  for  several  repairs 
II 3*  Sidy  what  have  I  to  pay  of  my  half-year's  rent  ? 

Ans.  1 8/  1 4tf  2|(f . 

8.  A  trader  failing,  owes  to  A  35/  Ts  6d^  to  B  91/  13«  id^ 
to  C  53/  7}^,  to  D  87/  5^,  and  to  £  1 1 1/  S«  6id.  When  this 
happened,  he  had  by  him  in  cash  23/  7 a  5(f,  in  wares  53/  11« 
tO^)  in  houvehold  furniture  63/  \7s  7jd,  and  in  recoverable 
book-debts  2S{  7«  5d.  What  will  his  creditors  lose  by  him. 
suppose  these  things  delivered  to  them^        Ans.  212/  59  S^i. 

EXAMPLES  OF  WEIGHTS,  MEASURES,  8cc. 

TBOY  WKIGHT.  APOTHECARIES'  WEIGHT. 

1.  2.                                 3. 

lb  oz  dwt  gr  lb  oz  dwt  gr  lb   oz  dr  scr  gr 

From  9     2   12  iO  7  10     4  17  73     4     7     0     U 

Take   5     4     6  17 '  3     7   16  12  29     5     3     4     19 


Rem. 

Proof 

• 

AYOTBDUPOIS  WEIGHT. 

4.                       5. 

c  oTslb        lb    oz  dr 
From  5    P  IT        71     5    9 
Take  2     3  10        17    9  18 

m 

14 
7 

lONG  HfEASUUE. 

6.                     7. 

fu  pi        yd    ft  in 
3  17         96     0     4 
6  11         72     3     9 

Rem. 

Fn>of 

CLOTH  IfEASURE. 

8.                      9. 
yd    qr  ni      yd  qr  nl 
From  17    3     1        9    0    2 
Take     9    0    3        7    3     1 

ac 
17 
16 

LANDMEA8URB. 
10.                    11. 
ro    p        ac   ro  p 

1  14        57     1   16 

2  8         22     3  29 

^em. 

Froof 

WINE 
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r 

From 
Take 

ARITHMETIC. 
VfVm  MEASURE.               ALB  AKD  BEEE  IfBASUBt. 

12.                 13.                      U.                          15 
t    bd  gal      hd  gal  pt          hd  gal   pt            hd  gal  pt 
17     2  23          5     0     4            14  29     3              71    16     5 
9     1  36         2   12     6             9  S5     7              19     7     1 

Rein. 

Proof 

From 
Take 

DRY  MEASURE. 

16.                  17 
la  qr  bu       bu  gal  pt 
9     4     7         13     7     1 
6     3     5           9     2     7 

• 

TIME. 

18                          19. 
TOO  we  da        ds  hrt  mm 
71     2     5          114  17    26 
17     1     6          72   10    37 

Rem. 

« 

Proof 

• 

20.  The  IiDC  of  defence  in  a  certain  polygon  being  236 
yards,  and  that  part  of  it  which  is  terminated  by  the  curtain 
and  shoulder  being  146  yards  I  foot  4  inches ;  what  then  was 
the  length  of  the  face  of  tlie  bastion  ?       Ans.  89  yds  1  ft  8  in. 


COMPOUND  MULTIPLICATION. 

Compound  Multiplication  shows  how  to  find  the  amount 
of  any  given  number  of  different  denominations  repeated  a 
certain  proposed  number  of  times ;  which  is  performed  by 
the  foUowbg  rule. 

S^T  the  multiplier  under  the  lowest  number  of  the 
multiplicand*  and  draw  a  line  below  it— -Multiply  the  nam-* 
ber  in  the  lowest  denomination  by  the  multiplier^  and  find 
how  many  units  of  the  next  higher  denomination  are  con- 
tained in  the  product)  setting  down  what  remains.  «->  In  like 
manner,  multiply  the  number  in  the  next  denomination,  and 
to  the  product  caiTy  or  add  the  units,  before  found,  and  find 
how  many  units  of  tbe  next  higher  denominaupn  are  in  this 

amount, 
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amotrat,  which  cariy  in  like  manner  to  the  next  prodvct, 
aettin/^  down  the  overplus. — Proceed  thus  to  the  highest  dfl- 
noinmatioD  proposed  :  so  shall  the  last  productt  with  the  so- 
Ttrai  mmainders,  taken  as  one  compound  number,  be  the 
whoJc'Umoimt  required  .*-The  method  of  Proof,  and  the 
reason  of  the  Rule,  are  the  same  as  in  Simple  Muitiplicatioa. 


EXAMPLES  OF  MOKE7. 

1.  To  find  the  amount  of  81b  of  Tea,  at  St  S|J  per  lb. 

•     d 
s     8^ 

8 


£2    5    8  Answer. 


i     s    d 
2.    41b  of  Tea,  at  7«  Bd  per  Ib«  Ans.    1  10    6 

S.    6  lb  of  Butter,  at  9  jd  per  lb.  Ans.    0    4    9 

4.  7  lb  of  Tobacco,  at  U  B^d  per  lb.  Ans.   0  1 1  11  j. 

5.  9  Stone  of  Bee^  at  3«  T^d  per  st.  Ans.    110 

6.  10cwtofCheese,at2/ 17«  lOcfpercwt.  Ans.  38  18    4 

7.  13  cwt  of  Sugar,  at  3/  7«  4d  per  cwt       Ans.  40    8    0 

CONTRACnONS. 

I.  If  the  muldpUer  exceed  13,  multiplf  succesuvely  by  its 
c<nnponent  parts,  instead  of  the  whole  number  at  once. 

1.  15  cwt  of  Cheese,  at  I7s6d  per  cwt- 

I    9    d 

0  17     6 

3 


2  12     6 
5 


13    2    6  Answer. 


i     •    d 

2.  20  cwt  of  Hq>8,  at  4/  7«  2(1  per  cwt    Ans.  87    3    4 

3.  34  tons  of  Hay,  at  3/  7«  6d  per  ton.      Ans*  810    0 

4.  45  ells  of  Gloth,  at  U  6d  per  ell.         Ans.    3    7    6 

Kx.  5. 


/ 


iO  ARITHMETIC. 

/    «  d 

Ex.5.  63  gallons  of  Oili  at  3«  Zd  per  gall.     Ana.     7     1  9 

6.  70  barrels  of  Ale,  at  U  4«  per  barrel   Ans.    84    0  o 

7.  84  quarters  of  Oats,  at  1/  126  S^perqr.  Ans.  137|  4  0 

8.  96  quarters  of  Barley,  at  l/3«  4(f  perqr.  Ans.  1 1^    0  O 

9.  120  days*  Wages,  at  5<9cf  per  day,      Ans.    34  10  0 

10.  1 44  reams  of  Paper^  at  1 3«  4tf  per  ream.  Ans.   96    0    0 

11.  If  the  multiplier  cannot  be  exactly  produced  by  the 
multiplication  of  simple  numbers,  take  the  nearest  number  to 
ity  either  greater  or  less,  which  can  be  so  produced,  and  mul- 
tiply by  its  parts,  as  before. — Then  multiply  the  given  mul- 
tiplicand by  the  difference  between  this  assumed  number  and 
the  multiplier,  and  add  the  product  to  that  before  found,  whea 
the  assumed  number  is  less  than  the  multipiieri  but  subtract 
the  same  when  it  is  greater. 

EXAim.ES. 
1.  26  yards  of  Cloth,  at  3«  0\d  per  yard. 

/      M     d 

0    3    0| 
5 


O  15     3| 
5 

3   16     6} 
S     0| 

£3  19    7i  Anawer. 

I     •    d 

2.  29  quarters  of  Com,  at  2/ 5«  3}</ per  qr.  Ans*    65  12  10{ 

3.  53  loads  of  Hay,  at  3/  15«  2<f  per  load.    Ans.  199  3  10 

4.  79  bushels  of  Wheat,atlU5|e^  per  bush.  Ads.   45  6  10^ 

5.  97  casks  of  Beer,  at  12«  2d  per  cask.     Ans.  59  0    2 
6. 1 14  stone  of  Meat,  at  15«  3J^  per  stone.Ans.    87  5    7| 

EXAliPLBS  OF  WEIGHTS  AND  MEASURES. 


1. 

lb  oz  dwt  gr 
28  7   14  10 

5 

2. 
lb  oz  dr  sc  gr 
3  6  3  2  10 

8 

cwt 

29 

3. 
qr 

2 

lb  09 

16  14 
12 

♦* 
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4. 

mis   fb  pis  yds 
23    5     29    6 

4 

yds    qrs 
126       3 

] 

na 
1 
7 

t72 

ac 
38 

XO    pa 

3      37 

9 

• 

7. 

tuns  hhd  ^  pts 

^0     2     26     3 

3 

8. 
we  qr  bu 
34    3     5 

pc 

3 
6 

9. 
re  da 
3     5 

ho  mb 

16     49 

10 

COMPOUND  DIVISION. 


CoMPOxrND  Division  teaches  how  to  divide  a  number  of 
several  denominations  by  any  given  number,  or  into  any  num- 
ber of  equal  parts  ;  as  follows : 

Placc  the  divisor  on  the  left  of  the  dividend,  as  in  Simple 
Division. — Beg^n  at  the  left-hand,  and  divide  the  number  of 
the  highest  denondnation  by  the  divisor,  setting  down  the 
qaotient  in  its  proper  place.— 4f  there  be  any  remainder  after 
this  division,  reduce  it  to  the  next  lower  denomination,  which 
add  to  the  number,  if  any,  belonging  to  that  denomination,  and 
divide  the  sum  by  the  divisor. — Set  down  again  this  quotient, 
reduce  its  remainder  to  the  next  lower  denomination  again, 
and  so  on  through  all  the  denominations  to  the  last. 


EXAMPUS  OP  MONBT. 

U  Divide  237/  8«  6d  by  3. 

/       9    d 
2)  237     8     6 

£118  14    3  the  Quotient. 

2, 


■■M 
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L 

• 

d 

I 

tf 

d 

3-  Divide    432 

12 

Ijby    3. 

Ans. 

144 

4 

04 

3    Divide    507 

3 

5    by    4. 

Ans. 

126 

15 

loi 

4.  Divide    633 

7 

6iby    5. 

Ans. 

126 

9 

6 

5.  Divide    690 

14 

3}bv    6. 

Ans. 

115 

2 

4^ 

6.  Divide    705 

10 

2    by    7. 

Ans. 

100 

15 

«« 

7.  Divdie    760 

5 

6    by    8. 

Ans. 

95 

0 

8* 

8.  Divide    761 

5 

73»>y    9. 

Ans. 

84 

11 

H 

9.  Divide    829 

17 

10    by  10. 

Ans. 

82 

19 

9{: 

10.  Divide   937 

8 

8}  by  11. 
4*  by  12. 

Ans. 

85 

4 

5 

11.  Divide  1145 

11 

Ans. 

95 

9 

H 

.    i 

CONTRACTIONS. 

I.  If  the  divisor  exceed  12,  find  what  simple  numbers, 
muUiplied  together,  will  produce  it,  and  divide  by  them  sepa- 
rately) as  in  Simple  Division,  as  below. 


EXAI^PLES. 

1.  What  is  Cheese  per  cwt,  if  16  cwt  cost  25/  14e  8cf  ? 

/      g      d 
4)  25      14     8 

4)    6       8     8 

j£     1     12    2  the  Answer. 


i    $   d 

2.  If  20  cwt  of  Tobacco  come  to  >  ^^^  7   « o  4 

1 50/  69  8(f ,  what  is  that  per  cwt  i  3 

3.  Divide  98/  8«  by  36.  Ans.  2-14  8 

4.  Divide  71/  13»  lOdby  56.  Ans.      15  7i 

5.  Divide  44/  4«  bf  96-  Ans.  0    9  3^ 

6.  At  31/  U>«  per  cwi,  how  much  per  lb  ?  Ans.  0    5  7i 

II.  If  the  divisor  cannot  be  produced  by  the  multiplication 
of  small  numbers^  divide  by  the  whole  divisor  at  oncejjaftii' 
the  manner  of  Long  DivisioD,  as  follows^ 


EXAMT- 
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EXAMPLES. 


1.  Divide  59/  6«  3j^  by  19. 
i    9  d  lad 

19)  59  6  3|        (  3  2  5i  Ans. 
57 


2 
20 


46(2 
38 


I 

s 

d 

Ans,  0 

13 

Hi 

Ans.  d 

18 

3 

Aos.  5 

11 

10 

Ans.  0 

19 

5i 

19(1 

I    9  d 

2.  Divide    39   14  5i  by    57. 

2.  Divide  125     4  9   by    43. 

4.  Divide  542     7  10    by    97. 

5.  Divide  123  11  2^  by  127. 


BXAMPLES  OF  WEIGHTS  AND  MEASURES. 

t.  Divide  17  lb  9  oz  0  dwts  2  gr  by  7. 

Ans.  2 lb  6  oz  ffdwts  14  gr. 
S.  Divide  17  lb  5  oz  2  dr  1  scr  4  gr  by  12« 

Ans.  I  lb  5  oz  3  dr  1  scr  12  gr. 

3.  Divide  178  cwt  3  qrs  14  lb  by  53.   Ans.  3  cvt  1  qr  14  lb. 

4.  Divide  144  mi  4  fur  2  po  1  yd  2  ft  0  in  by  39. 

f '  Ans.  3  mi  5  fur  26  poO  yds  2  ft  8  in. 

5.  Divide  534  yds  2  qrs  2  na  by  47.     Ans.  1 1  yds  1  qr  2  na. 

6.  Divide  71  ac  1  ro  33  po  by  5 1.  Ans.  1  ac  2  ro  3  po. 

7.  Divide  7  to  0  hhds  47  gal  7  pi  by  65       Ans.  27  gal  7  pi, 

8.  Divide  387  la9  qr  by  72.  Ans.  5  la  3  qrs  7  bu. 

9.  Divide  206  mo  4  da  by  26.  Ans  7  mo  3  we  5  dst 

THE 
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•  THE  GOLDEN  RULE,  OR  RULE  OF  THREE. 

Tbb  Rule  or  Tbrbk  teaches  how  to  find  a  fourth  pro^ 
ponional  to  three  mimbers  given  :  for  ivhich  reason  it  is 
sometimes  called  the  Rule  of  Proportion.  -  It  is  called  the 
Rule  of  Three,  because  three  teriris  or  numbers  are  given)  to 
find  a  fourth.  And  because  of  its  great  and  extensive  use- 
fulness,  it  is  often  called  the  Golden  Rule.  This  Rule  is 
usually  considered  as  of  two  kinds,  namely,  Direct}  and 
Inverse. 

The  Rule  of  Three  Direct  is  that  in  which  more  requires 
more,  or  less  requires  less.  As  in  this ;  if  3  men  dig  21  yards 
of  trench  in  a  certain  time,  how  much  will  6  men  dig  in  the 
same  time  ?  Here  more  requires  more,  that  is.  6  men,  which 
are  more  than  3  men,  will  also  perform  more  work  in  the 
aame  time.  Or  when  it  is  thus  :  if  6  men  dig  43  yards,  how 
much  win  3  men  dig  in  the  same  time  ?  Here  then,  less  re- 
quires lessf  or  3  men  will  perform  propK>rtionably  less  work 
than  6  men,  in  the  same  time.  In  both  these  cases  then,  the 
Rule,  or  the  Proportion,  is  Direct;  and  the  stating  must  be^ 

thus,  As  3  :  21  :  :  6  :  43, 

or  thus.  As  6  :  42  :  :  3  :  2 1. 

But  the  Rule  of  Three  Inverse,  is  when  more  requires  less, 
or  less  requires  more.  As  in  this  ;  \f  3  men  dig  a  certain 
quantity  of  trench  in  14  hours,  in  how  many  hours  will  6 
men  dig  the  like  quantity  ?  Here  it  is  evident  that  6  men^ 
being  more  than  3,  will  perform  an  equal  quantity  of  work  in 
less  time  or  fewer  hours*  Or  thus :  if  6  men  perform  a 
certain  quantity  of  work  in  7  hours,  in  bow  many  hoiurs  will 
3  men  perform  the  same  ?  Here  less  requires  more,  for  3 
men  will  take  more  hours  than  6  to  perform  the  same  work. 
In  both  these  cases  then  the  Rule,  or  the  Proportion^  is  in- 
verse i  and  the  seating  must  be 

thus,  As  6  ^  14  : :  3  :    Y^ 
orthuft.  As  3  :    7: ;  6  :  14. 

And  in  all  these  atatings,  the  fourth  term  is  found,  by 
inultiplying  the  Sd  and  Sd  terms  tpgether^  and  dividing  the 
product  by  the  1st  term. 

Of  the  three  given  numbers ;  two  of  them  contain  the 
supposition,  and  the  third  a  demand.  And  for  stating  and 
working  questioiis  of  these  kinds  observe  the  following  ge- 
neral Rule  : 

State 
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St  ATX  the  qnestion,  bj  setting  down  in  a  straight  line  the 
three  ghen  numberst  in  the  following  manner,  viz.  so  that 
the  3d  term  be  that  number  of  supposition  which  is  of  the 
same  kind  that  the  answer  or  founh  term  is  to  be ;  making  the 
other  number  of  supposition  the  1st  term^  and  the  demanding 
aomber  the  3d  term,  when  the  question  is  in  direct  propor- 
tion ;  but  contrariwise^  the  other  number  of  supposition  the 
36  term»  and  the  demanding  number  the'  1st  term,  wh^n  the 
question  has  inverse  proportion. 

Then>  in  both  CAses,  multiply  the  ,2d  and  3d  terms  together^ 
and  divide  the  product  by  the  Ist^  which  will  give  the  an- 
swer, or  4tb  term  saught9  vis  of  the  same  denomination  as 
tlie  second  term. 

MUf  If  the  first  and  third  terms  consist  oC  different  deno- 
jninationsy  reduce  them  both  to  the  same  :  and  \£  the  second 
term  be  a  compound  numbery  it  is  mostly  convenient  to  re- 
duce it  to  the  lowest  denomination  mentioned.-«-*If,  after  di- 
Tiaion«  there  be  any  remainder,  reduce  it  to  the  next  lower 
denomination,  and  divide  by  the  same*  divisor  as  before,  and 
the  quotient  will  be  of  this  last  denomination.  Proceed  in 
the  same  manner  with  all  the  remainders,  till  they  be  re- 
duced to  the  lowest  denomination  which  the  second  admits 
of,  and  the  several  quotients  taken  together  will  be  the  an- 
swer required. 

Ab/e  also,  The  reason  for  the  foregoing  Rules  will  appear, 
when  we  come  to  treat  of  the  nature  of  proportion6w-.-Some- 
times.iwo  or  more  statings  are  necessary,  which  may  always 
be  known  from  the  nature  of  the  question* 

EXAMPLES. 

].  If  8  yards  of  Cloth  cost  M  4«,  what  will  96  yards  cost  ? 

yds  i  s     yds   I   s 
As  8 : 1  4 : :  96 :  U  8  the  Answer 
30 


%)  3304 
^fi)  38,8« 

£14  8  Answer* 


Ex.S 
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Ex.  3.  An  engineer  having  raised  100  yards  of  a  certain 
work  in  24  days  with  5  men  ;  how  many  men  must  he  em- 
ploy  10  finish  a  like  quantity  of  work  in  15  days  ? 

ds  men  ds    men  t 

As  15  :  5: :  34  :  8  Ans. 

5 

15)  120  (8  Answer. 
120 

3.  What  will  72  yards  of  cloth  cost,  at  the  rate  of  9  3rard8 
for  5/  l^*  ?  "  Anb   44^  '6«. 

4.  A  person's  annual  income  being  146//  how  much  is 
that  per  day  ?  Ans.  8* 

5.  If  3  paces  or  common  steps  of  a  certain  person  be  equ^  I 
<to  ^  yards,  how  many  yards  will  160  of  his  paces  make  ?              *  \ 

Ans.  106  yds  2  ft. 

6.  What  length  must  be  cut  off  a  board,  that  is  9  inches  I 
broad,  to  make  a  square  foot,  or  as  much  as   13  inches  in 
length  and  12  in  breadth  contains  ?                   Ans   16  inches. 

7.  If  750  men  require  22500  rations  of  bread  lor  a  month  ; 
how  many  rations  will  a  garrison  of  1200  men  require  ? 

Ans.  36000. 

8.  If  7  cwt  I  qr  of  sugar  cost  26/  10«  Ad  j  what  will  be  the 
price  of  43  cwt  2  qrs  ?  Ans   1 59/  2«. 

9.  The  clothing  of  a  regiment  of  foot  of  750  men  amount- 
ing to  2831/ 59  ;  what  will  the  clothing  of  a  body  of  3500 
men  amount  to  ?  Ans.  13312/  10«. 

10.  How  many  yards  of  mattingi  that  is  3  ft  broad,  will 
cover  a  iloor  that  is  27  feet  long  and  20  feet  broad  ? 

Ans.  60  yards. 

1 1.  What  is  the  value  of  6  bushels  of  coals^  at  the  rate  of 
1/  14«  6d  the  chaldron  I  Ans.  5^  9</, 

12.  If  6352  stones  of  3  feet  long  complete  a  certain  quan- 
tity of  walling  ;  how  many  stones  of  2  feet  long  will  raise  a 
like  quantity  ?  Ans  9528. 

13.  What  must  be  given  for  a  piece  of  ailver  weighing 
73  lb  5  oz  15  dwtS}  at  the  rate  of  Ss  9(/  per  ounce  ? 

Ans.  253/  \0s  0^« 

14.  A  garrison  of  536  men  having  provision  fqr  12  months; 
how  long  will  those  provisions  last)  if  the  garrison  be  increased 
to  1 124  men  ?  Ans  174  days  and  jf^. 

15.  What  will  be  the  tax  upon  763/  15««  at  the  rate  of 
3«  6^  per  poimd  sterling  i  Ans.  133/ 139  lid. 

16.  A 
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16.  A  certain  work  being  raised  in  13  days^  by  working  4 
hours  each  day;  how  long  would  it  have  been  in  raising  by 
trorJdng  6  hours  per  day?  Ans.  8  days. 

17.  What  quantity  of  com  can  I  buy  fi^r  90  guineas,  at  the 
rate  of  6«  the  bushel  ?  ^  '     Ans.  39  qrs  3  bu. 

18.  A  person,  failing  in  trade,  owes  in  all  977/ ;  at  which 
time  he  has,  in  money,  goods,  and  recoverable  debts,  420/  6< 
Z\d  ;  now  supposing  these  things  delivered  to  his  creditorSi 
how  much  will  they  get  per  pound  ?  Ans.  8«  7^d, 

19.  A  plain  of  d  certain  extent  having  supplied  a  body  of 
3000  horse  with  forage  for  18  days  ;  then  how  many  days 
"would  the  same  plain  have  supplied  a  body  of  ^000  horse  ? 

Ans  27  days* 
SO.  Suppose  a  gentleman's  income  is  600  guineas  a  year, 
and  that  he  spends  25s  6d  per  day,  one  day  with  another  \ 
how  much  will  he  have  saved  at  the  year's  end  ? 

Ans.  164/  129  ^d. 

21.  What  cost  30  pieces  of  lead,  each  weighing  1  cwt  I21b, 
«t  the  rate  of  16«  4d  the  cwt  I  •  Ans.  27/  2«  6 J. 

22.  The  governor  of  a  besieged  place  having  provision  for 
54  days,  at  the  rate  of  1  jib  of  bread  ;  but  being  desirous  to 
prolong  the  siege  to  80  days,  in  expectation  of  succour,  in 
that  case  what  must  the  ration  of  bread  be  ?  Ans.  1-^  lb« 

23.  At  half  a  gumea  per  week,  how  long  can  I  be  boarded 
for  20  pounds  ?  Ans.  38^',\  wks. 

24.  How  much  will  75  chaldrons  7  bushels  of  coals  come 
to,  at  the  rate  of  1/  13«  6^  per  chaldron  I 

Ans.  125/  I9#0|(/. 

25.  U  the  penny  loaf  weigh  8  ounces  when  the  bushel  of 
wheat  costs  Ta  3d,  what  ought  the  penny  loaf  to  weigh  wheu 
the  wheat  is  at  8»  4d  ;  Ana.  6  oz  15.^  dr. 

26.  How  much  a  year  will  173  acres  2  roods  14  poles  of 
land  give,  at  the  rate  o£  U  7%  8d  per  acre  ? 

Ans.  240/  2»  tj^. 

27.  To  how  much  amounts  73  pieces  of  lead,  each  weigh- 
ing 1  cwt  3  qrs  7  lb,  at  10/  4«  per  fbcher  of  19  j  cwt  f 

Ans.  69/  4^2d  l^§  q. 

28.  How  many  yards  of  stuff,  of  3  qrs  wide,  will  line  a 
cloak  that  b  1  j  yards  in  length  and  3|  yards  wide  I 

Ans.  8  yds  0  qrs  2|  nl. 

29.  If  5  yards  of  cloth  cost  He  2d^  what  must  be  given  for 
9  pieces,  containing  each  21  yards*  1  quarter  i 

Ans.  27/  U  I0|c/. 

30.  if  a  gentleman's  estate  be  worth  2107/  lis  a  years 
what  naay  he  spcntl  per  day,  to  save  500/  in  the  year  ? 

Ans.  4/  8«  \s^^jd. 
^\,  Wanting 
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31.  Wanting  just  an  acre  of  land  .cut  off  from  a  pteco 
which  18  131  poles  in  breadth,  what  length  must  the  piece  be  i 

Ans.  )  1  po  4  yds  2  ft  0^  in. 

32.  At  7s  9id  per  yard,  what  is  the  value  of  a  piece  of 
cloth  containing  53  ells  English  1  qu.  Ans  25/  !8«  >  j^. 

33.  If  the  carriage  of  5  cwt'  U  lb  for  96  miles  be  W  i2«  6d  / 
how  far  may  I  have  S  cwt  1  qr  carried  for  the  same  money  ? 

Ans.  151  m  3  fur  S^V  pol. 

34.  Bought  a  silver  tankard,  weighing  I  lb  7  oz  14  owts^ 
what  did  it  cost  me  at  6«  4d  the  ounce  ?  Ans.  6/  u  9\d, 

35.  What  is  the  half  year's  rent  of  547  acres  of  land,  at 
iSs  6d  the  acre  ?  Ans.  211/  19«  Sd» 

36.  A  wall  that  is  to  be  built  to  the  height  of  36  feet,  was 
raised  9  feet  high  by  1 6  men  in  6  days  ;  then  how  many  men 
must  be  employed  to  finish  the  wsdl  in  4  days,  at  the  same 
rate  of  working  ?  Ans.  72  men. 

37.  What  will  be  the  charge  of  keeping  20  horses  for  a 
year,  at  the  rate  oi  l^id  per  day  for  each  horse  ? 

Ans.  441/ Ot  \0d, 

38.  If  18  ells  of  stuff  that  is  J  yard  wide,  cost  S9a  6d  g 
what  will  50  ells,  of  the  same  goodness,  cost,  being  yard  wide  { 

Ans.  7/  68  SJJrf. 

39.  How  many  yards  of  paper  that  is  30  inches  wide,  will 
hang  a  room  that  is  20  yards  in  circuit  and  9  feet  high. 

Ans.  73  yards. 

40   If  a  gentleman's  estate  be  worth  384/  I69  a  year,  and 

the  land-tax  be  assessed  at  2«  9id  per  pound,  what  is  his  net 

annual  income  ?  Ans.  331/  U  9^. 

41.  The  circumference  of  the  earth  is  about  25000  miles; 
at  what  rate  per  hour  i»  a  person  at  the  middle  of  its  surface 
carried  round,  one  whole  rotation  being  made  in  23  hours 
56  minutes  ?  Ans.  1044^«Jj«|^  miles. 

42.  tf  a  person  drink  20  bottles  of  wine  per  month,  when 
it  costs  8«  a  gallon  ;  how  many  bottles  per  month,  may  he 
drink,  without  increasing  the  expence,  when  wine  costs  10«, 
the  gallon  ?  Ans.  1 6  bottles, 

43.  What  cost  43  qrs  5  bushels  of  corn«  at  U  8«  6d  the 
quarter.  Ans.  62/  3«  Sjd. 

44.  How  many  yards  of  canvas  that  is  ell  wide  will  line 
50  yards  of  say  that  is  3  quarters  wide  i  Ans.  30  yds. 

45.  If  an  ounce  of  gold  cost  4  guineas,  what  is  the  value 
of  a  grain  ?  Ans.  2/^. 

46.  If  3  cwt'  of  tea  cost  40/  12«  ;  at  how  much  a  pound 
must  it  be  retailed*  to  gain  10/  by  the  whole  i        Ans.  3^1^. 
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COMPOUND  PROPORTION. 


Compound  P&oportion  shows  how  to  resolve  such  qaes« 
Uons  as  require  two  or  more  statings  by  Simple  Proportion  ; 
and  these  may  be  either  Direct  or  Inverse. 

In  these  questions,  there  is  always  given  an  odd  number  of 
terms^  either  five  or  se^en^  or  nine,  8cc.  These  arc  distin- 
guished into  terms  of  supposition,  and  terms  of  demand, 
there  being  always  one  term  more  of  the  former  than  of  the 
latter,  which  is  of  the  same  kind  with  the  answer  sought. 
The  method  is  thus  : 

SsT  down  in  the  middle  place  that  term  of  supposition 
which  is  of  the  same  kind  with  the  answer  sougbt.-*>Take 
one  of  the  other  terms  of  supposition,  and  one  of  the  demand- 
ing terms  which  is  of  the  same  kind  with  it ;  then  place  one 
of  them  for  a  first  term,  and  the  other  for  a  third,  according 
to  the  directions  given  in  the  Rule  of  Three.— Do  the  same 
with  another  term  of  supposition,  and  its  corresponding  de- 
manding term  i  and  so  on  if  there  be  more  terms  of  each 
kind ;  setting  the  numbers  under  each  other  wluch  fall  all  on 
the  left-hand  side  of  the  middle  term,  and  the  same  for  the 
others  on  the  right-hand  side.— Then,  to  work 

By  severed  0/iera/ioiM.-— Take  the  two  upper  terms  and 
ihe  middle  term,  in  the  same  order  as  they  stand,  for  the  first 
Ruie-of-Three  question  to  V>e  worked,  whence  will  be  found 
a  fourth  term.  Then  take  this  fourth  number,  so  found,  for 
the  middle  term  of  a  second  Rule-of-Thrae  question,  and  the 
next  two  under  terms  in  the  general  stating,  in  the  same 
order  as  they  stand,  finding  a  fiiurth  term  for  them.  And  so 
CO,  as  lar  as  there  are  any  numbers  in  the  general  stating^ 
making  always  the  fourth  number,  resulting  from  each  simple 
stating,  to  be  the  second  term  in  the  next  following  one. 
So  shall  the  last  resuhing  number  be  the  answer  to  the 
question. 

By  one  Oftetntion  — Multiply  together  alt  the  temt  stand- 
ing^ under  each  other,  on  the  left-hand  side  of  the  middle 
terra ;  and.  in  like  manner,  multiply  together  aM  those  on  the 
rigbt'^hand  side  of  it.  Then  muMpIy  the  middle  term  by 
the  latter  product,  at)d  divide  the  result  by  the  former  pro- 
duct ;  so  ahall  the  quotient  be  the  answer  sought. 

Vol.  I.  H  kxamples. 
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EXAMPLES. 

1.  How  many  men  can  complete  a  trench  of  135  yards 
long  in  8  daysi  when  16  men  can  dig  54  yards  in  6  days  \ 

General  Stating. 

yds    54:  16::  135  yds 
days     8  6  days 


433 


810 
L6 


4^60 

81      men 


433)  1 3960  (30  Ans.  by  one  operation; 

1396 


l8t 

As  54:  16::  135:40 

16 


The  9ame  by  tvfo  OJierationB. 

3d. 
As  8  :  40  : :  6  :  39 
6 


■ 

•J 


8)  340  (30  Ana. 
34 


34)  3160  (40 
316 


2«  If  100/  in  one  year  gain  5/  interest,  what  will  be  the 
interest  of  750/  for  7  years  \  Ans.  363/  IQt. 

3  If  a  family  of  8  persons  expend  300/  in  9  months ;  how 
much  will  serve  a  fiunily  of  18  people  13  months  I 

C  ^   *    Ans.  300/. 

4.  If  37«  be  the  wages  of  4  men  for  7  days  ;  what  will  be 
the  wages  of  14  men  for  10  days  ?  Ans.  6/  1 5«. 

5.  If  a  footman  travel  ISO  miles  in  3  days^  when  the  days 
are  13  hours  long;  in'  how  many  days^  of  10  ho»r&  each) 
may  he  travel  3^0  miles  ?  Ans.  9||  days. 


\ 


VUL6 AS  FRACTIONS.  s  I 

Bx.  6.  If  fSO  bushels  of  corn  can  serve  1 4  horses  56  days  s 
how  mioy  days  will  94  bushels  serve  6  horses  ? 

Aqs.  103^  days. 

7.  If  3000  lb.  of  beef  serve  340  ipen  15  days;  how  many 

lbs  wiJI*  serve  130  men  for  35  days  I        Ans.  1764  lb  1 1|{.  oz« 

8   If  a  barrel  of  beer  be  sufficient  to  last  a  family  of  8  (>er- 

SODS  13  days  ;  how  many  barrels  will  be  drank  by  16  persons 

In  the  space  of  a  year  ?  Ans.  60|  barrels* 

9.  If  180  men,  in  6  days,  of  10  hours  each^  can.  dig  a 

trench  300  yards  long,  3  wide,  and  3  deep ;  in  how   many 

days,  of  8  hours  k>Dg«  will  100  men  dig  a  trench  of  360  yards 

long,  4  wide,  and  3  deep  \  Ans.  15  days. 


OF  VULGAR  FRACTIONS. 


A  FaACTiqv,  or  broken  number,  is  an  expression  of  a 
l^art,  or  some  parts,  of  something  considered  as  a  whole. 

It  is  denoted  by  two  numbers,  placed  one  below  the  otherj 
with  a  line  between  them  : 

3  numerator      1 

Thus,  -  >  which  is  named  3-fottrths. 

4  denominator    j 

The  denominator,  or  number  placed  below  the  line,  shows 
how  many  equal  parts  the  whole  quantity  is  divided  into ; 
and  u  represents  the  Divisor  in  Division. — And  the  Numera- 
tor, or  numl^eT  set  above  the  line,  shows  bow  many  of  these 
parts  are  expressed  by  the  Fraction :  being  the  remainder 
after  division.— Also,  both  these  numbers  are,  in  general, 
named  the  Terms  of  the  Fraction. 

Fractions  are  either  Proper,  Improper,  Simple,  Compound^ 
«r  Mixed. 

A  Proper  Fraction,  is  when  the  numerator  is  less  tlian  tlie 
denominator  ;  as,  i,  or  |«  or  ^  8cc. 

An  Improper  Fraction,  is  when  the  numerator  is  equal  to, 
or  exceeds,  the  denominator  $  as,  ^,  or  |,  or  ^,  &c. 

A  Simple  Fraction,  is  a  single  expression,  denoting  any 
number  of  parts  of  the  integer ;  as,  |,  or  f 

A  Compound  Fraction,  is  the  fraction  of  a  fraction,  or 
several  frac^jions  connected  with  the  word  ({^between  them  ; 
as,  i  off,  or  I  of }  of  3,  &c. 

A  Mixed  Number,  is  copposed  of  a  whole  number  and  a 
frsction  together ;  as>  3^  or  13-|,  &c. 

A  whole 


«d  aiui;hmetic. 

A  whole  or  integer  puoiber  may  be  eaqirened  like  a  frac- 
tion, by  writing  1  below  it,  as  m  denominator ;  so  8  is  f,  or 
4  is  f  f  &c. 

A  fractioii  denotes  division  ;  and  its  value  is  equal  to  the 
quotient  obtained  by  dividing  the  numerator  by  the  dene- 
minator ;  so  y  is  equal  to  3  und  y  is  equvl  to  4. 

Hence  then,  if  the  numerator  be  leas  than  the  denominator, 
the  value  of  the  fraction  is  less  than  I.  But  if  the  numerator 
be  the  same  as  the  denominator,  the  fraction  is  just  equal 
to  I.  And  if  the  nnmeramr  be  greater  than  the  denomi- 
nator, the  fraction  is  greater  than  1 . 


DEDUCTION  OF  VULGAR  FRACTIONS. 

« 

RsnucTioir  of  Vulgar  Fractions,  is  the  bringing  them 
out  of  one  form  or  denomination  into  another  ;  commonly  to 
prepare  them  for  the  operations  of  Addition,  Subtraction,  fcc 
of  which  there  are  several  cases* 

jPEOBIfiM. 

To  Jind  the  Crteatett   Common  Mea&ure  of  Two  or  more 

Mtmbere, 

Thk  Common  Measure  of  two  or  more  numbers,  is  that 
number  which  will  divide  them  both  without  remainder ;  so» 
3  is  a  common  measure  of  18  and  24  ;  the  quotient  of  the 
former  being  6,  and  of  the  latter  8.  And  the  greatest  num- 
ber that  wiU  do  this,  is  the  greatest  common  measure  :  so  6 
is  the  greatest  common  measure  of  18  and  34 ;  the  quotient 
of  the  former  being  3,  and  of  the  latter  4,  which  will  not  both 
divide  further. 


Iv  there  be  two  numbers  only ;  divide  the  greater  by  the 
less ;  then  divide  the  divisor  by  the  remainder  i  and  so  on, 
dividing  always  the  last  ^visor  by  the  last  remainder,  till  no- 
thing remuns ;  so  shall  the  last  divisor  of  all  be  the  greatest 
common  measure  sought. 

When  there  are  more  than  two  numbers,  ^nd  tlie  greatest 
common  measure  of  two  of  them,  as  before ;  then  do  the 
dame  fot*  that  common  measure  and  uiother  of  the  numbers ; 

and 


t 


REDUCTION  OF  VULGAR  FRACTIONS.      « 

and  90  Oh  thnm^  aU  the  numbers ;  so  wBl  the  greatest  com- 
ttMm  measure  last  foimd  be  the  answer. 

If  it  happen  that  the  common  measure  thus  found  is  1  ; 
then  the  numbers  are  said  to  be  incQmmensurabk»  or  not 
hmag  tsDj  common  measure. 


EXAMPLSS.     ' 

i   To  find  the  greatest  common  measure  of  1906,  93& 
and  630.  7      ^ 

936)  1908  {%  So  that  36  is  the  greatest  common 

#    ^  •5r2  measure  of  1908  and  936. 

36;  956  (»  Hence  36)  630  (17 

72  36 

.  216  270 

316  .   252 

18)36(2 
36 

Hence  then  18  is  the  answer  required. 

2.  What  is  the  greatest  common  measure  of  £46  and  372 1 

Ans.  6. 

3.  Wiiat  is  the  greati^t  oommon  measure  of  324, 613,  and 
1033?  Ans.  12. 


CABBI. 

7b  Mbreviate  or  Reduce  Fractions  to  their  Lowest  Terms. 

^DiTiosthe  terms  <yf  the  girea  firactioo  bf  any  number 
^at  will  divide  them  without  a  remainder;  Ihen^vide  these 

quotients 


e  That  dividiQg  both  the  terms  >of  the  fraction  by  the  stxne  nomber* 
-whatever  it  be,  will  give  another  fraction  equal  to  the  former,  is  evi- 
dent.  Knd  when  these  divisions  are  performed  as  often  as  can  be 
done,  or  ^nrfaen  the  common  divisor  is  the  greatest  possible*  the  terms 
of  the  resulting  fraction  omst  be  the  least  possible. 

Koie  1-  Any  anmber  ending  with  an  even  mnnber,  or  a  oiphtr,  is 
di^ible,  or  can  be  dcvided>  by  2> 

2.  Aay  nuniber  en^ng  with  5,  or  Os  is  dimble  by  5. 

3.  If 


54  ARITHMETIC. 

quotient*  ag:»in  in  the  same  manner ;  and  so  on^  till  it  aip|Msrs 
that  there  \%  no  numbcN  greater  than  1  which  will  divide 
them  ;  then  the  fracdon  wiU  be  in  its  lowest  terms. 

Or,  divide  both  the  terms  of  the  Fraction  by  their  greatest 
comtnon  measure  at  once,  and  the  quotients  will  be  the  terms 
of  the  fraction  required,  of  the  same  value  as  at  first. 


EXAMPLES. 

1 .  Reduce  1^  to  its  least  terms. 

Ijl  =  |}  =  l|  =  4}  =  t  =  i,  theanswcr. 

Or  thus :  • 

316)  288  (I  Therefore  72  is  the  greatest  common 

216  measure  ;  and  73)  »^  ==  |  the  An- 

swer^ the  same  as  before. 


72)216(3 
216 


3.  Reduce 


3.  If  the  rigfat-hand  place  of  any  number  be  0,  the  -whole  is  divisible 
by  10  ;  if  there  be  two  ciphers,  it  is  dimiWeby  100  ;  if  three  ciphers 
hf  1000 1  and  so- on ;  which  is  oaly  cutting  off  those  ciphers. 

4.  If  the  two  rigfat-hand  figures  of  any  number  be  divisible  by  4n  the 
whole  is  divisible  by  4.  And  if  the  three  right-hand  figures  be  divisi- 
ble by  8,  the  whole  is  divisible  by  8.     And  so  on. 

^ 

5.  If  the  sum  of  the  digits  in  any  number  be  ^visible  by  3»  or  by  9* 
the  whole  is  divisible  by3»  or  by  9. 

6.  If  die  right  hand  digit  be  even,  and  the  sum  of  aH  the  digits  be 
divisible  by  6,  then  the  whole  is  divisible  by  6, 

r.  A  number  is  divisible  by  11»  when  the  sum  of  the  lst»  3d,  5th, 
&c.  or  all  the  odd  places,  is  equal  to  the  sum  of  the  2d,  4th»  6th,  &c.  or 
of  all  the  even  places  of  (Ugits. 

8.  If  a  number  caqnot  be  divided  by  some  quantity  less  than  the 
square  root  of  the  same,  that  number  is  a  primet  or  cannot  be  divided 
by  any  number  whatever. 

9  All  prime  numbers,  except  2  and  5,  have  either  1, 3*  7,  or  9s 
in  the  place  of  units  j  and  all  other  numbers  are  compoBite,  or  pan  be 
divided. 

iaWbe)i 


SEDUCTION  OF  VULGAR  FRACTIONS,       « 

3.  Redoce  ||^  to  it»  lowest  terms.  Ans.  ^ 
S.  Reduce  j<||  to  its  lowest  terms.                            Ans.  |* 

4.  EeducG  |]^  to  its  lowest  terms.  Ans.  f» 

CASfill. 

2*0  Reduce  aUCxedJVumber  to  UtEguiviUenilmfirofier Fraction* 

*  Mui^TivLf  tbe  integer  or  whole  number  by  the  deno- 
TDUiaior  of  ihe  fraction^  and  to  the  product  add  the  numersr 
tor  ;  then  set  tiiat  sum  sbove  the  denonufiatot  fur  th«  frac- 
tioo  required* 

EXAHPLSS. 

* 

I.  Reduce  23f  to  a  fractioiu 
23 

5 


115  Or, 

3  (33x5)+2         117 

lir  5  5 


the  Antfweti 


2  Reduce  12^  to  a  fraction*  Ans.  <-|'. 

3.  Redace  14^  to  a  fraction.  Ans.  '^. 

4.  Reduce  183/^  to  a  fraction.  Ans.  *|4*. 


10.  When  nomberty  with  the  sign  of  addition  or  subtnetion  be* 
tween  them,  we  to  be  divided  by  say  number,  then  each  of  thoie 

io+a-4 

numbers  must  be  divided  by  it    Thus  ■     ■  ■     ea  $  -^,  4 -^2  ^  7* 

2 

11.  But  if  the  numbers  have  the  sign  of  muhipliestion  between 
them,  <mly  one  of  them  most  be  divided.    Thesf 

10X8X3   10X4X3   10x4x1   10X2x1   20 


^  ■ 


6X2      6X1     2X1      IXl     1 

*  This  ii  no  more  than  first  multiplying  a  quantity  by  some  num- 
ber, and  then  dividing  die  resuh  back  agun  by  the  tame  s  which  it  is 
evident  does  ^ot  alter  the  value  ;  for  any  fraction  represents  a  divisSon 
#f  the  nimi^iiitor  by  the  deaonnnator. 


$S  ABITHMBTICU 


CASEOL 

To  Reduce  an  Improfier  Fraction  to  if  EguivaUnt  Whole  or 

Mixed  Number, 

•  DiviDB  the  namerator  by  the  denominator,   and  the 
quotient  will  be  the  whole  or  mixed  number  soog^t. 

U  Reduce  y  ti^lta  equivalent  number. 
Here  y  or  12  h-  3  =  4,  the  Answer. 

2.  Reduce  y  to  its  equivalent  number. 

Here  y  oris  -r-  7  =  3|,  the  Answer. 

3.  Reduce  y^  to  its  equivalent  number. 

Thus    17)749(44^ 
68 

€9  So  that  \y  «9  442V9  the  Answer. 

68 


4.  Reduce  y  to  its  equivalent  number.  Ans.  8. 

5   Reduce  ^||*  to  its  equivalent  number.        Ans.  54i{. 
6.  Reduce  *^*  to  its  equivalent  number.         Ans.  171^^ 

CASE  IV. 

To  Reduce  a  Whole  Manber  to  an  Equivalent  Fraction^  having 

a  Given  denominator, 

t  MvLTiPLT  the  whole  number  by  the  i^ven  denominator  i 
then  set  tlte  product  over  the  said  denominator^  and  it  will 
form  the  fraction  required. 


*  This  rule  is  evidently  the  reverse  of  the  former  ;  and  the  reason 
of  it  is  manifeat  from  the  nature  of  Commoa  Division, 

f  Multiplication  and  Division  being  here  equally  used,  the  insult 
must  be  the  same  as  the  quantity  first  proposed* 

EXAMFLES. 


HEDUCTION  OP  VULGAR  FRACTIONS.  sT 

EXAMPLES. 

1.  Reduce  9  to  a  fraction  whose  denominator  shall  b«  r. 
Here  9x7  =  63:  then  y  is  the  Answer  - 
For  «^3  =,  63  H-  7  =  9,  the  Proof.     .  '   • 

2.  Reduce  12  to  a  fraction  whose  denominator  Shall  be  13. 

«  • 

Ans   *y 

3.  Reduce  27  to  a  fraction  ii^hose  denominator  shall  be  llj 

Ans.  ^T^T; 

CASEy. 
To  Reduce  a  Com/iound  Fraction  to  an  Eqxdvalcnt  SimfiU  One: 

^J  ^^T''^/  '"  ^^"^  numerators  together  for  .a  numerator 
and  al    the  denominators  together  for   a  denominator/^i 
they  wilJ  form  the  simple  fraction  sought.  *    ' 

««^''*'"  P"""^  ""^  V^""  compound  fraction  is  a  whole  or  miired 
?o™;;'cases"'^''  '"'  ''  '"""'''  ^"  ^  ''^^^"^'^  '^  o^^^f 'ho 
And,  when  it  can  be  done,  any  two  terms  of  the  fraction 
way  be  divided  by  the  same  number,  and  the  quotiemru  ed 
uistead  of  them.  Or,  when  there  arc  terms  ih,?arrcpS^^^^ 
they  may  be  omitted,  or  cancelled.  ^ommoDf 

*  EXAMPLES. 

1.  Reduce  i  of  |  of  ^  to  a  simple  f^actiD^. 

I  X2X3  6         I 

Here =  —  ^  — ^  ^^  Answer. 

2X3X4       24        4 
1  XJgfX^        1 

®'*>  ■ "  =  — ^  by  cancelling  the  2*«  and  3% 


•  The  truth  of  this   Rale  may  be  ,hown  *,  f  .a„w*  ;  Let  the  com 
fcoandfMction  bei  of  i.  Vowi  nf  »  ;.  /  •  <j      i.i.-     . 

fy  I  ofA  wiU  be  J  X  ^  or  i^  *  It  .  V  '  "  '  ^  «'""1»«»t- 

..vi..  ^  J  .  tTt  X  * '"  3  r  s  tn« '«  the  numerators  ate  mnlf:nii.j 
together,  «Ki  .Iso  the  denbm.nators.  m  i„  the  Rule.  When  tSe  cim* 
pound  fracuon  coiwists  of  more  Uian  two  .ingle  ones  ,  h.ving  first  re- 
duced two  of  them  as  above,  then  the  resulting  fraction  and  ,  third 
wUI  be  the  same  as  a  compound  fraction  of  two  parts  ;  snd  so  on  to 
(he  last  of  ail. 

Y.i..t.  I  3.  Reduce 


5«  AftlTHMETie. 

3.  Reduce  |  of  |  of  \i  to  a  simple  fractioQ. 

2  X  3  X  10  60       12      4 

Here-— =  —  =:  — = — ,  the  Answer* 

,  3  X  5  X  II    .   165      33     11 

axarxisf       4 

Ofj  — ^ =    — » the  same  as  beforei  by  cancelling 

^X^xll  11      . 

the  3*a,  and  dividing  by  5*s. 

is    Reduce  ^  of  ^  to  a  simple  fraction.  Ans.'^f, 

4.  Reduce  f  of  |  of  ^  to  a  simple  fracdon.  Ans.  |. 

5.  Reduce  |  of  |  of  3 J  to  a  siu>ple  fraction.  Ans.  ^. 

6.  Reduce  f  nl  i  of  i  of  4  to  a  simple  fraction*  Ans  |. 

7.  Reduce  2  and  |  of  |  to  a  fraction.  Ans.  ^. 

CASE  VL  . 

To  Reduce  fractions  of  Different  Denominmtors,  to  Equtvcdent 
jFr actions  having  a  Common  Denominator, 

*  MvLTiPtt  each  numerator  by  all  the  denominators  ex« 
tept  its  own,  for  the  new  numerators :  and  multiply  all  the- 
denominators  together  for  a  common  denominator^ 

J^ote^  It  is  evident  that  in  this  and  several  other  operations^ 
when  any  of  the  proposed.fuantities  are  integers,  or  mixed 
numbers,  or  compound  fractions^  they  must  first  1>e  reduced^ 
by  their  proper  Ruies>  to  the  form  of  simple  fractions. 

EXAMPLES. 

1.  Reduce  i,  |,  and  j,  to  a  common  denominator: 

1  X3X4  =  13  the  new  numerator  for  i 


2  X  2  X  4  —  16  di  to 


t 

T 


3  X  2  X  3  =  18  ditto  J 

2  X  ^  X  ^  ^=  ^^^^^  common  denominator. 
Therefore  the  equivalent  fractions  are  J|,  i|,  and  jf. 
Or  the  whole  operation  of  multiplying  may  bebestper- 
&rmed  menially,  only  setting  down  the  results  and  given 
liractions   thus  i    i,  \^  J>  =  t}.  4i>  if  =   A»  iV*  A  ^7 
abbreviation. 

2.  Reduce  f  and  |  to  fractions  of  a  common  denominatoi*. 

Ans.  If  f|. 

♦  This  is  evidently  no  more  than  multiplying^  each  numeral  or  and  its 
Aenom'nator  by  the  same  quantity,  and  consequently  the  value  of  the 
fraction  is- not  altered. 

3.  Reu   ce 
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S.  Reduce  |^  |,  and  |i  tp  a  common  denominaior. 

Ans.  nnn- 

4.  Reduce  ^  3|,  and  4  to  a  common  denominator. 

Ans.  If,  f !,',«. 

JVbt'C  I.  W^cf^  the  denominators  of  two  given  fractions 
have  a  common  measure,  let  ti^cm  be  divided  by  it  ;  then 
multiply  the  terms  of  each  gi^en  fraction  by  the  quotient 
arising  from  the  other's  denominator. 

£j7,  ,»y,  and  ^\  =a  ^  and  ^j^  by  multiplying;  the  former 
.  S  7  by  7,  and  the  Ij^ttcr  by  5. 

2.  When  the 'less  denominator -of  two  fractions  exactly 
divides  the  greater,  muitiplv  the  terms  of  that  which  has 
the  less  denominator  )>y  the  quotient- 

^xJf  and  -ff  35  ^^  and  ^^  by  mult,  the  former  by  ^ 
2 

• 

3.  When  more  than  two  fractions  are  proposed,  it  is  somc-^ 
times  convenient,  first  to  reduce  two  of  them  to  a  common 
denominator  ;  then  these  and  a  third  ;  and  so  on  till  they  be 
all  reduced  to  their  least  common  denominator. 

JEa;.  I  and  J  and  f  =  f  and  f  and  }  =  ijand  41  and  | ». 

CASE  VU. 
To  find  the  value  of  a  Fraction  in  Parte  of  the  Integer, 

'Multiply  the  integer  by  the  numerator,  and  divide  the 
product  by  the  denominator,  by  Compound  Multiplication 
and  Divison,  if  the  integer  he  a  con\pound  quantity. 

Or^  if  it  be  a  single  integer,  multiply  the  numerator  by  the 
parts  in  the  next  inferior  denomination,  and  divide  the  prot 
duct  by  the  denominator.  Then,  if  apy  thing  remains,  mul« 
tiply  it  by  the  parts  in  the  next  inferior  denomination,  and 
divide  by  the  denominator  as  before  ;  and  so  on  as  far  as 
necessary ;  so  shall  the  quotients,  placed  in  order,  be  the 
value  of  the  fraction  recyiired*. 


♦  The  numerator  of  i  fraction  being  considered  as  a  remainder,  in 
Division)  and  the  denominator  as  the  divisor*  tliis  rule  is  of  the  8;.me 
miture  as  Componnd  Division,  or  the  valuation  of  remainders  in  the 
Rule  of  Three,  before  explained. 


BXAMP3UES. 


6f 


ARITHMETie. 


EXAMPLES. 


K  What  is  the  |  of  3/  6«  ?     .2  What  is  the  valueoff  of  1/  ? 


By  the  foriner-part  of  the  Rule 

2/6*        • 
4 


5)  9  4 
Ans.        U  \6»9d2lg. 


By  the  2d  part  of  the  Ruley 
2 

20 


3;40(13ff4fif  Ans. 


1 

12 


3)  12  (4,d 


3.  Find  the  value  of  J  of  a  pound  sterling.  Ans.  7a  6d, 

4.  What  is  the  value  of  |  of  a  guinea  ?  Ans.  4«  ScT. 

5.  Wiiat  is  the  value  of  |  of  d  half  crown  ?      Ans.  U  lOjrf* 
6    What  is  the  value  of  |  of  4«  1  Oc/  ? 

7.  What  is  the  value  of  |  U>  troy  ? 

8.  What  is  the  value  of  ^'-^  of  a  civt  ? 

9.  What  is  the  value  of  I  of  an  acre  ? 
10.  What  is  the  value  of  ^^^  of  a  day  ? 


Ans.  1«  W^d' 


Ans.  9oz  i2dwis« 

Ans.   I  qr  7  lb 

Ans  2^vp.  20  po. 

Ans.  7  hrs  12  min. 


CAdbvnL  . 

7*0  Reduce  a  FrcLctxonfrom  one  Denomination  to  another. 

*  CoxflDER  how  many  of  the  less  denomination  make  one 
of  the  greater;  then  muhiplylhe  numerator  by  that  number> 
if  the  reduciion  be  to  a  less  namey  but  multiply  the  denomi- 
nator, if  to  a  greater. 


EXAMPLES. 


1*  Reduce  1  of  a  pound  to  the  fraction  of  a  penny.. 


X  Y  X  V  =  *|®  -  'f  ®,  the  Answer. 


*  i  his  is  the  same  as4he  Rule  of  Reduction  in  whole  nnmbers  frx)dt 
one  denomination  to  ano^er- 


2.  JleducQ 


ADDITION  OP  VULGAR  FRACTIONS.  ai 

3.  Reduce  f  of  a  penny  to  the  fraction  of  a  pound. 

^^  X  ^  x,V  =  m  ^^^  Answer. 

Z»  Reduce  ^l  to  the  fraction  of  a  penny.  Ans.  ^d^ 

4.  Reduce  |q  to  the  fraction  of  a  pound.           •  Ans  t^* 

5.  Reduce  ^  cwt  to'the  fraction  of  a  lb.  Ans.'^^. 

6.  Rt'duce  j-  dwt  to  the  fraction  of  a  lb  troy.  Ans.  ^j^. 

7.  Rt  duce  I  crown  to  the  fraction  of  a  guinea.  Ans.  /^. 

8.  Reduce  }  half-crown  to  the  fract«of  a  shilling.     Ans.  |4. 

9.  Reduce  1%  6d  to  the  fraction  of  a  £ .  .  Ans.  |. 
10.  Reduce  17«  7d  SJ?  to  the  fracuon  of  a  £. 


ADDITION  OF  VULGAR  FRACTIONS. 

If  the  fractioi^  have  a  cofnmon  denominator ;  add  all  the 
numerators  togetner,  then  place  the  sum  over  the  common 
denominator,  and  that  will  be  the  sum  of  the  tractions 
required. 

*  If  the  proposed  fractions  have  not  a  common  denomina- 
tor, they  must  be  reduced  to  one.  Also  compound  fractions 
must  be  reduced  (o  simple  ones,  and  fractions  of  different 
denonunatioQS  to  those  of  the  s*ame  denomination.  Then- 
add  the  numerators  as  before.  As  to  mixed  numbern^  they 
jDay  either  be  reduced  to  improper  fractions,  and  so  udded 
with  the  others  ;  or  else  the.  fractional  parts  only  added,  and 
the  integers  united  afterwards.  . 


*  Before  fractions  are  reduced  to  a  common  denominator,  they  are 
quite  dissimiUn  as  much  as  shillings  and  pence  are,  and  therefore 
cannot  be  incorporated  With  one  another,  any  more  than  tlie^e  can. 
But  when  they  are  reduced  to  a  common  denominator,  and  made  parts 
of  the  same  thing,  their  sum,  or  difference,  may  then  be  as  properly 
expressed  b;^  the  sum  or  diflerence  of  the  numerators*  as  the  sum  or 
difierence  ot  any  two  quaotities  whatever,  by  the  sum  or  diffuse  nee  of 
their  individuaU  Whence  the  reason  of  the  Hule  is  manifest,  both 
for  Addition  and  Subtraction. 

When  several  fractions  are  to  be  collected,  it  m  commonly  best  first 
to  add  two  of  them  together  that  most  easily  reduce  to  a  common  de- 
nominator ^  then  add  Uieir  sum  and  a  third,  and  so  on« 

EXAMPLES. 
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EXAMPLES. 

1.  To  add  }  and  f  together. 
Here  |  +  ^  ==  t  *"  1|*  the  Answer. 

5.  To  add  |  and  f  together. 

3+|  =  |}+|f  =  $J=  r^aheAnswer. 

3.  To  add  f  and  7$  and  J  of  i  lo^rcther. 

4.  To  add  ^  and  ^  together.  Ans.  i^, 
^.  To  add  J  and  |  together.  Ans  1U- 

6.  Add  I  and  rf^  together.  Anb.  ^^. 
. 7.  What  is  the  sum  of  f  and  |  and  4  ?  •       Ans.  I  ;§}. 

8.  What  is  the  sum  of  |  and  4  and  2^  ?  .    Ans.  3 j». 

9.  What  is  the  sum  of  |  and  4  of  ^y  and  9,/^  ?      Ans.  10^^* 

10.  What  is  the  sum  oi  |  of  a  pound  and  |  of  a  shilling  ? 

Ans.  '1*4  or  13»  \Qd  2\q. 

1 1.  What  is  the  sum  of^  of  a  shilling  and  yV  ^^  ^  penny  • 

Ans»  y/rf  or  7d  \\{q. 

12.  What  is  the  sum  of  \  of  a  pound,  and  |  of  a  shilling* 
«nd  /y  of  penny  ?   "  Ans.  li^|*  or  38  \d  lif  y! 

s 

SUBTRACTION  OF  VULGAR  FRACTIONS, 

PREPAas  the  fractions  the  same  as  for  Addition,  when 
necessary ;  then  subtract  the  one  numerator  from  the  other, 
and  set  the  remainder  over  the  common  denominator,  for  the 
difference  of  the  fractions  sought. 


1.  To  find  the  difference  between  |  and  \^ 

Here  f — 7  e=s  |  =  f*  the  Answer. 
^.  To  find  the  difference  between  i  and  {. 
i-4  «  Ti  -  *y  «7V^«  Answer. 


3.  Wbtf 
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3.  What  18  the  dififr^rence  between  ,^  and  ^  ?  Ans-  X 

4.  What  is  the  difTerence  between  ^  and  ^  ?        Aos  A. 

5.  What  U  the  difference  betyreen  /,  and  ^^  ?      Ans.  -rS/j. 

6.  What  is  the  diff.  between  5|  and  ^  of  4J  ?    Ans.      4^, 

7.  What  is  the  difference  between  4  of  a  pound,  and  J  of 
^  of  a  shilling  ?  Ans.  VV«or  10«  7d  %. 

8  .  What  is  the  difference  between  ^  of  5|    of  a   pounds 
and  I  of  a  shiUing  ?  Ans.{ojj/  or  1/  8«  1  .^ 


MULTIPLICATION  OF  VULG  \R  FRACTIONS. 

•  Reduce  mixed  nambers,  if  there  be  any,  to  equivalent 
fractions;  then  multiply  all  the  numerators  together  for  a 
numerator,  and  all  the  denominators  together  for  a  denomi- 
iiator,  which  will  give  ibe  product  required. 


EXAMPLES. 

1.  kequired  the  product  of  |  and  |. 

Here  a  x  |  =  ^^  =  ^  ^^^  Answer. 

Or  I  X   s  =  J  X  i  =^  f 
a.  Required  tilt  continual  product  of  |,  3},  5,  and  |of|, 

M         13     .  JBT        45       3         13  X  3        39 
ilere  _  x  —  X  —  x  — x  — = =  — =.4JAns. 

3  4  1  4^4x2         8 

3.  Required  the  product  of  |  and  |.  Ans.  JL, 

4.  Required  the  product  of  ,^  and  /y.  Ans,  4-. 

5.  Required  the  product  of  ^,  |,  and  {|.  Ans.  :j^* 


*  Multiplication  of  any  thing  by  a  fraction,  implies  the  taking  some 
part  or  parts  of  the  thinjr  j  it  maytherefore  be  truly  expressed  by  a^ 
compound  fraction  ^  which  is  resolved  by  multiplying  together  the 
numerators  and  denominators. 

Notet  A  Fraction  is  best  multiplied  by  an  integer,  by  dividing  the 
denominator  by  it  5  but  if  it  will  not  exactly  dmde,  then  multiply  the 
numerator  by  it. 

6.  Required 


/ 
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6.  Required  the  product  of  i,  |,  and  3  Aixi.  l. 

7.  Required  the  product  of  |,  ^,  and  4  -f^  Ans.  2  ^* 

8.  Required  the  product  of<|,  and  |  of  ^.  Ans.  •^%. 

9.  Required  the  product  of  6,  and  |  r»f  5.  Ans.  30. 

10.  Required  the  product  of  |  of  |,  and  |  of  3|  Ans  f|. 

1 1.  Required  the  product  of  3|  and  4  f|.  Ans.  14|^|. 
13.  Required  the  product  of  5,  fi  f  of  |y  and  4^.     Aus*'  d/|^ 


DIVISION  OF  VULGAR  FRACTIONS. 


*  Prbparb  the  fractions  as  before  in  multiplication  ;  theii 
divide  the  numerator  by  the  numerator,  and  ^he  denomii.ator 
by  the  denominator,  if  they  will  exactly  divide  •  but  if  not| 
then  invert  the  terms  of  the  divisor,  and  multiply  the  dividend 
by  it>  as  in  muhiplication. 


ZXAMWUSS. 

!•  Divide  V  by  f 

Here  V  "^  f  "^  i  »  If)  ^7  ^^  ^^^  Qiethod. 

3.  Divide  |  by  fy. 

Here  f^A=-«^V=|X  {=:»/  =-  4f 

.3.  It  is  required  to  divide  }{•  by  ^.  Ans.  -^. 

4.  It  is  required  to  divide  -f^  by  j.  Ans.  ^. 

5.  It  is  required  to  divide  y  by  ^.  Ans   1^ 

6.  It  is  required  to  divide  f  by  y •  Ans.  ^j. 
I^.  It  is  required  to  divide  j^  by  |.  Ans  ^. 
8.  It  is  required  to  divide  |>  by  f.  Ans.  44* 


*  Division  being  the  reverse  of  Multiplication,  the  rea&on  of  the 
Rule  is  evident* 

I^ote,  A  fraction  is  best  divided  by  an  integer,  by  dividing  the  nume- 
rator by  it ;  but  if  it  will  not  exaptly  divi&«^en  multipor  the  deno- 
minator by  it 

9.  It 


N 
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9.  ft  is  required  to  divide  ^^  bf  3.  Ans.  «/^. 

10    It  is  required  to  divide  f\>y  2.  Ans.  ^^ 

11.  It  is  required- to  divide  7^\vf  9|.  Ans.  |}. 

13.  It  is  required  to  divide  f  of  ^  by  ^  of  7|.  Ans.  <^« 


RULE  OF  THREE  IN  VULGAR  FRACTIONS. 

Mmlb  the  necessary  preparations  as  before  directed;  then 
muliiply  continually  together,  tbe  second  and  the  third  terms^ 
and  the  first  with  its  parts  inverted  as  in  Divi^on>  for  tho 
answer*. 

EXAMPLES. 

1.  Iff  of  a  yard  of  velvet  con  |  of  a  pound  sterling;  what 
will  T7  of  ^  y^i^  <^o&t  ? 

3  3  5         8       Jgf  jr 

—  :  — :  •  —  z  ^^x-^  X  —  =  y  =K  6«  8d,  Answer. 

5  5  16        S        g       Xff 

3.  What  will  3|  oz  of  silver  cost)  at  69  4d  an  ottnce  ? 

Ans.  1/  U  4id. 

3.  If  ^Y  of  a  ship  be  worth  273/  2a  6d ;  what  are  ^  of  her 

worth  ?  Ans.  327/  13«  Id. 

4  What  ia  the  purchase  of  1230/ bank-stock,  at  IO84  per 
cent,  f  Ans.  133€/  U9d, 

5.  What  is  the  inUi*est  of  373/  I5t  for  a  year  at  3^  per 
cent  ?  Ans  8/  17«  ll^d^ 

6  If  •)  of  a  ship  be  worth  731  U  Sd  ;  what  part  of  her  is 
worth  250/  10«  ?  Ans.  |, 

7  What  length  must  be  cutoiT  a  board  that  is  7|  inches 
broad,  to  contain  a  square  foot>  or  as  much  as  another  piece 
ef  12  inches  long  and  13  broad  ?  Ans.  18^  inches. 

8 '  What  quantity  of  shalloon  that  is  |  of  a  yard  wide»  will 
line  9|-  yards  of  cloth,  that  is  24^  yards  wide  ?       Ans.  3 1|  yds* 


*  This  is  only  multiplyingr  t^e  2d  ard  3d  terms  to(2^eth#i*t  and 
dindmg  the  produet  by  the  firat»  as  in  the  Rule  of  Three  Ifi^  whole 
numbers. 

Vol.  I.  K  »•  K 
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9.  If  the  penny  loaf  weight  6-,*^  OZ)  when  the  price  of 
wheat  lb  Sh  the  bushel ;  what  ought  it  to  weigh  when  the 
wheat  is  S-*  6d  the  bushel  ?  Ans.  4j\j  os. 

10.  How  much  in  length,  of  a  piece  of  land  that  is  1 1^ 
poles  broad,  will  make  an  acre  of  land,  or  as  much  as  40 
poles  in  length  and  4  in  breadth  ?  Ans.  ISr^y  poles, 

11.  If  a  courier  perform  a  certain  journey  in  35^  days, 
travelling  13f  hours  a  day;  how  long  would  he  be  in  per* 
forming  the  same,  travelling  only  1 1  ^^  hours  a  day  f 

Ans.  4()|-14.  clays. 

.12.  A  regiment  of  soldierst  consisting  of  976  n>eiK  are  to 

be  new   cloathed ;  each   coat  to  contain  24  y^irds   of  cloth 

that  is   if  yard  wide,   and  lined   with   shalloon  |  yard  wide; 

)iow  mMiy  yards  of  shalloon  will  line  them  ? 

Ans.  453 1  yds  1  qr  2f  nails* 


DECIMAL  FRACTIONS. 

A  Decimal  Fraction,  Is  that  which  has  for  its  deno- 

inlnalor  an  unit  (1),  with'  as  many  ciphers  annexed  as  the 
nunterator  has  places ;  and  it  is  usually  expressed  by  setting 
down  the  numerator  only,  with  a  point  before  it,  on  the  left- 
band  Thus,  y^  is  *4,  and  -^^  \^  -24,  and  ^^^  is  074,  and 
Tif^^^^is  00124  i  where  ciphers  are  prefisied  to  make  upas 
m^iiy  places  as  are  ciphers  in  the  denominator,  when  there 
is  a  deficiency  ot  figures. 

A  mixed  number  is  made  up  of  a  whole  number  with  some 
decimal  fraction,  the  one  being  separated  fiom  the  other  by 
a  point.    Thus,  3  25  is  the  same  as  SrVy,  or  ^||. 

Ciphers  on  the  right-hand  of  decimals  make  no  alteration 
in  their  value  ;  for  -4  or  -40.  or  400,  are  decimals  having  all 
the  same  value,  each  being  =  ^,  or  |.  But  when  thty  are 
placed  on  the  left-hand  they  decrease  the  value  in  a  ten-fold 
proportion  :  Thus,  -4  is  j\,  or  4  tenths :  but  -04  is  only  ^^  s 
or  4  hundredths,  and  -004  is  only  ^o^,  or  4  thousandths. 

The  1st  place  of  decimals,  counted  from  the  left-hand  to« 
wards  the  right,  is  called  the  place  of  primes,  or  lOths;  the 
2d  is  the  place  of  seconds,  or  lOOths  ;  the  Sd  is  the  place  of 
thirds,  or  lOOOths ;  and  so  on.  For  in  decimals,  as  well  as 
in  whole  numbers,  the  values  of  the  places  increase  towards 
the  left-hand)  and  decrease  towards  the  right,  both  in  the 

same 
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same  ten-fold  proportion  ;  as  in  the  foilowins;  Scale  or  Table 
of  Notation. 


CO 

u 

S. 

s    ^  t    S  -c    s    • 

^_        «^  ^  ^         ^*         91        *^        ^J         r^        ^  V*       •■* 

pG         *^  •-•        «C  «i4  «7         a^        .C         4.4         .«4        «M«  M 

3333333333333 


ADDITION  OF  DECIMALS. 

Set  the  numbers  tinder  each  other  according  to  the  Talue 
of  their  places,  like  as  in  whole  numbers;  in  which  state  tlio 
decimal  separating  points  will  stand  all  exactly  under  each 
other.  Then,  beginning  at  the  right-hand^  add  up  all  the 
columns  of  numbers  as  in  integers  >  and  point  oif  as  manf 
places,  for  decimals,  as  are  in  the  greatest  number  of  decimal 
pUcea  in  any  of  the  lines  that  are  added  ;  or  place  the  point 
directly  below  all  the  other  points 

EXAMPLES. 

I.  To  add  together  29-OI469  and  3U6  5>  and  3109,  and 
•63417,  and  14M  6 

29-0146 
3t46  5 
2109* 

•«24ir 
14)  6 


5299  29877  the  Sum. 


Ex.  2.    What  is  the  sum  of  276,  39*213,  720 14-9,  417, 
and  5032  ? 

3     What  is   the    sum   of  7530,    16-201,   3-0142,   957-13, 
6-72119  and  -03014. 

4.  What  is  the  sum  of  312-09,  3*57il,  7195  6    71  498, 
9739:215,  179,  and -0027? 

SUBTttACTION 
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SUBTRACTIOK  OF  DECIMALS. 


Px*AeE  the  numbers  under  each  other  according  to  the 
value  of  their  places,  as  in  the  last  Rule.  Then,  beginning 
at  the  right-hand,  subtract  as  in  whole  numbers^  and  point 
off  the  decimals  as  in  Addition. 


EXAMPLES. 

1.  To  find  the  difference  between  91*73  and  2'138« 

91-73  # 

2-138 


Ads  89-592  the  Difference. 


i.  Find  the  diff.  between  1*9185  and  2-73.    Ans  0*8115. 

3.  To  subtract  4-90142  from  214-81.  Ans.  209-90858. 

4.  Find  the  dlff.  between  27 14  and  '9 1 6.      Ans.  27  j  3  084. 


MULTIPLICATION  OF  DECIMALS. 

*  Place  the  factors,  and  multiply  them  together  the  same 
asif  they  were  whole  numbers.  ^T hen  point  off  in  the  pro- 
duct just  as  many  places  of  decimals  as  there  are  decimals  in 
ix>th  the  factors.  But  if  there  be  not  so  n\^ny  figures  in  the 
product,  then  supply  the  defect  by  prefixing  ciphers. 


*  The  Rule  will  be  evident  from  this  example  ^— Let  it  be  re- 
quired to  multiply  '12  by  -361 ;  these  numbers  are  equivalent  to 
^  and  ^ ;  the  product  of  which  is  ^^^  « '04332,  by  the  na- 
&re  of  NoiatioD,  whieh  consists  of  as  many  plact  s  as  there  are  ciphers, 
that  is,  of  as  many  places  as  there  are  in  both  numbers*  And  in  like 
Suumer  fof  any  other  numberSt 


EXAMPLES. 


N. 
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EXAMPLES. 

1.  Multiply  -321096 
by         -2465 

»—— —  ■■ 

1605480 
10'i6576 
1284384 
642193 

Ana. --07^1501640  the  Prodact. 


^.  Multiply  79347  by  iS-lS.  Ana.  I836*»a305, 

3.  Multiply -63478  by  8204-  Ana.  -520773512. 

4.  Multiply  •385746  by  00464.  Ans.  '001789$6i44. 

CONTBACTIONr  i 

To  muUijUy  DecmaU  by  I  vdth  any  number  of  Cifiheraj  aa  by 

10,  or  100,  or  1000,  ^c.     • 

This  is  done  by  only  removing  the  decimal  point  so  many 
places  farther  to  the  right-hand,  as  there  are  cipher^  in  the 
znultipiier :  and  subjoining  ciphers  if  need  be. 

EXAMPLES. 

1.  The  product  of  5 1  3  and  1000  is  5 1300. 

2.  The  product  of  2-7 14  and  100  is 

3.  The  product  of  -916  and  \000  is 

4.  The  product  of  21*31  and  loooois 

CONTBACTTON  U. 

To  Contract  the  0/ieration^  ao  as  to  retain  only  as  many  DecimaU 
in  rhe  Product  as  may  be  thought  M'eceaaary^  when  the  Pro* 
duct  would  naturally  contain  several  more  Places. 

Set  the  units*  place  of  the  multiplier  under  that  figure  of 
the  multiplicand  whose  place  is  the  same  as  is  to  be  retained 
for  the  last  in  the  product ;  and  dispose  of  the  rest  of  the 
figures  in  the  inverted  or  contrary  order  to  what  they  are 
usually  pUced  in.  -  Then,  in  multiplying,  reject  all  the  figures 
that  are  more  to  the  right- hand  than  each  multiplying  figure, 
and  set  down  the  products^  so  that  their  right-hand  figures 

may 
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may  fan  in  ft  Colnmn  straight  below  each  other ;  but  observinf 
to  increase  the  first  figure  of  every  line  with  what  won  Id 
arise  from  the  figures  omitted,  in  thU  niaiiQf  r,  namch  I  IVum 
5  to  14.  2  iron)  15  to  24,  3  from  35  'o  34.  Sec  ;  and  the  sum 
of  all  the  lines  ivill  be  the  product  as  required,  cuiniuoniy  to 
the  nearest  unit  in  the  la:>t  figure. 

EXAViPLES. 

'  1.  To  multiply  2714986  by  92  41035,  so  as  to  retain  only 
four  places  ot  decimals  in  the  product. 

Contracted  Way.  Common  fVay. 

27*14^^86  27M4986 

530:4-29  92-4  035 


34434874 

5429^7 

108599 

2715 

ai 

14 

2508  9280 


iS] 

574930 

8 

1*958 

27  \  i 

•  86 

1085'-'V 

44 

54.'997 

2 

244''.4874 

2508  928 

650510 

!2    Multiply  48014936  by  2  72416,  retaining  only  four  de« 
cimals  in  the  product. 

3.  Multiply  2490  3048  by  -573286,  retabing  only  five  de- 
cimals in  the  product. 

4.  Multiply  325-70  428  by  -72183931  retaining  only  three 
decimals  in  the  product. 


DIVISION  OF  DECIMALS. 

DiriDE  as  in  whole  numbers  ;  and  point  off  in  the  quotient 
sts^mauy  places  for  decimals,  as  the  decimal  places  in  the  divi* 
dend  exceed  those  in  the  divisor*. 


*  The  reason  of  this  Rule  is  evident  i  for,  since  the  divisor  multiplied 
by  the  quotient  gives  the  dividend,  therefore  the  numbfr  of  decimal 
places  in  the  dividend,  is  equal  to  those  in  the  divisor  and  qtiotient* 
taken  togethe*-,  by  the  nature  of  Multiplication  ;  and  consequently  the 
quotient  itself  must  contain  as  many  as  the  dividend  exceeds  the  di- 
visor* 

AnothQi^ 
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Another  way  to  koow  the  place  for  tho  decimal  point,  U 
thisi  :  The  first  fig^ure  of  the  quotient  must  be  mudc  to  ocr 
c\ip7  the  same  pldce,  of  integers  or  decimals,  as  doth  that 
fi^ufe  of  the  dividend  which  stAids  over  the  unit's  figure  of 
tlie  first  product. 

When  the  places  of  the  quotient  are  not  so  many  as  tho. 
Rule  requireSf  the  defect  is  to  be  supplied  by  prefixmg 
ciphers. 

When  there  happens  to  be  a  remainder  after  the  division^ 
or  when  the  decimal  places  in  the  divisor  are  mbre  than  those 
in  the  diy'idciyi ;  then  ciphers  may  be  annexed  to  the  diri- 
dcnd)  ftnd  the  quouent  carried  on  ab  far  as  required. 

£XA  MPUBS. 

I.  I  3. 

17$)  •48520998  (  -00272589    I    2639)  Sr-OOOOO   (  103-3114 


U9Z 
460 
1049 
1599 
I7i8 
156 


6100 
8220 
3030 
3910 
12riO 
3154 


3.  Divide  123  70536  by  54*35.  Ans.  2-2803. 

4  Divide   12  by  7854.  Ans.  15-278. 

5  Divide  419S  68  by  100.  Ans.  41*9568. 
6.  Divide    S397592  by   153.  Ans.  5  4232. 

CONTB  ACnOX  I. 

Whek  the  divisor  is  an  integ^er,  with  any  number  of  ci- 
phers annexed :  cut  off  those  ciphers*  and  remove  the  deci- 
mal point  in  the  dividend  as  many  places  farther  to  the  left  as 
there  are  ciphers  cut  off,  prefixing  ciphers  if  need  be }  then 
prbcAd  as  before.* 


*  This  is  no  more  than  dividing  both  divisor  and  dividend  by  the 
tame  number,  either  10,  or  100>  or  lOOOi  &c.  according  to  the  number 
of  ciphers  cut  off,  \rhich»  leaving  them  in  the  same  proportion,  does 
not  affect  the  quotient.  And,  in  the  same  way,  the  decimal  point  may 
he  moved  the  uame  number  of  places  in  both  the  divisor  and  dividend^ 
eittM»r  t»  the  right  or  left,  whether  they  have  ciphers  or  not 

BXAMFLfiS. 
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EXAMPLES. 

I.  Divide  455  by  2100. 

2100  }  •455>(  *0216,  Sec. 
35 

.140 
14 


3.  Divide  41020  by  3200o. 
S.  Divide     -953  by  21600. 

4.  Divide         61    by  ^9000. 


CONTRACTION  H. 

Hence,  if  the  divisor  be  1  with  ciphers,  as  10,  100,  or 
1000,  &c. :  then^he  quotient  will  be  found  and  by  merely  mov- 
ing the  decimal  point  in  the  dividend,  so  many  places  farther 
to  the  left,  as  the  divisor  has  ciphers ;  prefixing  ciphers  if 
need  be. 

EXAMPLES. 

So,  217*3  ^  100  =  2-173  And  419  -r     \0  ^ 

And    5-16^  100  =  And    21  -£-  1000  s 

CONTRACTION  HL 

When  there  are  many  figures  in  the  divisor ;  or  when 
only  a  certain  number  of  decimals  are  necessary  to  be  re- 
tained in  the  quotient ;  then  take  only  as  many  figures  of 
the  divisor  as  will  be  equal  to  the  number  of  figures,  both  in- 
tegers and  decimals,  to  be  in  the  quotient,  and  find  how 
many  times  they  may  be  contained  in  the  first  figures  of  the 
dividend,  as  usual. 

Let  each  remainder  be  anew  dividend  ;  and  for  every  such 
dividend,  leave  out  one  figure  more  on  the  right-hand  side  of 
the  divisor  ;  remembering  to  carry  for  the  increase  of  the 
figures  cut  off,  as  in  the  2d  contraction  in  Multiplication. 

Note,  When  there  are  not  so  many  figures  in  the  divisort 
as  are  required  to  be  in  the  quotient,  begin  the  operationVith 
all  the  figures,  and  continue  it  as  usual  till  the  number  of 
figures  in  the  divisor  be  equal  to  those  remaining  to  be  found 
in  the  quotient :  after  which  begin  the  contraction. 

EXAMPLES. 

1.  Divide  2508-92806  by  92-41035,  so  as  to  have  only  four 
decimals  in  the  quotient,  in  which  case  the  quotient  will  con* 
tain  tttx  figures. 

Contracted, 


REDUCTION  Ofi  pfiCIMALS.  ?^ 

Contracted.  Common, 


92*4103|5}3508  928,06(SM498 

66073 I 

13849 

4608 

912 

80 

6 


93*410a>5)2508  9i8,0G^S7«I498 
66072 ' 06 
13848610 
46075750 
91116100 
7946^^850 
5539570 


2.  Divide  4109-2351  by  230'409,  so  that  the  quotient  may 
contain  only  four  decimals.  Ans.  17  8345. 

3.  Divide  37  10438  by  57  i  3*96,  that  the  quotient  may  con* 
tain  only  five  decimal*.  Ans.  00649. 

4.  Divide  913  08  by  2137-2|  that  the  quotient  majr  eontsua 
enly  three  decimals. 


REDUCTION  OF  DECIMALS. 

CASS  I. 

To  reduce  a  Vulgar  Fraction  to  it9  equivalent  Decimtti* 

DiYiDK  the  numerator  by  the  denominator  as  in  Division 
of  Decimals>  annexing  ciphers  to  the  numerator  as  &r  as  ne- 
cessary i  so  ahaU  tiiie  quotient  be  the  decimal  required. 

1SXJM?IJS$. 

1 .  Reduce  ^^  to  a  decimal. 
24  =  4  X  6.    Then  4)7' 

6)  1-750000- 
•29  1 666  8c€. 


«« 


2»  Reduce  {,  and  |y  and  |,  to  decimala. 

An»«  *a5y  and  '^,  and  -fs. 

3.  Reduce  f  to  a  decimal*  Ans.  *625« 

4.  Reduce  ^^  to  a  decimal.  Any.  •  i2, 

5.  Reduce  ^^  to  a  decimal.  Ans.  03 1350* 
«•  Reduce  //,%  to  a  decimal.  Ans.  •143155  &c« 


U  ARITHMETIC* 


CASE  VL 

To  find  the  Value  ^  a  Deeimal  in  ierme  of  the  Jnferwr  Deno' 

fninatiime. 

Multiply  the  decimal  hy  the  number  of  |>arts  in  the 
next  lower  denomination  ;  and  cut  off  aa  many  placea  for  a 
remainder  to  the  right  hand,  as  there  are  places  in  the  givJen 
decimal- 
Multiply  that  remainder  by  the  parts  in  the  next  lower 
denomination  again>  cutting  off  for  another  remainder  aa 
before. 

Proceed  in  the  same  manner  through  all  the  parts  of  the 
integer  ;  then  the  several  denominations  separated  on  the  left- 
hand,  will  make  up  the  answer. . 

JSTotc,  This  operation  is  the  same  as  Reduction  Descending 
in  whole  numbers. 


EXAMPLES. 

U  Reqmred  to  find  the  value  of  ^77$  pounds  sterling. 

•775 
20 


«  15*500 
12 


deooo    '    *  Ans.  15* &f. 


2.  What  is  the  value  of  -625  shil  ?  Ani.  7^. 

3.  What  is  the  value  of  •8635/  ?  Ans.  \7$  3'2M. 

4.  What  is  the  value  of  '0125  lb  troy  ?  Ans.  3  dwts* 
5-  What  is  the  value  of  '4694  lb  troy  ? 

Ans.  5  oz  12  dwts  15*744  gr* 

6*  What  is  the  value  of -625  cwt  I  Ans.  2  qr  14  lb, 

7.  What  is  the  value  of  -009943  miles  I 

Ans.  17  yd  1  ft  5*98848  inc. 

8.  What  is  the  value  of  -6875  yd  ?  Ans.  2  qr  3 1^ 

9.  What  is  the  value  of  -3375  acr  ?         Ans.  I  rd  14  poles^ 
10.  What  is  the  value  of  •2083  hhd  of  wbe  \ 

Ana.  131229  gal. 


Chm 


lUSDUCnON  OF  DECIMALS.  7s 

CASE  la 

To  reduce  Integers  or  Decimala  to  Equivalent  DecimaU  of      * 

lEgher  Denominational 

Brv^iDE  b3r  the  number  of  parts  in  the  next.hxg^her  deno- 
mination ;  continuing  the  operation  to  as  many  higher  deno- 
minations as  may  be  necessaryi  the  same  as  in  Reduction 
Ascending  of  whole  numbers. 


EXAMPLES. 

.  !•  Reduce  I  dwt  to  the  dednwl  of  a  pound  troy. 
20  j    1  dwt 
12  j    0  05  oz 

I    0004 166  &c.  lb.  Ans. 

•'.  .'i    ■   ■  .1,  !■  II  • 

• 

2.  Reduce  9d  to  the  decimal  of  a  pound.  Ans.  '0375/. 

.  3.  Reduce  7  drams  to  the  decimal  of  a  pound  avoird. 

Ans.  •02r343r5lb, 

4.  Reduce  36d  to  the  decimal  of  a  /.     Ans.  '0010933  &c.  /• 

5.  Reduce  3- 15  ib  to  the  decimal  of  cwt 

Ans.   OlQlQe+cwt. 

6.  Reduce  24  yards  to  the  decimal  of  a  mile. 

Ans.  '013636  Sec.  roUe* 

7.  Reduce  *056  pole  to  the  decimal  of  an  acre. 

Ans.  '00(^5  ac. 

8.  Reduce  1-2  pint  of  wine  to  the  decimal  of  a  hbd. 

Ans.  '002S8+hhdw 

9.  Reduce  14  minutes  to  the  decimal  of  a  day. 

Ans.  •00W22  &c.  da. 
ID.  Reduce  *3 1  pint  to  the  decimal  of  a  peck. 

Anv  -013125  pect 
II.  Reduce  28"  12^"  to  the  decimal  of  a  minute.  >^tU^.  •^JyUt  ^ 

Note,  When  there  are  several  numbers^  to  be  reduced  all  to 
the  decimal  of  the  highest  : 

Set  the  given  numbers  directly  under  each  other,  for  divi** 
clends,  proceeding  orderly  from  the  lowest  denomina^tion  t9 
the  highest. 

Opposite  to  each  dividend,  on  the  left-hand,  setf  such  a 
number  for  a  divisor  as  will  bring  it  to  the  next  higher  name ; 
drawing  a  perpendicular  line  between  all  the  divisors  and 
dividends. 

Begin  at  the  uppermost,  and  perform  all  the  divisions  s 
only  observing  to  set  the  quotient  of  each  division,  as  decimal 

parts^ 
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parts,  on  th6  right-hand  of  the  dividend  next  below  it  i  so 
ahail  the  laat  quotient  he  the  decimal  required. 

EXAMPLES. 

1.  Beduce  IT 9  9id  to  the  decimal  pf  a  pound. 
4|    3- 
12       9-75 
20     17  8125 
£0'890(v25  Ana.    • 


3.  Reduce  19/  \7s  Sid  to/.  Ans.  19*86354165  &g./« 

3.  Reduce  15^  6d  to  the  decimal  of  a  /•  Ans.  T75/* 

4.  Reduce  7^d  to  the  decimal  of  a  shilling.  Ans.  '625»» 

5.  Reduce  5  02  12  dwts  16  gr  to  lb*        Ans.  -46944  &c.  lb. 


RULE  OF  THREE  IN  DECIMALS. 

Prepahe  the  terms  hy  reducing  the  vulgar  fractions  to 
decimals,  and  any  compound  numbers  either  to  decimals  of  the 
higher  denominations,  or  to  integers  of  the  lower,  also  the 
first  and  third  terms  to  the  same  name :  Then  multiply  and 
divide  as  in  whole  numbers* 

^ote.  Any  of  the  convenient  Examples  in  the  Rule  of 
Three  or  Rul^  of  Five  in  Integers,  or  Vulgar  Fractions,  may- 
be ta):en  as  proper  examples  to  the  same  rules  in  Decimals. 
—The  following  Examplci  which  is  the  first  in  Vulgar  Frac- 
tions, is  wrought  out  here,  to  show  the  method. 

If  J  of  a  yard  of  velvet  cost  |/,  what  will  /y  yd  cost  ? 

yd        /  yd  /  M  d 

I  =  -3745  .375  5-4:2  •3125  :  -333  &c.  or  6  8 

•4 


f  =5  -4  -375)  -12500     (-333333  &c, 

1250  20 


125      f 

«  6-66666  8cc. 
^y  8  .3135  12 


\ 


Ans.  6«  ^d.  4  7  99999  £cc.  s=^  8(/. 

PUODE- 


DUODECIMALS^  i>t 


DUbDEGlWALS.         " 

Duodecimals  or  cross  Multifxication,  is  a  rule  used 
by  workmen  and  artificers,  in  computing*  the  contents  of 
their  works.  •         .        . 

Dimension^  are  usually  taken  in  feet,  inches,  and  quarters ; 
any  parts  snialler  than  these  being  neglected  as  of  no  consc  | 
quence.  And  the  same  in  muUiplying  them  together,  or 
casting  up  the  contents.     The  method  is  as  ft^lows. 

Sat*  down  tHfe  two  dimensions  to  be  multiplied  togetheri 
one  under  the  other,  so  that  feet  may  stand  under  feet,  inches 
under  inches,  &c* 

Muhipty  each  term  in  the  multiplicand,  beginning  at  4he 
lowest,  by  the  feet  in  the  multiplier,  and  set  the  result  of 
•ach  straight  under  its  corresponding  term,  observing  to 
carry  1  for  every  12,  from  the  inches  to  the  feet. 

In  like  manner,  multiply  all  the  multiplicand  by  the  inches 
and  parts  of  the  multiplier,  and  set  the  result  of  each  term 
one  place  removed  to  the  right-hand  of  those  in  the  raulllpiiv* 
cand  ;  omitting,  however,  what  is  below  parts  of  inches,  only 
Carrying  to  these  the  proper  number  of  units  from  the  lowest 
denomination. 

Or,  instead  of  multiplying  by  the  inches^  take  subb  parts  of 
ihe  multiplicand  as  there  are  of  a  foot* 

Then  add  the  two  lines  together  after  the  manner  of  Com* 
i>ound  Addition,  carrying  1  to  the  feet  for  12  incheS|  wlieix 
the^e  come  to  so  many. 

EXAMPLES. 

I.  Multiply  4  frinc  2.  Multiply  14  f  9inc 

by  6    4  \i^  4»    ^ 

27     6  59     6 

16^  7     44 


Ans.  2^    0^  Ans.  ^6    4J 

3.  Rf ultiply  4  feet  7  inches  by  9  f  6  Inc.  Ans.    43'f6jiftc. 

A.  Multiply  13  f  5  inc  by«  f  8  Inc.  Ans.     82     9^ 

f.  Multiply  85  f  4|  inc  by  1 2  f  3  inc.  Ans.  433     4( 

6,  Mixltiply  64  f  6  inc  by  8  f  9*  inc.  Ans.  565    8{ 

INVOLUTION, 


ra 
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INVOLUTION. 


Intolutio»  is  the  raising  of  Powers  from  any  given  num- 
ber, as  a  root. 

A  Power  is  a  quantity  produced  by  multiplying  any  given 
number,  called  the  Root,  a  certain  number  of  times  continual- 
ly by  iuelf.    Thus, 


2 

2X2 

2X2X2 

2X2  X  2  X  2 


2  is  the  root,  or  1st  power  of  2. 
4  is  the  2d  power,  or  square  of  2. 
8  is  the  Sd  power,  or  cube  of  2. 
16  is  the  4lhpowerof  2,  &c. 


And  in  this  manner  may  be  calculated  the  following  Table 
of  the  first  nine  powers  of  the  first  9  numbers. 


TABLE  OP  THE  FIRST  NINE  POWERS  OF  NUMBERS. 


Ist 

1 

2 
3 

2d 
1 

3d 
1 

4lb 

5th 

6th 

7th 

8th 

9th 

1 

16 

1 

1 

1 

I 

1 

4.8 

1 

33 
243 

64 

128 

256 

512 

9! 

27 
64 
125 
216 

81 
256 

729 

2187 

6561 

19683 

4 

5 

16 

25, 

1024 

4096 

16384 

65536 

262144 

625 
1296 

3125 

15625 

78125 

390625 

1953125 

6 

7 
8 

36 1 

49' 

1 

7776 
16807 

46656 

279936 

1679616 

10077696 

343 

2401 
4Q96 
6561 

117649 

823543 

5764801 

40353607 

64  512 

32768 

262144 

2097152 

16777216  134217728 

t 

81' 

729] 

59049 

531441 

478*2969  4304672 1 ' 

387420489 | 

The 


INVOLUTION.  t9 

9 

The  Indejc  or  Exponent  of  a  Power^  is  the  numher  de« 
lioting  the  height  or  degree  of  that  power  ;  and  it  is  1  more 
than  the  number  of  muUiplicattons  used  in  producing  the 
same.  So  1  U  the  index  or  e^iponent  of  the  first  power  or 
root,  two  of  the  2d  power  or  square,  3  of  the  third  power  or 
cube,  4  of  the  4th  power,  and  so  on. 

Powers,  that  are  to  be  raised,  are  usually  denoted  by  pbcing 
the  index  above  the  root  or  first  power. 

So  2*  s=  4  is  the  2d  power  of  2. 
2*  ss  8  is  the  3d  ^ower  of  2, 
2*  =  16  is  the  4lh  power  of  2. 
540^  is  the  4th  power  of  540,  Sec. 

A 

When  two  or  more  powers  are  muhiplied  together^  their 
product  is  that  power  whose  index  is  the  sum  of  the  expo- 
netits  of  the  factors  or  powers  multiplied.  Or  the  multipU- 
cation  of  the  powers,  answers  to  the  addition  of  the  indices. 
Thus,  in  the  following  powers  of  2^ 


Ist    2d 

dd 

4th 

5th 

6th 

7th 

8th     9th     10th 

2      4 

8 

16 

32 

64 

123 

256     512   1024 

or  21    2* 

23 

2* 

2* 

2* 

27 

a»      2*    2»<> 

Here,  4  x  4  »  16,  and  2  -f  2  »  4  its  index  s 
and  8x16=  I28,and3 +4  =s  7itsindex3 
9l8ol6X64=    \024|and4  4.aes  10  its  index. 

OTOEii  EXAMFLE& 

1.  What  is  the  2d  power  of  45  i  Ans.  2025. 

%  What  is  the  square  of  4-16  ?  Ans.  17'3056. 

3.  What  is  the  3d  power  of  3*5  ?  Ans.  42'875.« 

4.  What  is  the  5th  power  of  -029 1  Ans.  -9000000205 1 1 149i 
5«  What  is  the  square  of  §  ?  Ans.  |. 

6,  What  is  the  Sd  power  of  |  ?  Ans,  f||. 

7.  What  is  the  4th  power  of  |  ?  Ans.  J^i 


EVOLUTION. 
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EVOLUTTON. 

Evolution,  or  the  reverse  of  Involution,  is  the  extracting 
or  finding  the  roots  of  any  given  powers. 

The  root  of  any  number,  or  power,  is  such  a  number,  as 
being  multiplied  into  itself  a  certain  number  of  times,  will 
produce  that  power.  Thus,  2  is  the  squaie  root  or  2d  root 
of  4-,  because  2*  =  2  X  2  =  4  ;  aitd  3  is  the  cube  root  or  3d 
root  of  27,  because  3^^=3x3x3=  27. 

Any  power  of  a  given  number  or  root  may  be  found  ex- 
actly, namely,  by  multiplying  the  number  continually  into 
itself.  But  there  are  many  numbers  of  which  a  proposed  root 
can  never  be  exactly  found.  Yet,  by  means  of  decirrals,  wQ 
may  approximate  or  approach  towards  the  root,  to  any  de- 
cree of  exactness. 

Those  roots  which  only  approximate,  are  called  Surd 
roots  ;  but  those  which  can  be  found  quite  exact,  are  called 
Rational  Roots.  Thus,  the  square  root  of  3  is  a  surd  root  ; 
but  the  square  root  of  4  is  a  rational  root,  being  equal  to  2  s 
also  the  cube  root  of  B  is  rational,  being  equal  to  2  ;  bui  iha 
cube  root  of  9  is  surd  or  irrational. 

Roou  are  sometimes  denoted  by  writing  the  character  ^f 
before  the  power,  with  the  index  of  the  root  against  it. 
ThuSf  the  3d  root  of  20  is  expressed  by  ^  20  ;  and  the  square 
root  or  2d  root  of  it  is  yj  20,  the  index  2  being  always  omit- 
ted, wlien  only  the  square  root  is  designed. 

When  the  power  is  expressed  by  several  numbers,  vith  the 
sl^  +  or  —  between  them^  a  line  is  drawn  from  the  ;op  of 
the  sign  over  all  tlie  parts  of  it :  thus  the  third   root  of . 
45  —  12  is  ^  45  —  12,  or  thus  v'  (45  — 12),  inclosing  the 
numbers  in  parentheses. 

But  all  roots  are  now  often  designed  like  powers,  with 

fractional  indices :  thus,  the  square  root  of  8  is  8i»  the  cube 

root  of  25  is  2s J,  and  the  4th  rooi  of  45  —  18  is  45  —  l8jJ, 

or  (45— 18)*. 

TO 


SQUARE  ROOT.  «1 


TO  EXTRACT  THE  SQUABE  ROOTi 


^  Divide  the  given  number  into  periods  of  two  figures 
each,  by  selling  a  point  over  the  place  of  unitS}  anocher  over 
the  place  of  hundredsy  and  so  on,  over  every  second  figure^ 
both  to  the  left-hand  in  integers,  and  to  the  right  in  deci- 
mals. 

Fmd  the  greatest  square  in  the  first  period  on  the  left-hand, 
and  aet  \ta  root  on  the  right-hand  of  the  given  number,  aftet 
the  tnamier  of  a  quotient  figure  in  Division.. 


•*m 


*  The  reason  for  separating  the  figures  of  the  diridend  into 
periods  or  portions  of  two  places  each*  is,  that  the  square  of  aax^ 
single  figure  never  consists  of  more  than  tvro  places  ^  the  square  of  a 
number  of  two  figures*  of  not  more  than  four  places,  and  so  on.  So 
that  there  will  be  as  many  figures  in  the  root  as  the  given  number  con- 
tains periods  so  dirided  or  parted  oW, 

And  the  reason  of  the  several  steps  in  the  operation  appears  from 
the  algebraic  form  of  ihe  square  of  any  number  of  terms,  whether  tw« 
or  three  or  more.     Thus,  -  -  . 

(a  +  6)a=.a  2  +  2a*  +  ^>  s=ra»  +  (2a  +  b)  6,  the  square  af  twb 
terras  ^  where  h  appears  th\t  a  is  the  first  term  of  the  root*  and  6 
the  second  term  ;  also  a  the  first  dtviaor*  und  the  new  divisor  ia 
2a  -f-  6,  or  double  the  fii*st  term  increased  by  the  second.  And  hence 
the  manner  of  extraction  is  thus : 

1st  divisor  a)  a^^2ab  +  6^  (  a  -|-  ^  the  root 
a« 


2d  divisor  ^  4.  6  I  2a&  ^-  6^ 


Agaioy  for  a  root  of  three  pai*ts,  ay  b^  c,  thus  : 

(a    +  *  +  c)  «       a*  i'Sab  +  b»  +  2ac  +  26c  +  ct  :*» 

a*  -^(20  +  6)6+  (2a  +  2d  +e)  c^  the 
square  of  three  terms,  where  a  is  the  first  term  of  the  root  6,  the 
second,  aiid  c  the  third  term  i  also  a  the  first  divisor,  2a  -f-  ^  the 
aecond,  and  2a  -f-  '^^  +  ^  ^^  third,  each  consisting  of  the  double 
of  the  root  increased  by  the  next  term  of  the  same.  And  the  mo<le  of 
extraction  is  thus  : 

Ist  divisor  a)  O^  +  2ab  +  li»  +  2ac  +  26c  +  c«  (a  -f.  &  ^^^  c  the  roat. 
a* 

2d  divisor  2<i-|-^  I  2a»  4  ^ 

A  I  l>a^  +  6^ 

3d  divbor  2a+2b  -f  c  i  2ac  4.  25c  -f*  cS 

c  1  2rtc  +  2dc  +  f ' 

Vol..  L  M  '  Subtract 
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&ibtract  the  square  thus  found  fVom  the  said  period)  and 
to  the  remainder  annex  the  two  figures  of  the  next  following 
period,  for  a  dividend. 

Double  the  root  abore  mentioned  for  a  divisor ;  and  find 
how  often  it  is  contained  in  the  said  dividend,  exclusive  of 
its  right-hand  figure  ;  and  set  that  quotient  figure  both  in  the 
quotient  and  divisor. 

Multiply  the  whole  augmented  divisor  by  this  last  quotient 
figure,  and  subtract  the  product  from  the  said  dividend, 
bringing  down  to  it  the  next  period  of  the  given  number,  for 
a  new  dividend. 

Repeat  the  same  process  over  again,  viz-  find  another  new 
divisor,  by  doubling  all  the  figures  now  found  in  the  root ; 
from  which,  and  the  last  dividend,  find  the  next  figure  of 
the  root  as  before ;  and  so  on  through  all  the  periodSf  to  the 
last. 

JVbtCj  The  best  way  of  doubling  the  root,  to  form  the  new 
divisors,  is  by  adding  the  last  figure  always  to  the  last  divisor, 
as  appears  in  the  following  examples. — Also,  after  the  figures 
belonging  to  the  given  niimber  are  all  exhausted,  the  opera- 
tion may  be  continued  into  decimals  at  pleasure,  by  adding  any 
MlAber  of  periods  of  ciphers,  two  in  each  period. 

EXAMPLES, 

1.  To  find  the  square  root  of  29506624. 


•  • 


29506624  (  5432  the  root. 
25 


104 

4 

450 
416 

1083  S466 
3  3249 

10862  21724 
2  21724 

Note,  When  the  root  w  to  be  extracted  to  many  filacea  of 
Jigureay  the  work  may  be  considerably  shortened^  thuB  : 

Having  proceeded  in  the  extraction  after  the  common  me* 
ihod,  till  there  be  found  half  the  required  number  of  figures 

in 


SQUARE  ROOT. 


8S 


in  the  root,  or  one  figure  more  ;  thcn»  for  the  rest,  divide 
the  last  remainder  by  its  corresponding  divisor,  after  the  man- 
ner of  the  third  contraction  in  Division  of  Decimals;  thus, 

%  To  find  the  root  of  2  to  nine  places  of  figures. 

2  (  1*41421356  the  root. 
1 


24  I  100 
4  1  96 


28 


w 


400 
28\ 


2824 
4 


i; 


IPOO 
1296 


28282  j  60400 
2  I  56564 


28284  )  3836  (  1356 

....    1008 

160 

19 

2 

3.  What  is  the  square  root  of  2025  ? 

4.  What  is  the  square  root  of  17  3o56  ? 

5.  What  is  the  square  root  of  -000729  { 

6.  What  is  the  square  root  of  3  ? 

7.  What  is  the  square  root  oC  5  ? 
8  What  is  the  square  root  of  6  ? 
9.  What  is  the  square  root  of  7  ? 

IC  What  is  the  square  root  of  10  ? 

1 1.  What  is  the  square  root  of  1 1  f 

12.  What  is  the  square  root  of  IS  ? 


Ans*  45. 

Ans.  416. 

Ans.  027. 
Ans.  1-732050. 
Ans.  2-236068. 
Ans,  2-449489. 
Ans.  2-645751. 
Ans.  3  162277. 
Ans.  3-316624. 
Ans  3*464101. 


BUIJBS    FOR  THE   SQUARE   ROOTS   OF  TDLGAR  FRACTIOXS 

AND  M1X£D\XUMBERS, 

FimsT  prepare  all  vulgar  fractions^  by  reducing  them  to 
their  least  terms,  both  for  this  and  all  other  roots.    Then 

1.  Take  the  root  of  the  numerator  and  of  the  debominator 
for  the  respective  terms  of  the  root  required.  And  this  is  the 
best  way  if  the  denominator  be  a  complete  povrer:  but  if  it 
be  not,  then 

8     Multiply  the  numerator  and  denominator  together ; 

fake  the  root  ef  the  product :  this  root  being  made  the  numo- 
•  ratop 


L- 
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rator  to  the  denominator  of  the  gireti  fraction,  or  made  the 
denominator  to  the  numerator  of  itj  will  form  the  fractional 
root  required. 

a     ^a       k/ab        a 

That  is,  v^ — =— = «• 

b     ^b        b         \^ab. 

And  this  rule  will  serve,  whether  the  root  be  finite  or  infinite. 

3.  Or  reduce  the  vulgar  fraction  to  a  decimal,  and  e&tract 
its  root. 

4.  Mixed  numbers  may  be  either  reduced  to  improper 
fractions,  and  extracted  by  the  first  or  second  rule,  or  the 
vulgar  fraction  may  be  reduced  to  a  decimal,  then  joined  to 
the  integer,  and  the  root  of  the  whole  extracted. 

EXAMPLES. 

1 .  What  is  the  root  of  JJ  ?  Ans  -}. 

2.  What  is  the  root  of  ^Yy  •  Ans.  ^. 

3.  What  is  the  root  of  ^•,?  Ans.  0-866025* 

4.  What  is  the  root  of  ,\.  ?  Aiv*-  0  6454971 

5.  What  is  the  root  of  17|  ?  Ans.  4  168333. 

By  means  of  the  square  root  also  may  readily  be  found  the 
lilh  root,  or  the  8th  root,  or  the  16th  root,  &c.  that  is«  the 
root  of  any  power  whose  index  is  some  power  of  the  number 
3 ;  namely,  by  extracting  so  often  the  square  root  as  is  de- 
noted by  that  power  of  2  ;  that  is,  two  extractions  for  tha 
4th  rooc^  three  for  the  8th  root*  and  so  on. 

So,  to  find  the  4th  root  of  the  number  2 1035*8,  extract 
the  square  root  two  times  as  fellows  :     . 


21035'8OOO 
I 

(145  037237  (1 
1 

2-0431407  the  4th  root. 

84 

no 

• 

22 

45 

4 

96 

2 

44 

885  I     1435         3404 
5        1425  4 


10372 
9616 


'*^. 


99003  I  108000  24083 
3   87009     3 


75637 
7S249 


mt   " 


20991  (7237         3388  (1407 
687  980 

107  17 

£jc.  2.  What  is  the  4th  root  of  97-41  ? 

To 


CUBE  ROOT.  S5 

TO  EXTRACT  THE  CUBE  ROOT. 
I.  By  the  Common  Rule** 

1.  Having  divided  the  given  number  into  penods  of  three 
iigurch  each,  (bv  setting  a  point  over  the  place  of  units,  and 
aJsoover  every  third  figure,  from  thence,  to  the  left  hand  in 
whok  numbers,  and  to  the  right  in  decimalB),  find  the  nearest 
less  cube  to  the  first  period  ;  set  its  root  in  the  quotient,  and 
subtract  the  said  cube  from  the  first  period  ;  to  the  remainder 
bring  down  the  second  period,  and  call  this  the  refiolvend. 

2.  To  three  times  the  square  of  the  root,  just  found,  add 
three  times  the  root  itself,  setting  this  one  place  more  to  the 
right  then  the  former,  and  call  this  5sum  the  divisor.  Then 
divide  the  resolvend,  wanting  the  last  fip;xire,  by  the  divisor, 
for  the  next  figure  of  the  root,  which  annex  (o  the  former ; 
calling  this  last  figure  e,  and  the  part  of  the  root  before  found 
let  be  called  a. 

Add  all  together  these  three  products,  namely,  thrice  a 
square  multipyed  by  ^,  thrice  a  multiplied  by  e  square,  and 
e  cube,  setting  each,  of  them  one  place  more  to  the  right  than 
tjie  former,  and  call  the  sum  the  subtrahend  ;  whidi  must 
not  exceed  the  resolvend ;  but  if  it  does,  tiien  make  the  last 
figure  e  less,  and  repeat  the  operation  for  finding  the  subtra- 
hend, till  It  be  less  than  the  resolvend* 

4.  From  the  TesoWend  take  the  subtrahend,  and  to  the  re- 
mainder join  the  next  period  of  the  given  number  for  a  new 
resolvend  ;  to  which  foryn  a  pew  divisor  from  the  whole  root 
now  found ;  and  from  thence  another  figure  of  the  root,  as 
directed  in  Article  2,  and  so  on. 


*  The  reason  fi>r  pomting  the  g^ren  number  into  poriods  of  three 
figures  eacb>  is  because  tlie  cube  of  one  figure  never  amounts  to  more 
than  three  places.  And,  for  a  similar  reason*  a  given  number  is  point« 
ed  into  periods  of  four  figures  for  the  4th  root,  of  five  figures  for 
the  5tb  root,  and  so  on. 

And  the  reason  for  the  other  parts  of  tlie  rule  depends  on  the 
algebraic  formation  of  a  cube :  for  if  the  root  consists  of  the  two 
parts  a  +  ^>  then  its  cube  is  as  follows :  (a  -f-  ^)3  ssa^  -f  ^a^b  4- 
30^2  -f.  ^  ;  where  a  is  the  root  of  the  first  part  a^  ;  the  resolvend  is 
3a*^  +  3tf^»  +  fca,  which  is  also  ihe  game  as  the  threft  parts  of 
the  subtrahend ;  also  the  divisor  Is  3a»  +  3a,  by  which  (Jividing  the 
first  two  terms  of  the  resolvend  Za^b  4"  ^^^y  ^i^es  b  ibr  the  serond 

psnof  the  root  I  and  80  OB,  ^ 
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EXAMPLE. 

To  extract  the  cube  root  oC  48238*544* 

3  X  3*  =  37    I  48228-544  (36-4  root. 
3X3    ==    09  J  27 


I.  I 


Divisor  279  I  21228  resolvend. 


3  X  3*  X  6    =162 

3x3    X  6S  =    324    ladd 


3  X  36>  =>  3888 
3  X  36    s:       108 


38988 


19656  subtrahendr 


1573544  re  Bolvend 


3  X  36«  X  4    =  15552    "| 
3  X  36    X  4»  =       1728  Udd 
4^  :s  64  J 


1573544  subtrahend.* 


0000000  remaiDder. 


Ex.  2.  Extract  the  cube  root  of  571482- 19, 
Ex.  3.  Extract  the  cube  root  of  1628*1582. 
Ex-  4.  Extract  the  cube  root  of  1333. 


IL  To  ejf tract  the  Cube  Root  by  a  short  JTay.* 

1.  Bf  trials,  or  by  the  table  of  roots  at  p.  90,  See.  takt  the 
nearest  rational  cube  to  the  given  number,  whether  it  be 
greater  or  less ;  and  call  it  the  assumed  cube. 

2.  Then 


i«M 


*  The  method  usually  given  for  extracting  the  cube  root,  ia  so 
exceedingly  tedious,  and  difficult  to  be  remembered,  that  various 
other  approximating  rules  have  been  invented;  viz.  by  Newton* 
Baphson,  HaUey,  De  Lagny,  Simpson,  Emerson,  and  several  other 
mathematicians ;  but  no  one  that  I  have  yet  seen,  is  so  simple  in 
Its  (brm,  or  seems  so  weU  adapted  for  general  use,  as  that  abovo 
given.    This  rule  is  the  same  in  effect  as  Dr«  SaUQp's  rational 

formula^ 


I 

I 


CUBE  root;  Z7 

2«  Then  say,  by  the  Rule  of  Three^  As  the  sum  of  the  given 
number  and  double  the  assumed  cube,  is  to  the  aum  of  the 
assumed  cube  and*  double  the  given  number,  so  Is  the  root  dT 
the  assumed  cube,  to  the  root  required,  nearly.  Or,  As  tho 
first  sum  is  to  the  difference  of  the  given  and  assumed  cubC) 
so  is  the  assumed  root  to  the  difference  of  the  roots  nearly. 

3.  Again,  by  using,  in  like  manner,  the  cube  of  the  root 
last  found  as  a  new  assumed  cube,  another  root  will  be  obtain- 
ed still  nearer.  And  so  on  as  far  as  we  please ;  using  alwaya 
fhe  cube  of  the  last  found  root,  for  the  assumed  cube. 

BXAM7LB. 

To  find  the  cube  root  of  21035-9. 

Here  we  soon  find  that  the  root  lies  between  20  and  30,  and 
then  between  37  and  38.  Taking  therefore  37|  iu  cube  is 
i9€83>  which  is  the  assumed  cube.    Then 

19683  210358 

2  2 


39366  42071-6 

21035-8  19683 


As  60401-8     t  61754-6  :  :  27  3  37-6047; 

27 


4322822 
1235092 


60401-8)  1667374-2  (27-6047  the  root  nearly. 

459338 
56525  ^ 

284 
42    ' 


-^ -     -       - 


■to 


formult,  but  more  commo^ously  expressed  ;  and  the  first  iaveitiga^ 
tion  of  it  was  pvcn  in  my  Tracts,  p.  49.  The  algebcaic  ibrm  of  it 
{Hthis: 

As  F  -f-  2a  :  A  -h  2p  : :  r  :  «j    Or, 
As  t  4- 2a:  Pen    A::r:aWf; 

trtiefe  If  is  the  given  number,  a  the  assumed  neaitst  Cobe^  r  the  cube 
loet  of  A,  and  a  the  root  of  »  sought* 

Again, 


83  ARITHMETK. 

Again,  for  a  second  operation,  the  cube  of  this  root  Is 
f2l035ai8645 155823,  and  the  psoctssby  the  latter  method 
will  be  thua  t 

21035  318645,  &G. 


42070-637290       210358 

3i035  8  21036-31  8645,  kc 


As  63106*43729       t      diff  481355  j  :  27  6047  : 

the  diff.  -0002 10560 


conseq.  the  root  req.  is  27-6049 10560. 
Ex.  2.  To  extract  the  cube  root  of '67* 
Ex.  3.  To  extract  the  cube  root  of  -OK 

TO  EXTRACT  ANY  ROOT  WHATEVER', 

Let  p  be  the  given  power  or  number,  n  the  index  of  the 
power,  A  the  assumed  power,  r  its  root,  a  the  teqjtfiredroot 
of  p.     Then  say, 

As  the  sum  of  n  4-  l  times  a  and  n  —  1  times  p, 
is  to  the  sum  of  n  4*  1  times  p  and  n  —  I  times  ▲  i 
so  is  the  assumed  root  r,  to  the  required  root  r. 

Or,  as  half  the  said  sam  of  n  -f.  1  times  a,  and  n  •*—  I  tiroes 
p,  is  to  the  difference  between  the  given  and  assumed  powers^ 
so  is  the  assumed  root  r,  to  the  difference  between  the  true 
and  assumed  roots  ;  which  differ^ce,  added  or  subtracted,  as 
the  case  requires,  gives  the  true  root  nearly. 

Thati5,.n-f.  l.  a  +»'-l.  p:  n+l.  p.  +  » — 1.  a  :  :  r  :  b* 

Or,  n+1.  iA-f-n  —  1   jp:  Pco  A::r:HcO  r. 

And  the  operation  may  be  repeated  as  often  as  we  please, 
by  using  always  the  last  found  root  for  the  assumed  root,  and 
its  nth  power  for  the  assumed  power-.A. 


•  This  is  a  very  js^neral  approximating  rale,  of  which  that  for  the 
cube  root  is  a  particular  case,  and  is  the  best  adapted  for  practice^ 
and  for  memoiy,  of  any  that  I  iiave  i'Ct  seen,  it  was  first  discovered 
in  this  form  by  myself,  and  the  investigation  and  use  of  it  were  given 
at  large  in  my  Tracts,  p.  45,  &c*  ^ 

EXAMPLa 


GENERAL  ROOTS, 


« 


EXAMPLE. 

To  extract  the  5ih  root  of  21035*8. 

Here  it  appears  that  the  5ih  root  is  between  7*3  and  7*4. 
Taking  7-3,  us  5th  power  is  20730-71593.  Hence  wc  have 
T  =  21035-8,  n  =a  5  r  =  7-3  and  A  =  20730*71593  j  then 

w  4-  li  A-f*'* —  1*4  P  :  P  to  A  :  :  r  :  R  CO  r,  that  is^ 
3  X  20730*7  k593  4-2  X  2i035*8  :  305  084 : :  7*3  : 

3  2  7-3 


62192-14779 
42071-6 


*v 


•*« 


4207 1'6       915252 
2\25^88 


104U63'74f79 


^S;37'l  132  ('02l3605=m  (/^^ 
7*3  s=r,  add. 


7'321360=a,tnu^ 
to  the  last  fi^t^e^ 


OTHER   EXAMPLES. 


1.  What 
%  What 
S.  What 

4.  What 

5.  What 

6.  What 

7.  What 

8.  What 

9.  What 
iO.  What 

11.  What 

12.  What 

13.  What 


8  the  3d 
s  the  3d 
s  the  4th 
s  the  4th 
s  the  5th 
s  the  6th 
s  the  6th 
s  the  7ih 
s  the  7th 
s  the  8th 
s  the  8th 
8  the  9th 
s  the  9th 


rcfbtor2?  Ans. 

root  of  3214?  Ans. 

root  of  2  ?  Ana. 

root  of  97*41}  Ans. 

root  of  2  f  Ana. 

root  of  2 « 035*  8  ?  Ans. 

root  of  2  )  Ans. 

root  of  2 .  035*8  \  Ans. 

root  of  2  ?  Ans. 

root  of  21035-8  ?  Ans. 

root  of  2  f  Ans. 

root  of  21035-8;  Ans. 

root  of  2  ?  Ans. 


l*25992i; 

14-75758. 

M89207. 

3 1415^99. 

1-14869^. 

5*254037. 

1- 122463. 

4-l45392« 

1-104089. 

3-4703^i3. 

1*0905?  a, 

3K)22239. 

1*080059. 


The  following  is  a  Table  of  sqvarea  and  ciib«8|  as  also  thA 
square  ro6ts  and  cube  roots,  of  all  numbers  from  1  to  1000^ 
which  will  be  found  very  useful  on  iriauy  occasious,  in  nu- 
jneral  calculations,  when  roott  or  powers  i^e  concerned. 


Voi.  h 


N 


ATA^a 


0    A  TABLE  OF  SQUARES,  CUBES,  AND  ROOTS. 


4unit>er. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 
1-000000 

1 

1 

1 

1-0000000 

3 

4 

8 

1*4142136 

1-259931 

3 

9 

27 

1-7320508 

1-442250 

4 

16 

64 

2*0000000 

1-587401 

5 

25 

125 

2-2360680 

1-709976 

6 

36 

216 

2*4494897 

1-817121 

r 

49 

343 

2*6457513 

1-912933 

^ 

8 

64 

512 

2*8284271 

2-000000 

^ 

!   9 

81 

729 

3*0000000 

2-080084 

10 

100 

looo 

3- 1622777 

2  154435 

11 

121 

1331 

3-3166248 

2-22S980 

12 

141 

•  1728 

3-4641016 

2-289428 

13 

169 

2197 

3-6055J»18 

2*351335 

14 

196 

2744 

3-7416574 

2*410142 

15 

325 

3375 

3-8729833 

2-466212 

' 

16 

256 

4096 

40000000 

2*519842. 

\7 

289 

4913 

4-1231056  • 

2-571282 

1 

18 

324 

'  5832 

4-2426407 

2-620741 

19 

361 

6859 

4-3588989 

2-668402 

20 

400 

8000 

4-4721360 

2714418 

21 

441 

9261 

4-5825757 

2-758923 

22 

484 

t0648 

4-6904158 

2  802039 

23 

529 

12167 

4-7958315 

2-843867 

24 

576 

13824 

4-8989795 

2-884499 

25 

625 

15625 

5-0000000 

2-924018 

' 

26 

676 

17576 

5-0990195 

2-962496 

27 

729 

19683 

5.1961524 

3-000000 

28 

784 

21952 

5.2915026 

3*036589 

29 

841 

24389 

5,3851648 

3-072317 

30 

900 

27000 

5*4772256 

3  107232 

31 

961 

29791 

5*5677644 

3141381 

32 

1024 

32768 

5'6568542 

3- 1 74802 

- 

33 

1089 

35937 

5-7445626 

3-207534 

34 

1156 

39304 

5-8309519 

3-239612 

S5 

1225 

42875 

5-9160798 

3-271066 

1 

36 

1296 

46656 

6-0000000 

3-30 1 927 

37 

1369 

50653 

6>0827625 

3*332232 

■ 

38 

1444 

54872 

61644140 

^.361975 

39 

b521 

593.19 

0*2449980 

3-i912ll 

40 

1600 

64000 

6-3245553 

3-419952 

41 

1681 

68921 

6*403 1242 

3  448217 

42 

1764 

74088 

6*4807407 

3476027 

43 

1849 

79507 

6-5574385 

3*503398 

44 

1939 

85184 

6-6332496 

3-530348 

45 

2025 

91125 

6-7082039 

3-556893 

46 

2116 

97336 

67823300 

3-583048 

47 

2209 

103823 

6-8556546 

3-608826 

48 

2304 

110592 

6  9282032 

3  634241 

1 

• 

49 

2401 

117649 

7-0000000 

3*659306 

50. 

2500 

1   125000 

7-0710678 

3  684031 
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I 


Number. 

Square. 
2601 

Cube. 

Square  Root. 

Cube  Root. 

51 

132651 

7-1414284 

3  708430 

52 

2704 

140608 

7  2111026 

3  732511 

53 

2809 

148877 

72801099 

3  756286 

54 

2916 

157464 

7  3484692 

3  779763 

55 

•  3025 

166375 

7-4161985 

3-802953 

56 

3136 

175616 

7-4833148 

3825862 

57 

3249 

185193 

7-5498344 

3-848501 

58 

■  3364 

195112 

7  6157731 

3-870877 

59 

3481 

205379 

7-6811457 

3  892996 

60 

3600 

216000 

77.459667 

3-914867 

61 

3721 
3844 

226981 

7  8102497 

3-936497 

62 

238328 

7-8740079 

3-957892 

63 

3969 

250047 

7.9372539 

3-979057 

64 

4096 

262144 

8  0000000 

4  000000 

65 

4225 

274625 

8  0622577 

-4  020726 

66 

4356 

287496 

8-1240384 

4*041240 

67 

4489 

300763 

8-1853528 

4-061548 

68 

4624 

314432 

8-2462113 

4  081656 

69 

4761 

328509 

8-3066239 

4-101566 

70 

4900 

343000 

8-3666003 

4-121285 

71 

5041 

357911 

84261498 

4-140818 

72 

5184 

. 373248 

8-4852814 

4-160168 

73 

5329 

389017 

8-5440037 

4 179339 

74 

5476 

405224 

»  8-6023253 

4-198336 

75 

5625 

421875 

8  6602540  - 

4-217183 

76 

5776 

438976 

87177979 

4-235824 

77 

5929 

'  456533 

8  7749644 

4  254321 

78 

6084 

474552 

88317609 

4-272659 

79 

6241 

493039 

8-8881944 

4-290841 

80 

6400 

512000 

8-9442719 

4  308870 

81 

6561 

531441 

9*0000000 

4-326749 

82 

6724 

55136^ 

9*0553851 

4' 34448 1 

83 

6889 

571787 

9'1104.\% 

4-362071 

84 

7056 

592704 

9M651514 

4-379519 

85 

*  7225 

614125 

9  2195445 

4-396830 

86 

7396 

636056 

9*2736185 

4  414005 

87 

7569 

658503 

9'3273791 

4  431047 

88 

7744 

681471?-. 

9*3808315* 

4-447960 

89 

7921 

704969 

9  4339811 

4-464745 

90 

8100 

720000 

9-4868330 

4*481405 

^   91 

8281 

753571 

9*5393920 

4  497942 

92 

8464 

778688 

9  5916630 

4-514357 

93 

8649 

804357 

9*6436508 

4»530655 

94 

8836 

830584 

96953597 

4  546836 

95 

9025 

857375 

9-7467943 

4  562903 

96 

9316 

884736 

9-7979590 

4  578857 

97 

9409 

912673 

98488578 

4-59470r 

98 

9604 

941192 

9*8994949 

4- 6 10436, 

99 

9801 

970299 

9-9498744 

4  6^6065 

100 

10000 

lOOOOOO 

10  0000000 

4-641589 

ARITHMETIC. 


Numb. 

Square. 
10201 

^103030T" 

Square  Kooi. 

Cube  R(.oi. 

1 

101 

10-0498756 

4-657010 

102 

10404 

1061208 

100995049 

4-672330 

103 

10609 

1092727 

10  1488916 

4-687548 

104 

10816 

1124864 

10-1980390 

4-702669 

105 

11025 

1157625 

10-2469508 

'4717694 

100 

11236 

1191016 

10-2456301 

4-73S624 

\ 

lor 

11449 

122504S 

10  3940804 

4-747459 

108 

11664 

1259712 

10-3923048 

4  762203 

• 

109 

11881 

1295029 

10  4403065 

4-776856 

1 

110 

12100 

13310U0 

10  4880885 

4-791420 

111 

12321 

1367631 

10-535^538 

[     4  805896 

112 

12544 

1404928 

10  5830052 

4'820284 

113 

12769 

1442897 

10*6301458 

4'834588 

114 

12996 

1481544 

10-6770783 

4848808 

■ 

115 

13225 

1520875 

10  7238053 

4-862944 

i 

116 

13456 

1560896 

10-7703296 

4-876999 

i 

117 

13689 

1601613 

10*8166538 

4-890973 

^ 

118 

13924 

1643032 

I0'8627805 

4-904868 

i 

119 

14161 

1685159 

109087121 

4-918685 

1 

120 

14400 

1728000 

10  9544512 

4-932424 

1 

121 

14641 

1771561 

1 1  0000000 

4-946088 

; 

122 

14884 

1815843 

11  0453610 

4-959675 

123 

15129 

1860867 

1 1  0905365 

4-973190  . 

124 

15376 

1906624 

111355287 

4-986631 

125 

15625 

1953125 

11-1803399 

5  000000 

126 

15876 

2000376 

112249722 

5-013298 

127 

16129 

2048383 

11*2694277 

5-026526 

128 

16384 

2097152 

11*3137085 

5  03^684 

129 

16641 

2146689 

11  3578167 

5  052774 

130 

16900 

2197000 

11-4017543 

5  065797 

' 

131 

17161 

2248091 

11-4455231 

5*078753 

132 

17424 

'     2299968 

11-4891253 

5-091643 

133 

17689 

2352637 

11-5325626 

5-104469 

134 

17956 

2406104 

11-5758369 

5  117230 

135 

18225 

2460375 

11-6189500 

5-129928 

136 

18496 

2515456 

ir66 19038 

5*142563 

137 

18769 

2571353 

11*7646999 

5  155137 

138 

19044 

3628072 

11*7473444 

5-167649 

139 

19321 

2685619 

11-7898261 

5-180101 

140 

19600 

2744000 

n'8321596 

5-192494 

141 

19881 

280322 1 

n  8743421 

5-204828 

142 

20164 

2863288 

11*9163753 

5-217103 

143 

S0449 

2924207 

11*9582607 

5-229321 

• 

144 

20736 

2985984 

12'0000000 

5-241482 

145 

21025 

3048625 

12*0415946 

5'253588 

146 

21316 

3112136 

120830460 

5*265637 

\ 

147 

21609 

3176523 

121243557 

5-277632 

148 

21904 

3241792 

12*1655251 

5'289572 

i 

149 

22201 

3307949 

12-2065556 

5-301459 

150 

22500 

3375000 

12-2474487 

5  313293  • 
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I^Numb, 

Square. 

Cube. 
344295 1 

hquare  Koou 

Cubt:  Roue. 

151 

22801 

12*2882057 

5-325074 

152 

23104- 

3511808 

12-3288280 

5-336803 

153 

23409 

3581577 

12-3693169 

5-348481 

154 

23716 

3652264 

12-4096736 

5-360108 

155 

24025 

3723875 

12*4498996 

5-371685 

156 

24336 

3796416 

12-4899960 

5'SB32\3 

•  157 

24649 

386^893 

12  5299641 

5-394690 

158 

24964 

3944312 

1 2*5698051 

5-406120 

1 

'  159 

25281 

4019679 

12*6095202 

5-417501 

IfiO 

25600 

4096000 

12-6491106 

5-428835 

1 

161 

25921 

4173281 

12-6885775 

5-440122 

162 

26244 

4251528 

12-7279221 

5*451362 

163 

26569 

4330747 

12  7671453 

5-462556 

164 

26896 
27225 

4410944  . 

12-8062485 

5.4737D3 

165 

4492125 

12  8452526 

5-484806 

166 

27556 

4574296 

12SB409S7 

5-495865 

I     167 

27889 

4657463 

'   12-9228480 

5  506879 

1   168 

28224 

4741632 

12-9614814 

5-S17H4B 

169 

28561 

4826809 

1 3  0000000 

S'5287.75 

170 

28900 

4913000 

13  0384048 

S'S396S8 

171 

29241 

50002 1 1 

13-0766968 

5-550499 

172 

29584  ' 

5088448 

13-1148770 

5-561298 

173 

29929 

S\777\7 

13*1529464 

5-572054 

174 

30276 

5268024 

13-1909060 

5-582770 

175 

30625 

5359375 

13-2287566 

5-593445 

176 

30976 

5451776  . 

13-2664992 

5-604079 

177 

31329 

5545233 

13-3041347 

5-614673 

178 

31684 

5639752 

133416641 

5-625226 

1 

179 

32041 

5735339 

13-3790882 

5.635741 

180 

32400 

5832000 

13-4164079  . 

5-646216 

181 

32761 

5929741 

13-4536240 

5-656652 

182 

33124 

6028568 

13-4907376 

5-667051 

, 

183 

33480 

6128487 

13-5277493 

5-677411 

' 

184 

33856 

6229504 

\S^56A66O0 

5-687734 

185 

34225 

6331625 

1 3-60 1 4705 

5-698019 

186 

34596 

6434856 

13-6381817 

S'708267 

187 

34969 

6539203 

13-6747943 

5-718479 

188 

35344 

6644672 

13-7113092 

5-728654 

189 

35721 

6751269 

13-7477271 

5-738794 

190 

36100 

6859000 

13-7840488 

5-748897 

191 

36481 

6967871 

13  8202750 

5-758965 

192 

36864 

7077888 

13-8564065 

5-768998 

193 

37249 

7189057 

13-8924440 

5  7^8996 

194' 

37636 

7301384 

13-9283883 

5788960 

195   1 

38025 

7414875 

13-9642400 

5*798890 

196 

38416 

7529536 

14-0000000 

5*808786 

197 

38809 

7645373 

14-0356688 

5'8 18648 

198 

39204 

7762392 

14-0712473 

5*828476 

199 

39601 

7880599 

14*1067360 

5*838272 

200 

40000 

'  8000000 

141421356 

5-848035 

94 


ARITHMETIC. 


Kunib. 

Square. 

Cube 

Square  Root. 

Cube  Root. 

301 

40401 

8120601 

14-1774469 

5-857765 

302 

40804 

8242408 

14-2126704 

5-867464 

!  303 

41209 

8365427 

14-2478068 

5-877130 

304 

41616 

8489664 

14*2828569 

5-886765 

305 

42025 

8615125 

14  3178211 

5-896368 

306 

42436 

8741816 

14-3527001 

5-905941 

3or 

42849 

8869743 

14-3874946 

5  915481  . 

308 

43264 

8998912 

14-4222051 

5-924991 

809 

43681 

9123329 

14  4568323 

5  934473 • 

310 

44100 

9261000 

14-4913767 

5-943911 

3U 

44521 

9393931 

14-5258390 

5-953341 

212 

44944 

9528128 

14-5602198 

5-962731 

313 

45369 

9663597 

14-5945195 

5972091 

214 

45796 

9800344 

14  6287388 

5.981426 

315 

46225 

9938375 

14-6628783 

5  909727 

316 

46656 

10077696 

14  6969385 

6000000 

217 

47089 

10218313 

14-7309199 

6-009244 

218 

47524 

10360232 

14-7648231 

6-018463 

319. 

47961 

10503459 

14-7986486 

6-027650 

220 

48400 

10648000 

14-8323970 

60368 1 1 

221 

48841 

10793861 

14-8660687 

6045943 

232 

49284 

10941048 

14-8996644 

6055048 

223 

49729 

11089567 

14-9331845 

6064126 

224 

50176 

11239424 

14-9666295 

6  073177 

225 

50625 

11390625 

1 5-0000000 

6-082201 

226 

51076 

11543176 

15  0332964 

6  091199 

227 

51529 

11697083  * 

15-0665192 

6-100170 

228 

51984 

11852352 

15  0996689 

6-109115 

229 

52441 

12008989 

15-1357460 

6- 118033 

230 

52900 

12167000 

15-1657509 

6-126925 

231 

53361 

12326391 

15-1986842 

6-135792 

232 

53824 

12487168 

15-2315462 

6-144634 

233 

54289 

12649337 

15  2643375 

6- 153449 

234 

54756 

12812904 

15-2970585 

6*162239 

235 

55225 

12977875 

15-3297097 

6-171005 

236 

55696 

13144256 

15*3622915 

6- 179747 

237 

56169 

13312053 

15.3948043 

6-188463 

238 

56644 

13481272 

15  4272486 

6-197154 

239 

57121 

13651919 

15-4596248 

6-205821 

240 

57600 

13824000 

15-4919334 

6*214464 

241 

58081 

13997521 

15-5241747 

6  223083 

243 

58564 

14172488 

15*5563492 

6-231678 

243 

59049 

14348907 

15-5884573 

6-240251 

244 

59536 

14526784 

15-6204994 

6-248800 

245 

60025 

,    14706125 

15-6524758 

6-257324 

246 

60516 

14886936 

15-6843871 

6-265826 

247 

61009 

15069233 

15-7162336 

6-274304 

348 

61504 

15352992 

15*7480157 

6-282760 

249- 

62001 

15438249 

15-7797338 

6*291194 

250 

63500 

15625000 

15-8113883 

6399604 

SQUARES,  CUBES,  AND  ROOTS. 
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Numb. 

Square. 

Cabe* 

Square  Root. 

Cube  Root. 

251 

63001 

15813251 

15*8429795 

6-307992 

253 

63504 

1 600300S 

15-8745079 

6  316359 

253 

64009 

16194277 

15-9059737 

6-324704 

254 

64516 

16387064 

15-9373775 

6-333025 

255 

65025 

16581375 

15-9687194 

6-341325 

256 

65536 

16777216 

16  0000000 

6>349602 

257 

66049 

16974593 

160312195 

6357859 

258 

66564 

17173512 

16-0623784 

6  366095 

259 

67081 

17373979 

160934769 

6-374310 

260 

67600 

17576000 

16-1245155 

6*382504 

261 

68121 

17779581 

16  1554944 

6*390676 

262 

68644 

17984728 

16  1864141 

6*398827 

263 

69169 

18191447 

16-2172747 

6  406958 

264 

69696 

18399744 

16-2480768 

6  415068 
6-423157 

265 

70225 

\S6Q9625 

16-2788206 

266 

70756 

18821096 

1 6*3095064 
16^3401346 
16  3707055 

6-431226 

267 

71289 

I 9034 I 63 

6*439275 

268 

71824 

19248832 

6-447305 
6-455SI4 

269 

72361 

19465109 

16-4012195 

270 

72900 

19683000 

16-4316767 

6-463304 

271 

73441 

19902511 

16-4620776 

6  471274 

272 

73984 

20123648 

16.4924225 

6  479224 

273 

74529 

20346417 

16-5227116 

6.487153 

274 

75076 

20570824 

16-5529454 

6  495064 

275 

75625 

20796875 

16-5831240 

6  502956 

276 

76176 

21024576 

16-6132477 

6-5 10899 

277 

76729 

21253933 

16.6433170 

6-518684 

278 

77284 

2.1484952 

16  6733320 

6-526519 

279   1 

77841 

21717639 

16-7032931 

6*534335 

280  1 

78400 

21952000 

16-7332005 

6-542132 

281 

78961 

22188041 

167630546 

6-5499 1 1 

282 

79524 

22425768 

16-7928556 

•6-557672 

283 

80089 

22665187 

16  8226038 

6-565415 

284 

B0656 

22906304 

16-8522995 

6-573139  . 

285 

81225 

23149125 

16*8819430 

6*580844 

28^ 

81796 

23393656 

16-9115345 

6  588531 

287 

82369 

23639903 

16-9410743 

6-596202 

288 

82944 

23887872 

16-9705627 

660SS54 

289 

83521 

24137569 

17-0000000 

6  611488 

290 

84100 

24389000 

17-0293864 

6-619106 

291 

84681 

24642171 

170587221 

6*626705 

292 

85264 

24897088 

17.0880075 

6-634287 

293 

85849 

25153757 

17*1172428 

6  641651 

294 

86436 

25412184 

17*1464282 

6-649399 

295 

87025 

25672375 

17-1755640 

6  656930 

296 

87616 

25934336 

1 7-2046505 

6  664443 

297 

88209 

26198073 

17-2336879 

6  671940 

298 

88804 

26463592 

17-2626765 

6-679419 

299 

89401 

26750899 

17  2916165 

6  686882 

300 

90000 

27000000 

17-3205081 

6-694328 

96 


ARITHMETIC. 


Numb. 

Squure. 

Cube. 

Square  Root. 

Cube  Root. 
6  701758 

301 

90601 

27270901 

17-3493516 

502 

91204 

27543608 

17-3781472 

6-709172 

303 

91809 

27818127 

17-4068952 

6-716569 

304 

92416 

28094464 

17  4355958 

6-723950 

305 

93025 

28372625 

17-4642492 

6731316 

306 

93636 

28652616 

17-4928557 

6738665 

307 

94249 

28934443 

17-5214155 

6-745997 

308 

94864 

29218112 

17*5499288 

6-753313 

309 

95481 

29503629 

17-5783958 

6-760614 

310 

96100 

29791000 

17*6068169 

6-767899 

I      311 

96721 

30080231 

17-6351921 

6-775168 

]  312 

97344 

30371328 

17-6635217 

6-782422 

313 

97969 

30664297 

17-6918060 

6-789661 

314 

98596 

30959144 

17*720045 1 

6-796884 

315 

99225 

31255875 

17  7482393 

€-804091 

316 

99856 

31554496 

17-7763888 

6  811284 

317 

100489 

31855013 

17-8044938 

6-818461 

318 

101124 

32157432 

17-8325545 

6-825624 

319 

101761 

32461759 

17-8605711 

6-832771 

320 

102400 

32768000 

17-8885438 

6-839903 

321 

103041 

33076161 

l'7-9 104729 

6-847021 

322 

103684 

33386248 

17-9443584 

6*854124 

323 

104329 

33698267 

17  9722008 

6-861211 

324 

104976 

34012224 

18  0000000 

6-868284 

325 

105625 

34328125 

18-0277564 

6-875343 

396 

106276 

34645976 

180554701 

6-882388 

327 

106929 

•  34965783 

18-0831413 

6-889419 

328 

107584 

35287552 

18- 1107703 

6-896435 

329 

108241 

35611289 

18-1383571 

6-903436 

330 

108900 

35937000 

18»l65902l 

6*910423 

331 

109561 

3626469 1 

181934054 

6-917396 

332 

110224 

36594368 

18-2208672 

6-924355 

333 

1 10889 

36926037 

18-2482876 

6*931300 

334 

111556 

37259704 

18-2756669 

6-938233 

335 

112225 

37595375 

18  3030052 

6-945149 

336 

112896 

37933056 

1S«3303028 

6-952053 

337 

113569 

38272753 

18-3575598 

6-958943 

338 

114244 

38614472 

18-4847763 

6-965819 

339 

114921 

> 

38958219 

184119526 

6-972682 

340 

115600 

39304000 

18-4390889 

6-979532 

341 

• 

116281 

39651821 

18  4661853 

6  986369 

342 

116964 

40001688 

18*4932420 

6-993191 

343 

117649 

40353607 

18-5202593 

7-000000 

344 

118336 

40707584 

18*5472370 

7-006796 

345 

119025 

41063625 

18-5741756 

7-013579 

346 

119716 

41421736 

18-6010752 

7-020349 

347 

120409 

41781923 

18-6279360 

7-027106 

348 

121104 

42144192 

18-6547581 

7033850 

349 

121801 

42508549 

18-6815417 

7040581 
7047208 

350 

122500 

42875000 

18  7082869 

mm 


■«■ 
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ARITHMETICS 


umb. 

Square. 

160h01 

Ciihe. 

Square  Root. 

Cube  Hooi. 

401 

64481201 

20-0249844 

7-374198 

402 

161601  ' 

64964808 

20-0499377 

7  380322 

40J 

1 62  ^09 

65450827 

20-0748599 

7-386437 

404 

163216 

65939264 

20-0997512 

7-392542 

• 

405 

164025 

66430125 

20-1246118 

7-398636 

406 

164836 

66923416 

20-1494417 

7-404720 

407 

165649 

67419143 

20-1742410 

7-410794 

408 

1 66464 

61911312 

20-1990099 

7-416859 

409 

167281 

68417929 

20-2237484 

7-422914 

410 

168100 

68921000 

20-2484567 

7-428958 

411 

168921 

69426531 

20-2731349 

7434993 

412 

169744 

69934528 

20-2977831 

7-441018 

413 

170569 

70444997 

20  3224014 

7-447033 

414 

171396 

70957944 

20-3469899 

7-453039 

415 

172225 

71473375 

20-3715488 

7-459036 

416 

173056 

71991296 

20-3960781 

7-465022 

J 

417 

173889 

72511713 

20-4205779 

7-470999 

i 

418 

174724 

73034632 

20-4450483 

7-476966 

419 

175561 

73560059 

20-4694895 

7-482924 

420 

176400 

74088000 

20*4939015 

7-488872 

421 

177241 

74618461 

20-5182845 

7-494810 

422 

178084 

75151448, 

20-5426386 

7-500740 

423 

1789.29 

75686967 

20-5669638 

7-506660 

424 

179776 

76225024 

20*5912603 

7-512571 

425 

180625 

76765625 

20-6155281 

7-518473 

426 

181476 

77308776 

20-6397674 

7-524365 

457 

182329 

77854483 

20-6639783 

7-530248. 

428 

183184 

78402752 

206881609 

7-536121 

429 

184041 

78953589 

20*7123152 

7-541986 

430 

184900 

79507000 

20  7364114 

7-547841 

431 

185761 

80062991 

20-7605395 

7'553688 

432 

186624 

80621568 

20-784609r 

,7-559525 

433 

187489 

81182757 

20-8086520 

7-565355 

434 

188356 

81746504 

20-8326667 

7-571173 

435 

189225 

82312875 

20-8566536 

7-576984 

436 

190096 

82881856 

20-8806130 

7-582786 

437 

190969 

83453453 

20  9045450 

7-588579 

\ 

438 

191844 

84027672 

209284495 

7-594363 

439 

192721 

84604519 

20-9523268 

7-600138 

440 

193600 

85184000 

20*9761770 

7-605905 

441 

194481 

85766121 

21-0000000 

7-611662 

4 

442 

195364 

86350888 

21*0237960 

7-6174U 

443 

196249 

86938307 

21*0475652 

7-623151 

444 

197136 

87528384 

.21-0713075 

7-628883 

445 

198025 

88121125 

21*0950231 

7-634606 

446 

198916 

88716536 

21*1187121 

7-640321 

447 

199809 

89314623 

21-1423745 

7-646027 

1 

448 

200704 

89915392 

21-1660105 

7-651725 

449 

20I60I 

90518849 

21-1896201 

7-657414 

m 

450 

502500 

91125000 

21-2132034 

7-663094 

% 

SQUARES,  CUBES,  A^D  ROOTS. 


■ 

Numb. 

Square. 

203401 

Cube. 

91733^51 

1  Square  "Root. 

Cub  iv  .{. 

• 

451 

21-2367606 

7-666766 

452 

204304 

92345408 

21-2602916 

7-674430 

453 

;  205209 

92959677 

21-2837967 

7-680085 

454 

i  206116 

93576664 

21*3072758 

r-685732 

1   455 

1  207025 

94196375 

21-3307290 

7  691371 

I 

456 

207936 

94818816 

21-3541565 

7-697002 

1                    « 
1 

457 

208 S 19 

1 

95443993 

21-3775583 

7-702624 

■ 

458 

'  209764 

96071912 

21-4009346 

7-708238 

459 

;  2K)r^Sl 

96702579 

21-4242853 

7  713844 

460 

1  2 V 1600 

•   97336000 

21-4476106 

7.719442 

461 

1  212521 

97972181 

21-4709106  . 

7.725032 

m 

462 

213444 

9S611128 

21-4941853 

7.730614 

• 

46:3 

;  214369 

99252847 

21-5174348 

7-736187 

* 

^^h^^^^^ 

454 

'  215296 

99897344 

21-5406592 

7-741753 

4-65  f 

216225 

100544625 

21-5638587 

7-747310 

1 

466 

2in56 

101194696 

21-5870331 

7-752860 

'  1  467 

2 1  SOS 9 

101847563 

21-6101828 

7-758402 

468 

21902  4 

102503232 

21-6333077 

7-763936 

• 
• 

469 

2I996I 

'  103161709 

21-6564078 

7-769462 

■ 

470 

220900 

103823000 

21-6794834 

7-774980 

1 

471 

221841 

104487111 

21-7025344 

7-780490 

• 

472 

222784^ 

105154048 

21-7255610 

7-785992' 

473 

223729 

10582*3817 

21-7485632 

7-791487 

474 

224676 

106496424 

21  7715411 

7-796974 

475 

225625 

107171875 

21-7944947 

7*802453 

476 

226576 

107850176 

21-8174242 

7-807925 

477 

227529 

108531333 

21  8403297 

7*813389 

1   478 

223484 

109215352 

21-8632111 

7-818845 

479 

229441 

109902239 

21-8860686 

7*824294 

480 

230400 

110592000 

21-9089023 

r-829735 

481 

231361 

111284641 

21-9317122 

7-835168 

482 

232324 

111980168 
IJ2678587 

21-9544984 

7-840594 

483 

233289 

21-9772610 

7-846013 

484 

234256 

113379904 

22-0000000 

7*851424 

i 

485 

235225 

114084125 

22-0227155 

7'856828 

486 

236196 

114791256 

22-0454077 

7*862224 

487 

237169 

115501303 

22  0680765 

7-8#76I3 

488 

238144 

116214272 

22-0907220 

7-872994 

489 

239121 

116930160 

22-1133444 

7-879368 

490 

240 1 00 

117649000 

22-1359436 

7-883734 

491 

241081 

118370771 

22-1585198 

7*889094 

492 

242064 

119095488 

22-1810730 

7-894446 

493 

243049 

119823157 

22-2036033 

7-899791 

494 

244036 

120553784 

22-2261408 

7-905129 

495 

245025 

121287375 

22-2485955 

7-910160 

496 

246016 

122023936  ' 

22-2710575 

7-915784 

497- 

247009 

122763473 

22.2934968 

7-921100 

\     498 

248004 

123505992 

22.3159136 

7-926408 

I  499 

249001 

124251499 

22.3.383079  • 

7-931710 

\    500 

250000 

1 2500(X)00 

22-3606798 

7-937005 

m 
* 

* 
* 
» 

J 

10# 


ARITHMETIC. 


Numb. 

502 

503 

504 

505 

506 

507 

508 

509 

510 

511 

512 

513 

514 

515 

516 

517 

518 

519  • 

520 

521 

522 

523 

524 

525  . 

526 

527 

528 

529 

530 

531 

532 

533 

534 

535 

536 

537 

538  ' 

539 

540"* 

541 

542 

543 

544 

545 

546 

547 

548 

549 

550 


I 


Square. 

"251001' 
252004 
253009 
254016 
255025 
256036 
257049 
258064 
259081 
260100 
261121 
262144 
263169 
264196 
265225 
266256 
267289 
268324 
269361 
270400 
271441 
272484 
273529 
274576 
275625 
276676 
277729 
278784 
279841 
280900 
281961 
283024 
284089 
285156 
286225 
287296 
288369 
289441 
290521 
29 1 600 
292681 
293764 
294849 
295936 
297025 
298116 
299209 
300304 
301401 
302500 


Cube. 


b(|uaie.  Rxynx      Cube  Root. 


125751501 

126506008 

127263527 

128024064 

128787625 

129554216 

•130323843 

131096612 

131872229 

132651000 

133432831 

134217728 

135005697 

135796744 

136590875 

137388096 

138188413 

138991832 

139798359 

140608000 

141420761 

142236648 

143055667 

143877824 

144703125 

145531576 

146363183 

147197952 

148035889 

148877000 

149721291 

150568768 

151419437 

152273304 

153130375 

153990656 

154854153 

155720872 

156590819 

157464000 

158340421 

159220088 

160103007 

160989184 

161878625 

162771336 

163667323 

164566592 

165469149 

166375000 


22  3830293 

22-4053565 

22  4276615 

22-4499443 

22-4722051 

22-4944438 

22-5166605 

22  53S8553 

22.5610283 

22-5831796 

22  6053091 

22-6274170 

22-6495033 

22-6715681 

26-6936114 

22  7156334 

22  7376340 

22  7596134 

22"78157I5 

22*8035085 

22  8254244 
22-8473193 
32  8691933 
22-8910463 
22-9128785 
22-9346899 
22*9564806 
22-9782506 
23-0000000 
23-0217289 

23  0434372 
23-0651252 
23-0867928 
23-1084400 
23-1300670 
23-1516738 
23-1732605 
23-1948270 
23-2163735 
23-2379001 
23-2594067 
23-2808935 
23^3023604 
23-3238076 
23  3452351 
23  3666429 
23-388031 1 
23*4093998 
23*4307490 
23-4520788 


7-942293 

7-947573 

7-952847 

7-958114 

7-963374 

7-968627 

7-973873 

7-979112 

7'984344 

7*989569 

7*994788 

8*000000 

8*005205 

8-010403 

8-015595 

8*02i779 

8-025957 

8-031129 

8-036293 

8-041451 

8-046603 

8051748 

8*056886 

8*062018 

8*067143 

8-072262 

8-077374 

8-0824'80 

8-087579 

8*092672 

8-097758 

8-102838 

8*107912 

8-112980 

8-118041 

8-123096 

8-128144 

8«133186 

8-138223 

8-143253 

8-148276 

8-153293 

8-158304 

8-163309 

8-168308 

8*173302 

8*178289 

8-183269 

8  188244 

8193212 


\ 


I 


i 


'm^f 


SQUARES,  CUBES,  AND  ROOTS, 


101 


fNumb. 

S(]uare. 

t    Cube. 

Square  Ro  t. 

Cube  Root. 

8-198175 

551 

303601 

1 

167284151 

23-4733892. 

552 

/  304704 
1  305809 

168196608 

23-4946802 

8-203 1 3 1 

553 

169112377 

23-5159520 

8-208082 

554 

3069 1 6 

170031464 

23-5372046 

8.213027 

555 

308025 

170953875 

23-5584380 

8-217965 

556 

309136 

171879616 

23-5796522 

8.222898 

557 

310249 

172808693 

23.6008474 

8.227825 

558 

311364 

173741112 

23-6220236 

8-232746 

559 

312481 

174676879 

23-6431808 

8-237661 

560 

313600 

175616000 

23-6643191 

8-242570  ' 

561 

314721. 

176558481 

23-6854386 

*  8  247474 

562 

315844* 

177504328 

23-7065392 

8-252371 

563 

516969 

178453547. 

23-7276210 

8-257263 

56# 

318096 

179406144 

23-7486842 

8*262149 

5^5 

319225 

180362125 

23-7697286 

8-267029 

566 

320356 

181321496 

23  7907545 

8-271903 

567 

321489 

182284263 

23'8U7618 

8-276772 

568 

,322624 

183250432 

23  ^327506 

8'28>635 

569 

323761 

184220009 

23  8537209 

8-286493 

570 

324900 

185193000 

23-8746728  * 

8-291344 

571 

3260il 

186169411  - 

23-8956063 

8-296190 

572 

327184 

187149248 

23-9165215 

8-301030  • 

575 

328329 

188132517 

23-9374184 

8-305865 

574 

329476 

189119224 

239582971 

8  310694 

575 

330625 

190109375 

23-9791576 

8-315517  ' 

576 

331776 

191102976 

24*0000000 

8-320335 

577 

332929 

1921O0033 

24O«08243 

8-325147 

578 

334084 

193100552 

24-0416306 

8-329954 

579 

335241 

194104539 

24-0624188 

8-334755 

580 

336400 

195112000 

24  0831892 

8-339551 

581 

337561 

196122941 

24-1039416 

8-344341 

582 

338724 

197137368 

24.1246762 

8-349125 

583 

339889 

198155287 

24.1453929 

8-353904 

584 

341056 

199176704 

ft  4. 1 6609 1 9 

8-358678 

585 

342225 

200201625 

24.1867732 

8. 363446 

586 

343396 

201230056 

24-2074369 

8  368209 

587 

344569 

202262003 

24-2280829 

8-372966 

588 

345744 

203297472 

24.2487113 

8-377718 

589 

346921 

204336469 

24-2693222 

8-382465 

590 

348100 

205379000 

24-2899156 

8-387206 

591 

349281 

206125071 

24-3104916 

8-391942 

592  • 

350464 

207474688 

24-3310501 

8-396673 

593 

351649 

208527857 

24-3515913 

8-401398 

594 

352836 

209584584 

24-3721152 

8-406118 

595 

354025 

210644875 

24.3926218 

8-410832 

596 

355216 

211708736 

244131112 

8-415541 

597 

356409 

212776173 

24'4355834 

8*420245  '  ' 

598 

357604 

213847192 

24-4540385 

8-424944 

599 

358801 

214921799 

24-4744765 
24-4948974 

8  429638 
8-434327 

600 

360000 

2 1 6000000 

!02 


ARITHMETIC. 


]1 


/  - 


Numb. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

. 

601 

361201 

217081801 

24-5153013 

8-439009 

602 

362404 

218167208 

24-5356883 

8-443687 

603 

363609 

219256227 

24-5560583 

8-448360 

■604 

364816 

220348864 

24-5764115 

8-453027 

605 

366025 

221445125 

24'5967478 

8-457689 

606 

367236 

222545016 

24*6170673 

8-462347 

60  r 

368449 

223648543 

24-6373700 

8  466999 

60vS 

369664 

224755712 

24.6576560 

8'471647 

609 

370881 

225866529 

24-6779254 

8-476289 

610 

372100 

256981000 

24.6981781 

8-480926 

{ 

611 

373321 

228099131 

24.7184142 

.  8-485557 

612 

374544 

229220928 

24-7386338 

8-490184 

613 

375769 

230346397 

24-7588368 

8*494|p6 
8-499f23 

614 

376996 

231475544 

24-7790234 

* 

615 

378225 

232608375 

24-7991935 

.  8-504034 

616 

379456 

233744896 

24-8193473 

8-508641 

6ir» 

380689 

234885113 

24-8394347 

8-513243 

618 

381924 

236029032 

24-8596058 

8-517840 

619 

383161 

237176659 

24-8797106 

8-522432 

620 

384400 

238328000 

24-8997992 

8-527018 

621 

385641  ■ 

239483061 

24-9198716 

8-531600 

622 

386884 

240641848  . 

24-9399278 

8'536177 

623. 

388129 

241804367 

24-9599679 

8-540749 

'624 

389376 

242970624 

24-9799920 

8*545317 

625 

390625 

244140625 

25-0000000 

8*549879 

626 

391876 

245314376 

25*0199920 

8-554437  . 

' 

627 

393129 

246491683 

25-0399681- 

8-558990 

628 

394384 

247673152 

25-0599282 

S*5635S7 

» 

629 

395641 

248858189 

25-0798724 

8-568080 

630 

396900 

250047000 

25*0998008 

8-572618 

631 

398161 

251239591 

25-1197134 

8-577152 

632 

399424 

252435968 

25'1396102 

8-581680 

633 

400689 

253636137 

25-1594913 

8-586204 

634 

401956 

254840104 

25-1793566 

8-590723 

635 

403225 

256047875 

25-1992063 

8-595238 

636 

404496 

257259456 

25-2190404 

8-599747 

637 

405769 

258474853 

25-2388589 

8-604252 

638 

407044 

259694072 

25-2586619 

•  8-608752 

639 

408321 

260917119 

25-2784493 

8-613248 

640 

409600 

262144000 

25-2982213 

8-617738 

641 

410881 

263374721 

25  3179778  ' 

8-62^^224 

642 

412164 

264609288 

25-3377189 

8-626706 

643 

413449 

265847707 

25-3574447 

8-631183 

• 

644 

414736 

267089984 

25-3771551 

8-635655 

645 

416025 

268336125 

25-3968502 

8-640122 

646 

417316 

269586136 

25-4165301 

8*644585 

647 

418609 

270840023 

25-4361947 

8-649043 

648 

419904 

272097792 

25-4558441 

^•653497 

649 

421201 

273359449 

25-4754784 

8-657946 

650 

422500  1 

274625000 

25-4950076 

8-662301  / 
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Numb. 

652 

653 

654 

655 

656 

657 

658 

659 

660 

661 

662 

663 

664 

665 

666 

667 

668 

669 

670 

671 

672 

673 

674 

675 

676 

677 

678 

679 

680 

681 

682 

683 

684 

685 

686 

687 

688 

689 

690 

691 

692 

693 

694 

695 

696 

697 

698 

699 

700 


Square. 

42"3¥or 

425104 

426409 

427716 

429025 

430336 

43 1 649 

432964 

434281 

435600 

436921 

438244 

439569 

440896 

442225 

443556 

444889 

446224 

447561 

448900 

450241 

451584 

452929 

454276 

455625 

456976 

458329 

459684 

461041 

462400 

463761 

465124 

466489 

467856 

469225 

470596 

471969 

473344 

474721 

476100 

477481 

478864 

480249 

481636 

483025 

484416 

485809 

487204 

488601 

490000 


Cube. 


275894451 
277167808 
278445077 
5^79726264 
281011375 
282300416 
283593393 
284890312 
28619  U79 
287496000 
288804781 
290117528 
291434247 
292754944* 
294079625 
295408296 
.296740963 
298077632 
299418509 
300763000 
302111711 
303464448 
304821217 
306182024 
307546875 
308915776 
310288733 
311665752 
313046839 
314432000 
315821241 
317214568 
318611987 
320013504 
321419125 
322828856 
324242703 
3256606r2 
327082769 
328509000 
329939371 
331373888 
332812557 
334255384 
335702375 
337153536 
3386088ft 
340068392 
341532099. 
343000000 


Square  Root,  i  Cube  Hoot. 


2d*5147016 
25-5342907 
25-5538647 
25-5734237 
25-5929678 
25-6124969 
25-6320112 
25-6515107 
25-6709953 
25*6904652 
25-7099203 
25-7203607 
25-7487864 
25-7681975 
25-7875939 
25-8069758 
25*8263431 
25'8456960 
25'8650343 
35*8843582 
25-9036677 
25*9229628 
25-9422435 
25-9615100 
25-9807621 
26-0000000 
26-0192237 
26-0384331 
26'05762«4 
26-0768096 
26*0959767 
26-1151297 
26-1342687 
26-1533937 
26-1725047 
26-19(6017 
26-2106848 
26-2297541 
26-2488095 
26-2678511 
26-2868789 
26-3058929 
36  3248932 
26-3438797 
26*3628527 
26-3818119 
36-4007576 
•  26-4196896 
26'438608l 
26-4575131 


■M^*' 


8'66o831 
8-671266 
8-675697 
8-6S0123 
8-684545 

8*688963 
8*693376 

8-6977'84 
8-702188 
8-706587 

8-710982 
8-715373 
8*719759 
8*724141 

8*728518 
8-732891 

8*737i^GU 

-^••741624 

8'745i)84 

8'75U3'%0 
8*75469! 
8-759033 
«*/^3380 
8-767719 

8-772:;53 

8-776382 
8-780768^ 
8-785029 

8-789346 

8-79.'^r.59 
8797967 
8-802272 
a-806572 
8-8  lossy 
8-815159 
8-819447 
8-823730 
8-828009 

8-S322«5 
8-836jo5 
8*840822 
8-845085 
8-849344 
8-853598 
8-857849 
8-862095 
8-866337 
8-870575 
8-874809 
8-879040 


1U4 


ARITHMETIC. 


N'umb. 

Square. 
491401 

Cul^e. 

Square  Root. 

Cube  Root. 

roi 

344472101 

26-4764046 

8-883266 

702 

492804 

345948008 

26-4952826 

8-887488 

1 

703 

494209 

547428927 

26-5141472 

8-891706 

r 

704 

495616" 

348913664 

26-5329983 

8-895920 

• 

> 

705 

497025 

350402 b25 

26-5518361 

8-900130 

tf 

706 

498436 

351895816 

26-5706605 

8-904336 

707 

499849 

353393243 

26-5894716 

8-908538 

708 

501264 

354894912 

26-6082694 

8-912736 

1 

709 

5©2681 

356400829 

26-6270539 

8-916931 

710 

504 10» 

357911000 

26-6458252 

8.921121 

711 

505521 

359425431 

26-6645833 

8.925307 

712 

506944 

360944 12s 

26-6833231 

8.929490 

713 

508369 

362467097 . 

26-7020598 

8933668 

714 

509796 

363994344 

26-7207784 

8-937843 

". 

715 

511225 

365525875 

26-7394839 

8.942014 

716 

512656 

367061696 

26-7581763 

8.946I8O 

b       i 

717 

514089 

368601813 

26-7768557 

8.950343 

0 

718 

515524 

570146232 

26-7955220 

8.954502 

. 

719 

516961 

371694959 

26'8  141754 

8.958658 

• 

720 

518400 

373248000 

26-8328157 

8*962809 

• 
1 

721 

519841 

374805361 

26-8514432 

8966957 

w 

1 

722 

521284 

376367048 

26-8700577 

8  971100  ' 

I 

e 

723 

^522729 

377933067 

26-8886593 

8-975240 

* 

724 

524176 

379503424 

26-9072481 

8-979376 

* 

725 

525625 

381078125 

26-9258240 

8-983508 

1 

72^ 

527076 

382657176 

26-9443872 

8-987637 

■ 
ft 

?27 

528529 

384240583' 

56-9629375 

8-991762 

»  • 

728 

529984 

385828352 

26-9814751 

9-995883 

729 

631441 

387420489 

27-0000000 

9-000000 

730 

532900 

389017000 

27-0185122 

9-004113 

731 

534361 

390617891 

27.0370117 

9.008222 

■ 

732 

535824 

392223163 

27-0554985 

9-012328 

733 

537289 

393832837 

27-0739727 

9-016430 

734 

538756 

395446904 

27-0924344 

9-020529 

735 

540225 

397065375 

27-1108834 

9-024623 

736 

541696 

398688256 

27-1293199 

9-028714 

• 
1 

m 

737 

543169 

400315553 

27-1477439 

9-032802 

• 

738 

544644 ' 

401917272 

27-1661554 

9-036885 

M 

739 

546121 

403583419 

27-1845544 

9-040965 

• 

740 

547600 

405224000 

27*2029410 

9-045041 

* 

741 

549081 

406869021 

27*2213152 

9-049114 

742 

550564 

408518488 

37*2396769 

9-053183 

743 

552049 

410172407 

27*2580263 

9-057248 

744 

553536 

411830784 

27-2763634 

9.061309 

745 

555025 

413493625 

27-2946881 

9-065367 

746 

556516 

415160936 

*  27-3130006 

9069422 

• 

747 

558009 

416832723 

27-3313007 

9-073472 

748 

559504 

41&508992 

27-3495887 

9077519 

^ 

f49 

561001 

420189749 

27-3678644 

9  08156S 

' 

'  750 

562500 

421875000 

27-3861279 

9-085603 

I 
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I  Numb. 


I 


^51 

I  752 

I  rs3 

754 

755 

756 

757 

758 

759 

760 

761 

762 

763 

764 

765 

766 

767 

768 

769 

770 

771 

772 

773 

774, 

775 

776 

777 

778 

779 

780 

781  - 

782 

783 

784 

785 

786 

787 

788 

789 

790 

791 

792 

793 

794 

795 

796 

797 

798 

799 

800 


Square.  I    Cube. 


Square  Root.  Cube  Root. 


564001 

565504 

567009 

568516 

570025 

571536 

573049 

574564 

576081 

577600 

579121 

580644 

582169 

5B3696 

585225 

586756 

588289 

589824 

591351 

592900 

594441 

595984 

597529 

599076 

600625 

602176 

603729 

605284 

606841 

608400 

609961 

611524 

613089 

614656 

616225 

617796 

619369 

620944 

622521 

624100 

625681 

627264 

628849 

630436 

632025 

633616 

635209 

636804 

638401 

640000 


423564751 

425259008 

426957777 

428661064 

430368875 

432081216 

433798093 

435519512 

437245479 

438976000 

440711081 

442450728 

444194947 

445943744 

447697125 

449455096 

45 12 J  7663 

452984832 

454756609 

456533000 

458314011 

460099648 

461889917 

463684824 

465484375 

467288576 

469097433 

470910952 

472729139 

474552000 

476379541 

478211768 

48004B687 

481890304 

4837S6025 

485587656 

487443403 

489303872 

491169069 

493039000 

494913671 

496793088 

498677257 

500566184 

502459975 

504358336 

506261573 

508169592 

510082399 

512000000 


VeL.  I. 


27-4043792 

27-4226184 

27*4408455 

27-4590604 

27-4772633 

27*4954542 

27-5136330 

27  5317998 

27-5499546 

27-5680975 

27.5862284 

27-6043475 

27  6224546 

27-6405499 

27-6586334 

27'67670S0 

27-6947648 

27-7128129 

27-7308492 

27-7488739 

27  7668868 
27-7848880 
27-8028775 
27-8208555 
27-8388218 
27-8567766 
27-8747197 
278926514 
27-9105715 
27.9284801 
27-9463772 
27  9642629 
27-9821372 
28-0000000 
280178315 
28-0356915 
28-0535203 
28-0713377 

28  0891438 
28-1069386 
28- 1247222 
28-1424946 
28-1602557 
28*1780056 
281957444 

'28-2134720 
28-2311884 
28-2488938 
28-2665881 
28-2842712 

■■■■    !■  . 


9-089639 

9  093672 

9-097701 

9-101726 

9- 105748 

9- 109 766 

9-113781 

91 17793 

9-121801 

9-125805 

9-129806 

9-133803 

9-137797 

9141788 

9-145774 

9149757 

9  153737 

9^157713 

9161686 

9- 165656 

9-169622 

9-173585 

9- 177544 

9-181500 

9-185452 

9-189401 

9.193347 

9-197289 

9  201228 

9-205164 

9-209096 

9-213025 

9-216950 

9-220872 

9  22479 1 

9-228706 

9-232618 

9-237527 

9.240433 

9.244335 

9.248234 

9.252130 

9-256022 

9  259911 

9-263797 

9-267679 

9.271559 

9.275435 

9.279308 

9283177 


toa 


ARITHMETIC. 


Numb. 

Square. 
811801 

Cube. 

Stjnare  Hoot. 

Cube  Koot. 

901 

731432701 

30  0166620 

9-658468 

902 

8 1 3604 

733870808 

30  0333148 

9-662040 

903 

815409 

736314327 

SO  0499584 

9-665609 

904 

817216 

738763264 

30-0665928 

9-669176 

905 

819025 

741217625 

300832179 

9  672740 

906 

820836 

743677416 

30  0998339 

9-676301 

907 

822649 

746142643 

30-1164407 

9*679860 

908 

824464 

748613312 

30-1330383 

9-683416 

909 

826281 

751089429 

30-1496269 

9-686970 

910 

828100 

753571000 

30-1632063 

9-690521 

911 

82992 1 

756058031 

30-1827765 

9-694069 

912 

831744 

758550528 

30  1993377 

9-697615 

913 

833569 

761048497 

302158899 

9-701158 

914 

835396 

763551944 

30-2324329 

9-704698 

915 

837225 

766060875 

30-2489669 

9-708236 

916 

839056 

768575296 

30-2654919 

9-711772 

917 

840889 

771095213 

30-2820079 

9715305 

918 

842724 

773620632 

30  2985148 

9718835 

919 

844561 

776151559 

30-3150128 

9-722363 

930 

846400 

778688000 

30-3315018 

9-725888 

921 

848241 

781229961 

30-3479818 

9-729410 

922 

850084 

783777448 

30-3644529 

9-732930 

923 

851929 

786330467 

30-3809151 

9-736448 

934 

853776 

788889024 

30.3973683 

9-739963 

925 

855625 

791453125 

30.4138127 

9-743475 

926 

857476 

7940f2776 

30-4302481 

9-746985 

927 

859329 

796597983 

30-4466747 

9-750493 

928 

861184 

799178752 

30-4630924 

9-753998 

929 

863041 

801765089 

30-4795013 

9  757500 

930 

864900 

804357000 

30-4959014 

9-761000 

931 

866761 

806954491 

30'5 122926 

9-764497 

932 

868624 

809557568 

30-5286750 

9-767992 

933 

870489 

812166237 

30-5450487 

9-771484 

934 

872356 

814780504 

30-5614136 

9-774974 

935 

874225 

817400375 

30.5777697 

9-778461 

936 

876096 

820025856 

30.5941171 

9-782946 

937 

877969 

822656953 

30.6104557 

9-785428 

938 

879844 

825293672 

30.6267857 

9-788908 

939 

881721 

827936019 

So-6431069 

9-792386 

940 

883600 

830584000 

30-6594194 

9-795861 

941 

885481 

^33237621 

30-6757233 

9  799333 

942 

887364 

835896888 

30  6920185 

*  9-802803 

943 

889249 

838561807 

30-7083051 

9-806271 

944 

891136 

841232384 

50-7245830 

9*809736 

945 

893025 

843908625 

30-7408523 

9*813198 

946 

8949 1 6 

846590536 

30-7571130 

9-816659 

947 

896809 

849278123 

30-7733651 

9-820117 

948 

898704 

851971392 

50-7896086 

9-823572 

949 

900601 

854670349 

30-8058436 

9-827025 

950 

902500 

857375000 

30  8220700 

9-830475 
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Numb. 

Square. 

Cube. 

Square  Root 

Cube  Root. 

« 

951 

904401 

860085351 

30•8^382879 

9833923 

952 

906304 

862801408 

30-8544972 

9-837369 

* 

953 

908209 

865523177 

30-870698 1 

9-840812 

954 

910116 

868250664 

30-8868904 

9-844253 

955 

912025 

870983875 

30-9030743 

9.847692 

1 

956 

913936 

873722816 

30-9192497 

9.851128 

957 

915849 

876467493 

30.9354166 

9.854561 

958 

917764 

879217912 

309515751 

9.857992 

! 

959 

919681 

881974079 

30-9677251 

9.861421 

1 

960 

921600 

884736000 

30-9838668 

9*861848 

1 

961 

923521  ' 

887503681 

31-0000000 

9-868272 

• 

962 

925444 

890277128 

310161248 

9.871694 
9.875113 

963 

927369 

893056347 

31-0322413 

964 

929296 

895841344 

31-0483494 

9-878530 

965 

931225 

893632125 

31  0644491 

9-881945 

966 

933156 

901428696 

310805405 

9-885357 

967 

935089 

904231063 

31-0966236 

9-888767 

968 

937024 

907039232 

31-1126984 

9-892174 

969 

938961 

909853209 

31*1287648 

9-895580 

970 

940900 

912673000 

31-1448230 

9-898983 

971 

942841 

915498611 

31*1608729 

9.902383 

972 

944784 

918330048 

311769145 

9.905781 

973 

946729 

921167317  a 

3U1929479 

9.909177 

974 

948676 

924010424 

31-2089731 

9.912ff7t 

975 

950625 

926859375 

31-2249900 

9.915962 

976 

952576 

929714176 

51-2409987 

9.919351 

977 

954529 

932574833 

31*2569992 

9-922738 

• 

978 

956484 

935441352 
938313739 

31-2729915 

9-926122 

979 

958441 

31-2889757 

9-929504 

980 

960400 

941192001 

31-3049517 

9.932883 

981 

962361 

944076141 

31-3209195 

9-936261 

982 

964324 

946966168 

31-3368792 

9-939636 

983 

966289 

949862087 

31-3528308 

9-943009 

984 

968256 

952763904 

3U3687743 

9-946379 

985 

970225 

955671625 

31-3847097 

9-949747 

986 

972196 

958585256 

31-4006369 

9-953113 

■ 

987 

974169 

961504803 

31-4165561 

9-956477 

988 

976144 

964430272 

31-4324673 

9-959839 

1 

989 

978121 

967361669 

31-4483704 

9-963198 

990 

980100 

970299000 

31-4642654 

9*966554 

991 

982081 

973242271 

31*4801525 

9-969909 

992 

984064 

976191488 

31-4960315 

9-973262 

993 

986049 

979146657 

31-5119025 

9976612 

994 

9880S6 

982107784 

31-5277655 

9-979959 

995 

990025 

985074875 

3 1  -5436206 

9.983304 

996 

992016 

988047936 

31-5594677 

9-986648 

997 

994009 

991026973 

31-5753068 

9*989990 

1  998 

996004 

994011992 

3I'59n380 

9-993328 

1  999 

998001 

997002999 

31*5069613 

9-996665 

• 
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OF  RATIOS,  PROPORTIONS,  AND  PROGRESSIONS. 

Numbers  are  compared  to  each  other  in  two  different 
ways :  the  one  comparison  considers  the  difierence  of  the  tw6 
nuniberS)  and  is  named  Arithmeiical  Relation ;  and  the  dif- 
ference someiimes  the  Ariihmetical  Ratio :  the  other  consi- 
ders their  quotient,  which  is  called  Geometrical  Relation ; 
and  the  quotient  is  the  Geometrical  Ratio.  So,  of  these  t\io 
numbers  6  and  3,  the  difference,  or  ariihmetical  ratio,  is 
6  -^  3  or  3,  but  the  geometrical  ratio  is  f  or  2. 

There  must  be  two  numbers  to  form  a  comparison  :  the 
number  which  is  compared,  being  placed  first,  is  called  the 
Antecedent;  and  that  to  wnich  it  is  compared*  the  Conse- 
quent. So,  in  the  two  numbers  above,  6  is  the  antecedent, 
and  S  the  consequent. 

If  two  or  more  couplets  of  numbers  have  equal  i^tios,  or 
equal  differenced,  the  equality  is  named  Proportion,  and  the 
terms  of  the  ratios  Proportionals.  So,  the  two  couplets,  4,  2 
and  8,  6,  are  arithmetical  proportionals,  because  4  —  2  cs  8 
«*-  6  tss  3  ;  and  the  two  couplet«  4, 2  and  6,  3,  are  geometri- 
cal .pcoportionals,  because  |  ^f  em  2,  the  same  ratio. 

To  denote  numbers  as  being  geometrically  proportional^  a 
colon  is  set  between  the  terms  of  each  couplet,  to  denote  their 
ratio  ;  and  a  double  colon,  or  else  a  mark  of  equality  between 
the  couplets  or  ratios.  So,  the  four  proportionals,  4,  3,  6,  3 
are  set  thus,  4  :  2  :  :  6  :  3,  which  means,  that  4  is  to  2  as  6 
is  to  3  ;  or  thus,  4  :  2  ss  6  :  3,  or  thus,  ^  o  |,  both 
which  mean>  that  the  ratio  of  4  to  2,  is  equal  to  the  ratio 
iof  6  to  3. 

Proportion  is  distinguished  into  Continued  and  Disconti- 
nued. When  the  difference  or  ratio  of  the  consequent  of 
one  couplet,  and  the  antecedent  of  the  next  couplet,  is  not  the 
same  as  the  common  difference  or  ratio  of  the  couplets,  the 
proportion  is  discontinued.  So,  4,  2,  8, 6  are  in  discontinued 
arithmetical  proportion,  because  4  —  2b=s8  —  6a:2,  where- 
as  8  -—  2  Bs  6  :  and  4,  2,  6,  3  are  in  discontinued  geometrical 
proportion,  because  4  «»  f  =  ^^  ^^^  ^  ""^  *^>  which  is  not 
the  same. 

But  when  the  difference  or  ratio  of  every  two  succeeding 
terms  is  the  same  quantity,  the  proportion  is  said  to  be  Conti- 
iiued,  and  the  numbers  themselves  make  a  series  of  Continued 

Proportionals, 
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Proportionals)  or  a  progre$8ioD.  So  2, 4,  6,  8  form  an  arith- 
netical  progression,  because  4 '-2  cs  6— 4  as  8  —  6  ss  2,,  all 
the  same  common  difference  ;  and  2,  4^  89  i  6  a  geometrical 
progression,  because  4  ^b  f  V  ^  ^'  ^''  ^^^  same  ratio. 

When  the  following  terms  of  a  progression  increase,  or 
exceed  each  other  it  is  called  an  Ascending  Progression,  ot 
Series ;  but  when  the  terms  decrease,  it  is  a  descending  one. 
So,  0,  1,  2,  3,  4,  &c.  b  an  ascending  arithnteticai  progression» 
but  9,  7,  5,  3t  1,  &c.  is  a  descending  arithmetical  progressioii. 
Also  1,2,  4,8, 16,&c.  is  an  ascending  geoipetrical  progressioD| 
and  16>  8,  4>  2, 1,  fee.  is  a  descending  geomeuical  progresaion* 


ARITHMETICAL  PROPORTION  fl»rf PROGRESSION. 

Ih  Arithmetical  Progressien,  the  numbers  or  terms  have  all 
the  same  common  difference.  Also,  the  first  and  last  terms 
of  a  Progression,  are  called  the  Extremes ;  and  the  other 
terms,  lying  between  them,  the  Means.  The  most  useful 
part  of  arithmetical  proportions)  is  contained  in  the  follow- 
ing theorems : 

Thkokvm  1.  When  four  quantities  are  in  arithmetical 
proportion,  the  sum  of  the  two  extremes  is  equal  to  the  sum 
of  the  two  means.    Thus,  of  the  four  2,  4,  6, 8,  here  2  + 

8  a  4  +  6  -a   10«  ;, 

TaBORBic  2.  In  any  continued  arithmetical  progressioB^ 
the  sum  of  the  two  extremes  is  equal  to  the.  sum  of  any  two 
means  that  are  equally  distant  from  them,  or  equal  to  doublo 
the  middle  term  when  there  is  an  uneven  nui^ber  of  terms* 

Thus,  in  the  terms  1,  3,  5,  it  is  1  *f  5  a  3  -f  3  ==  6. 

And  in  the  series  2,  4,  6,  8,  10,  12|  14,  it  is  2  -f  14  a  4 
+  12  s  6  -f  10  a  8  4.  8  B  16. 

Tbeorkm  3.^  The  difference  between  the  extreme  terms 
of  an  arithmetical  progression  is  equal  to  the  common  dif- 
ference of  the  series  multiplied  by  one  less  than  the  number 
of  the  terms.  So,  of  the  ten  terms,  2,  4,  6,  8,  10,  12,  14t 
16,  18,20,  the  common  difference  is  2,  and  one  less  than 
the  number  of  terms  9  'y  then  the  difference  of  the  extremes 
is  20—  2  SB  18,  and  2  X  9  » 18  also. 

Consequently^ 
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Consequentlfy  the  greatest  term  Is  eqaal  to  the  least  term. 
addM  to  the  product  of  the  common  difference  multiplied  bjr 
I  less  thui  the  mimber  of  terms. 

Trsorsm  4.  The  sum  of  all  the  termsi  of  any  arithme* 
tical  progrcssioOf  is  equal  to  the  sum  of  the  two  extremes  mul« 
tiplied  bf  the  number  of  terms,  and  divided  by  2  ;  or  the  sum 
of  the  twQ  extremes  multiplied  by  the  number  of  the  terms, 
gives  double  the  sum  of  all  the  terms  io  the  series. 

This  is  made  evident  by  setting  the  terms  of  the  series  in 
an  inverted  order,  under  the  same  aeries  in  a  direct  order^  and 
adding  the  corresponding  terms  together  in  that  order.  Thus» 
in  the  series  1,  3,  5,  7,  9,  11,  13,  15; 
ditto  inverted  15,       13,       11,        9,        7,        5,         3,         I  j 

the  sums  are  16+ 16+  16  +  16+16+  16  +  16  +  16, 
Trkich  must  be  double  the  sum  of  the  single  series,  and  is 
equal  to  the  sum  of  the  extremes  repeated  as  often  as  are  the 
number  of  the  terms. 

From  these  theorems  may  readily  be  found  any  one  of 
these  five  parts  ;  the  two  extremes,  the  number  of  terms,  the 
common  difference,  and  the  sum  of  all  the  terms,  when  any 
three  of  them  are  given ;  as  in  the  following  problems  : 

PROBUBM  L 

Given  the  extreme$j  and  the  dumber  of  Temu  ;  to  Jind  the 

Sum  of  all  the  Terms. 

Add  the  extremes  together,  multiply  the  sum  by  the  num- 
ber of  termS)  and  divide  by  S. 

EXAMPLES. 

1.  The    extremes    being  3  and  19*,   and  the  number  of 
terms  9  •  required  the  sum  of  the  terms  ? 
19 
3 

23 
9  19+3  22 

Or, X  9  =  —  X  9  SB  II  X  9  as  99. 


2)  198  2  2 

— -*—  the  same  answeri^ 

Ans.  99 


2.  It  is  required  to  find  the  number  of  all  the  strokes  a 
common  clock  strikes  in  one  whole  revolution  of  the  index^ 
or  in  13  hours  ?  Ans.  7B. 

Ex. 
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£s.  3.  How  many  strokes  do  the  clocks  of  Veniqe  strike 
in  the  compass  of  the  dnjt  vrhich  go  continualiy  on  from  1 
to  24  o'ciock  ?  Ans.  300« 

4.  What  debt* can  be  discharged  in  a  year,  by  weekiy  pay* 
jnenta  in  arithmetical  progression,  the  first  payment  being  )«, 
and  the  last  or  52d  payment  Si  Zs  L  Ans.  1  $51 49. 

PBOBL&M1L 

Given  the  Extremes^  and  the  Mumbet  of  Terms  ;  to  find  the 

Common  Difference, 

t 

Subtract  the  less  extreme  from  the  greater,  and  divide 
the  remainder  by  1  less  than  the  numiber  oC  terms,  for  the 
common  difTeroiice^ 

£X.\MPL£S. 

1.  The  extremes  being  3  and  19,  and  the  number  of  terms 
9  ;'  required  the  common  difference  ^ 

.19 

3                     19«^3       16 
Or, »  ~  n  2. 

8)  16  9  —  1       8 

Ans    2 

^.  If  the  extremes  be  10  and  Ito,  and  the  number  of  terms 
21  ;  what  is  the  common  difference,  and  the  sum  of  the 
^leries  ?  Ans  the  com.  diff  is  3,  and  the  sum  is  840. 

3.  A  certain  debt  can  be  discharged  in  one  year,  by  weekly 
payments  in  nrithnketicaf  progression,  the  fit*st  payment  being 
l«,  and  the  last  5/  3m  -,  what  is  the  common  difference  of  the 
lierms  i  Ans.  8. 

PROBLEAfm. 

Qrven  «ne  of  the  Extretnea^  the  Commdn  Differ ence^  and  the 
Mimber  of  Terms  :  to  find  the  other  Extreme^  and  the  •um. 
of  the  Seriet. 

MUI.TIPLT  the  common  difference  by  1  less  than  the  num- 
ber of  termsy  and  the  product  will  be  the  difference  of  the 
extremes  :  Therefore  add  the  product  to  the  less  extreme,  to 
give  the  greater  ;  or  subtract  it  ffom  the  greater,  to  give  the 
less  extreme.  <* 

EXAMPLES. 


1 

J 


U4  ARITHMETIC.  ' 

EXAMPLES. 

1.  Given  the  least  term  3j  the  common  difference  2,  of  an 
arithmetical  scnes  of  9  terms ;  to  find  the  greatest  term,  and 
the  sum  of  the  series. 

.     2 
8 

15 
3 

19  the  greatest  term 
3  the  least 

22  sum 
9  number  of  terms. 

2)198 

99  the  sum  of  the  series. 


2.  If  the  greatest  term  be  70,  the  common  difference  3, 
and  the  number  of  terms  21,  what  is  the  least  term,  and  the 
sum  of  the  series  ? 

Ans.  The  least  term  is  10,  and  the  sum  is  840. 

3   A  debt  can  be  discharged  in  a  year,  by  paying  1  shilling 

the  first  week,  3  shillings  the  second,  and  so  on,  always  3 

shillings  more  every  week  ;  what  is  the  debt,  and  what  will 

the  last  payment  be  I 

Ans.  The  last  payment  will  be  5/  3«^  and  the  debt  is  135/  4»« 

PROBLEM  tV. 

To  find  an  Arithmetical  Mean  Prcfiortion^iettoeen  Tkuo  Given 

TerniB* 

Aon  the  two  given  extremes  or  terms  together,  and  take 
half  their  sum  for  the  arithmetical  mean  reqmred. 

EXAMPLE. 

To  find  an  arithmetical  mean  between  the  two  numbers  4 
and  14. 

Here 
14 

4 


2)   16 

Ans.    9  the  mean  required 


PROBUSM 
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PROBLEM  V. 

'TofindtVDQ  Atithmeiical  Means  bettoeen  Two  Given  £2: tr ernes. 

Subth  act  the  less  extreme  from  the  greater,  and  divide 
the  differ eoce  by  S,  so  nvill  the  quotient  be  the  common  dif- 
ference ;  which  being  continually  added  to  the  less  extreme^ 
or  taken  from  the  gteater>  gives  the  means. 

EXAMPLE. 

To  find  two  arithmetical  means  between  2  and  8. 
Here  8 
2 

3)6        Then  2 +  2  =4  the  one  mean. 
—  and  4  -{.  2  =  6  the  other  mean, 

comdif.    .    2      . 

:  PROBL£M  VL  ^ 

jTo  Jind  any  Number  of  jiriihmetical  Meana  betioeen  Ttoo 

Qtven  Terms  or  Mxtremes, 

SxjBT&ikCT  the  less  extreme  from^  the  greater^  and  divide 
the  difference  by  I  more  than  the  number-  of  means  required 
to  be  foundi  whkh  wiU  gWe^he  common  differences  then 
this  being  added  continuaUy  to .  the  least  term,  or  subtracted 
from  the  greatest^  will  give  the  terms  required^ 

£XAMFI£. 

To  find  five  arithmetical  means  between  2  and  14« 
Here  14 


6)12    Then  by  adding  this  com.  dif.  continually, 
•— ^        the  means  are  fotmd  4,  6, 6)  10^  IS.     • 
conu  dif.  2 


See  more  of  Arithmedctil  progression  in  the  Algebra. 

Q£O^I£TilICAL 
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GEOMETRICAL  PROPORTION  AND  PROGRESSION- 

Im  Geometrical  Progression  the  numbers  or  terms  have 
dl  the  same  multiplier  or  divisor.  The  most  useful  part  of 
Geometri<mi  Proportion!  is  contained  in  .  the  following 
theorems. 

TKXo&sif  1.  When  four  quantities  are  in  geometrical 
proportion)  the  product  of  the  two  extremes  is  equal  to  the 
product  of  the  two  means. 

Tbosf  in  the  four  2,  4, 3^,  6,  it  is  d  x  6  rs  :3  X  4  =s  12. 

And  hence,  if  the  product  of  the  two  means  be  divided  bjr 
one  of  the  extremes,  the  quotient  will  give  the  other  extreme. 
So,  of  the  above  numbers,  the  product  of  the  means  12  -~  2 
ss  6  the  one  extreme^  ^nd  12  -r-^e  £=3  2  the  other  extreme; 
and  this  is  the  foundation  and  reason  of  the  practice  in  the 
Rule  of  Three. 


Theorem  2.  In  an^  continued  geometrical  progression, 
the  product  of  the  two  extremes  is  equal  to  the  product  of 
anjr  two  means  that  are  equally  distant  fit>m  them,  or  equal 
to  the  square  of  the  middle  term  when  there  is  an  uneven 
number  of  terms. 

Thus,iiithe  terms  3^4,  6>  it  is  8  X  B  ss  4  X  4  »  16. 

And  in  the  series  2,  4,  8,  16,  52,  64,  138, 

it  is  2  ^  128  ss  4  X  64  =  8  X  32  =  16  X  16  ==  256. 


Theorem  3.  The  quotient  pf  the  extreme  terms  of  ^ 
geometrical  progressbn^  is  equal  to  the  coimnon  ratio  of  the 
series  raised  to  the  power  denoted  by  I  less  than  the  number 
ot  th^  terms.  Consequently  the  greatest  term  is  equal  to 
th^  least  term  multiplied  by  tb^  said  quotient 

SO)  of  the  ten  terms,  3,  4,  i,  16|  32,  64,  128,  256,  512, 
1024)  the  comxQon  ratio  is  2,  and  one  less  than  the  number 
of  terms  is  9  ;  then  the  quotient  of  ttie  extremes  is  1024-7* 
;)  sBf  512]  and  2*«s:  51|  a{$p. 

TBSQEEilf 
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Theorku  4.«  The  sum  of  all  the  terms^  of  any  geome- 
trical progression,  is  found  by  adding  the  greatest  term  to  tha 
difference  of  the  extremes  divided  by  1  less  than  the  ratio. 

So,  the  sum  of  2,  4,  8»  16,  32,  64,  128,  256,  Sl2y  10^4, 

1024—2 

(whose  ratio  is  2),  ift  1024  + —  »  1024  +  1022=2046.. 

2—1 

Th^  foregoing,  and  several  other  properties  of  geometrical 

proportion,  are  demonstrated  more  at  large  in  the  Algebraic 

part.of  this  work.    A  few  examples  may  h«:re  be  added  of 

the  theorems,  just  deliveied,  ^ith  some  problems  concerning 

mean  proportionals. 

EXAMPLES. 

1.  The  least  of  ten  terms,  In  geometrical  progression^ 
being  1»  and  the  ratio  2  ;  what  is  the  greatest  term,  and  the 
sum  of  all  the  terms  ? 

Ans.  The  greatest  term  is  512,  and  the  sum  1023. 

%  What  debt  may  be  discharged  in  a  year,  or  12  months, 

by  paying  1/the  first  month,  2/ the  second,  At  the  third,  and 

so  on,  each  succeeding  payment  being  double  the  last ;  and 

what  will  the  last  payment  be  ? 

Ans.  The  debt  409  5/,  .and  the  last  payment  20481. 

» 

PROBLEM  L 

ToJlndOne  Ge<anetrica{  Mean  ProfiorUonal  betvaen  any  TVpa 

J^umbet6m 

MvLTtPLY  the  two  numbers  together,  and  extract  the 
square  root  of  the  product^  which  will  give  the  mean  propor* 
tioiud  sought* 

SXAMPU&. 

To  find  a  geometrical  mean  between  the  two  numbei^ 
3  and  12.  » 

12 
3 


36  (6  the  meatt. 

36 


FROBUSM 


*        • 


lO'i 
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*wurat>. 

Sfjuare. 
491401 

Cube. 

S(|iiarc  Root. 
26-4764()46 

C:ube  Root. 

701 

344472101 

8-883266 

702 

492804 

345948008 

26-4952826 

8-887488 

703 

494209 

547428927 

26-5141472 

8-891706 

704 

495616 

348913664 

26-5329983 

8-895920 

705 

497025 

350402 ^25 

26*5518361 

8-900130 

706 

498436 

351895816 

26-5706605 

8-904336 

707 

499849 

353393243 

26-5894716 

8-908538 

708 

501264 

354894912 

26-6082694 

8.91'2736 

709 

5^2681 

356400829 

26-6270539 

8-916931 

710 

504 lOd 

357911000 

26-6458252 

8.92112i 

711 

505521 

359425431 

26-6645833 

8.925307 

712 

506944 

360944 I2S 

26-6833231 

8-929490 

713 

508.569 

362467097 . 

26-7020598 

8-933668 

714 

509796 

363994344 

26-7207784 

8-937843 

715 

5*1225 

365525875 

26-7394839 

8-942014 

716 

512656 

367061696 

26-758J763 

8-946180 

717 

514089 

368601813 

26-7768557 

8-950343 

718 

515524 

370146232 

26-7955220 

8.954502 

719 

516961 

371694959 

26-8141754 

8-958658 

720 

518400 

373248000 

26-8328157 

8.962809 

721 

519841 

374805361 

26-8514432 

8966957 

722 

521284 

376367048 

26-8700577 

8971100 

723 

^522729 

377933067 

26-8886593 

8-975240 

72^ 

524176 

379503424 

26-9072481 

8-979376 

725 

525625 

381078125 

26-9258240 

8.g83508 

726 

527076 

382657176 

26-9443872 

8-987637 

727 

528529 

384240583" 

J6-9629375 

8-991762 

728 

529984 

385828352 

26-9814751 

9-995883 

729 

631441 

387420489 

27-0000000 

9-OOOOOO 

730 

532900 

389017000 

27-0185122 

9-004113 

731 

534361 

390617891 

27.0370117 

9-008222 

732 

535824 

392223163 

27.0554985 

9-012328 

733 

537289 

393832837 

27-0739727 

9-016430 

734 

538756 

395446904 

27-0924344 

9-020529   I 

735 

540225 

397065375 

27-1108834 

9-024623 

736 

541696 

398688256 

27-1293199 

9-028714 

737 

543169 

400315553 

27-1477439 

9-032802 

738 

544644  " 

401917272 

27-1661554 

9-036885 

739 

546121 

403583419 

27-1845544 

9-040965 

740 

547600 

405224000 

27-2029410 

9-045041 

741 

549081 

406869021 

27-2213152 

9-049114 

742 

550564 

408518488 

27-2396769 

9-053183 

743 

552049 

410172407 

27-2580263 

9-057248  1 

744 

553536 

411830784 

27-2763634 

9.061309  1 

745 

555025 

413493625 

27-2946881 

9^065367 

746 

556516 

415160936 

0   27-3130006 

9069422 

747 

553009 

416832723 

27-3313007 

9-073472 

748 

559504 

41&508992 

27-3495887 

9077519 

749 

561001 

420189749 

27-3678644 

9  081563 

750 

562500 

421875000 

27-3861279 

9-085603 

I 

I 

f 

1 


SQUARES,  CUBES,  AND  ROOTS. 


I  Numb. 


' 


752 

753 

754 

755 

756 

757 

758 

759 

760 

7Sl 

762 

763 

764 

765 

766 

767 

768 

769 

770 

771 

772 

773 

774, 

77$ 

776 

777 

T78 

779 

780 

781  - 

782 

783 

784 

785 

786 

787 

788 

789 

790 

791 

792 

793 

794 

795 

796 

797 

798 

799 

800 


Square.  I    Cube. 


Square  Roou 


564001 

565504 

567009 

568516 

570025 

571536 

573049 

574564 

576081 

577600 

579121 

580644 

582169 

583696 

585225 

586756 

588289 

589824 

591361 

592900 

594441 

595984 

597529 

599076 

600625 

602176 

603729 

605284 

606841 

608400 

609961 

611524 

613089 

614656 

616225 

617796 

619369 

620944 

622521 

624100 

625681 

637264 

628849 

630436 

632025 

633616 

635209 

636804 

638401 

640000 


423564751 

425259008 

426957777 

428661064 

430368875 

432081216 

433798093 

435519512 

437245479 

438976000 

440711081 

442450728 

444194947 

445943744 

447697125 

449455096 

45 12 J  7663 

452981832 

454756609 

456533000 

458314011 

460099648 

461889917 

463684824 

465484375 

467288576 

469097433 

470910952 

472729139 

474552000 

476379541 

478211768 

480048687 

481890304 

483736025 

485587656 

487443403 

489303872 

491169069 

493039000 

494913671 

496793088 

498677257 

500566184 

502459375 

504358336 

506261573 

508169592 

510082399 

512000000 


27*4043792 

27-4226184 

27-4408455 

27-4590604 

27-4772633 

27-4954542 

27-5136330 

27  5317998 

27-5499546 

27-5680975 

27.5862284 

27-6043475 

27  6224546 

27-6405499 

27-6586334 

27-6767050 

27-6947648 

27-7128129 

27-7308492 

27-7488739 

27  7668868 
27-7848880 
27-8028775 
27-8208555 
27-8388218 
27-8567766 
27-8747197 
27-8926514 
27-9105715 
27-9284801 
27.9463772 
27  9642629 
27-9821372 
28-0000000 
280178515 
28-03569X5 
280535203 
28-0713377 

28  0891438 
28-1069386 
28- 1247222 
28-1424946 
28-1602557 
28*1780056 
28- 1957444 
28-2134720 
28*2311884 
28-2488938 
28-266588 1 
28-2842712 


Cube  Root 


9-089639 

9093672 

9  097701 

9-101726 

9-105748 

9«109766 

9-113781 

9- 11 7793 

9-121801 

9-125805 

9-129806 

9-133803 

9-137797 

9141788 

9-145774 

9149757 

9  153737 

9-1577X3 

9X61686 

9165656 

9-169622 

9*173585 

9177544 

9-181500 

9-185452 

9-189401 

9-193347 

9-197289 

9  201228 

9-205164 

9-209096 

9-213025 

9-216950 

9-220872 

9  224791 

9-228706 

9-232618 

9-237527 

9-240433 

9.244335 

9.248234 

9.252130 

9-256022 

9  259911 

9-263797 

9-267679 

9-271559 

9.275435 

9.279308 

9-283177 
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120  ARITHMETIC. 

partners  in  company  i  or  the  efTects  of  bankrupts,  or 
legacies  in  case  of  a  deficiency  of  assets  or  effects  ;  or  the 
shares  of  prizes  ;  or  the  numbers  of  men  to  form  certain  de- 
tachments ;  or  the  division  of  waste  lands  among  a  number 
of  proprietors. 

Fellowship  is  either  Sin^e  or  Double.  It  is  Single,  when 
the  sharer  or  portions  are  to  be  proportional  each  to  one  sin- 
gle given  number  only ;  as  when  the  stocks  of  partners  are 
all  employed  for  the  same  time  :  And  Double,  when  each 
portion  is  to  be  proportional  to  two  or  more  numbers  ;  as 
when  the  stocks  of  partners  are  employed  for  different  tincse 


SINGLE  FELLOWSHIP. 

GENERAL  RULE. 

Add  together  the  numbers  that  denote  the  proportion  of 
the  shares.    Then  say^ 

As  the  sum  of  the  said  proportional  numbers^ 
Is  to  the  whole  sum  to  be  parted  or  divided, 
So  is  each  several  proportional  number. 
To  the  corresponding  share  or  part. 

Or,  as  the  whole  stock,  is  to  the  whole  gain  or  loss, 
So  is  each  man's  particular  stock,     v 
To  his  particular  share  of  the  gain  or  loss. 

To  PROVE  THE  Work.  Add  all  the  shares^  or  parts  to- 
getlier,  and  the  sum  will  be  equal  to  the  whole  number  to 
be  shared,  when  the  work  is  right. 

EXAMPLES. 

1.  To  divide  the  number  240  into  three  such  parts,  as 
shall  be  in  proportion  to  each  other  as  the  three  numbers  1; 
3  and  3. 

Here  1  -|-  2  •).  3  =  6,  the  sum  of  the  numbers. 


Then,  as  6  :  340  : 
and  as  6  :  240  : 
also  as  6  :  240  : 


I  :  40  the  Ist  part, 
3  :  80  the  2d  part, 
3  :  120  the  3d  part, 


Sum  of  all  340,  the  proofr 

^        •      Ex.  3. 


SINGLE  FELLOWSHIP*  I2i 

£x.  2.  Three  persoosj  a,  b,  c,  freighted  a  ship  with  340  tuns 
of  wine  ;  of  which,  a  loaded  1 10  tuns^  b  97,  and  c  the  rest  : 
in  a  storm  the  seamen  were  obliged  to  throw  overboard  BS 
tuns  ;  how  much  must  each  person  sustain  of  the  loss  ? 

Here    110+    97  =  207  tuns,  loaded  by  a  and  b  ; 
theref.  340  —  207  =133  tuns,  loaded  by  c. 


Hence,  as  340  :  85 

or  as      4  :      1 

and  as      4:1 

also  as      4^1 


UO 

110  :  274  tuns  s=r  a's  loss  ; 

97  :  2^  tuns  =  b's  loss; 

133  :  a3:^iuns=  c's  loss  } 

Sum  85  tuns,  the  proof* 


3.  Two  merchants,  c  and  o.  made  a  stock  of  120^,  of 
which  c  contributed  75lj  ^nd  d  the  rest :  by  trading  they 
gained  ib/ ;  what  must  each  have  of  it  ? 

Ans.  c  18/  ISsj  and  b  1 U  5»* 

4.  Three  metchants,  e,  f,  g,  mside  a  stock  of  700/,  of 
which  £  contributed  123/,  f  358/,  and  G  the  rest :  by  trading 

i  they  giuu  125/  lOa  ;  what  must  each  have  of  it  ? 

[  Ans.  £  must  have  22/  U  Od  2-^, 

I  F      ...     64    3    8    03|. 

o      •     -     .     39    5   3    l,»y. 

I  5.  A  General  imposing  a  contribution*  of  700/  on  tour 

I  villages,  to  be  paid. in  proporuon  to  the  number  of  inhabitani« 

I  contained  in  each  s  the    1st  containing  250,  the  2d  350,  the 

Sd  400,  and  the  4th  500  persons ;  what  part  must  each  vil^ 

Ikge  pay  I  Ans.  the  1st  to  pay  116/  i3«  Ad. 

i  the  2d    -     -     163     6    8 

the  3d    -    -     186    13    4 
the  4th  -     -     233     6    8 

6.  A  piecot  of  .{^roondf  conusting  of  37  ac  2  ro  14  ps.  is 
to  be  divided  aitiong  three  persons,  l,  m,  and  n,  in  propor- 
tion to  their  estates  :  now  if  l's  esticte  be  worth  500/  a  year, 
m's  320/,  and  n's  75/ ;  what  quantity  of  land  must  each  onq 

I  have  ?  Ans.  l  must  have  20  ac  3  ro  39^41  P^* 

j  .  j^    .    .    -•    13       I      30^. 

I  w     ...       3      0      23\^. 

7.  A  person  is  indebted  to  o  57/  15«,  to  p  108/  3«  Zd^ 
to  Q  22/  lOd,  and  to  K  73/ ;  but  at  his  decease,  his  effects 

_^_^^_  I  I  ■■     H  III  —  .....    -.^^.    ■  ^ 

*  Contribution  is  a  tax  paid  by  provinces,  townsi  villa^esy  &c« 
to  excuse  them  from  being  plundered^  It  is  paid  in  previsions  or  in 
money,  and  someuRies  m  both 

Vofc.  R  R  «re 
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Are  found  to  be  worth  no  more  than  170/  149  ;  ho^  tnliat  it 
be  divided  among  bis  creditors  ? 

Ans.  o  mast  have  57/  15«  5tf  S^^'^^^y, 

p     ...     70   15    2    V^Y%^. 

Q     ...      14     8    4    0/^Ta^V 

R    ...    47  14  11  2^y^^. 

Ex.  8.  A  ship  worth  900/,  being  entirely  lost,  of  which  ^  be-. 
longed  to  s,  i  to  r,  and  the  rest  to  v  ;  what  loss  will  each 
sustain,  supposing  540/  of  her  were  insured  i 

Aus.  8  will  lose  45/,  t  90/,  and  v  225/. 

9.  Four  persons,  w,  x  t«  and  z^  sp^t  among  them  25Sf 
and  agree  that  w  shall  ^^y  i  of  it,  x  ^,  t  ^,  and  a  | ;  that 
js,  their  shares  are  to  be  in  proportion  as  |^  j>,  ^,  »:nd  j: 
\vl)at  are  their  shares  t  Ans.  w  must  pay  9»  Qd  3^^. 

X       -     -  .     6.  5      34I.  J 

t       -     .       4     0      1^  1 

Z       -     -       3j0     3^  I 

10.  A  detachment,  consisting  of  5  companies,  being  sent 
into  a  garrison,  in  which  the  duty  required  76  men  a  day ; 
what  nunkber  of  men  n»ust  be  furnished  by  each  company.,  in 
proportion  to  their  strength  ;  the  first  consisting  of  54  men, 
the  2d  of  51  men,  the  Sdof  48  men,  the  4th  of  39,  and  the 
5th  of  36  rnen  I  . 

Ans.  The  1st  must  furnish  18,  the  Sd  17^  the  Gd   16^  th9 
4th  13,  and  the  5  th  13  men.* 


DOUBLE  FELLOWSEtlP. 


i)ou^Lfe  Fellowship,  as  has  been  said,  is  concerned  in 
Cases  in  which  the  stocks  of  partners  are  employed  or  contih<» 
tied  for  different  times. 


*  Questions  of  this  nature  frequently  occurring  in  military  service. 
General  HaviUncl,  an  officer  of  jrreat  merit,  contrived  an  ingenious  in- 
strument, for  more  expeditiously  resolving  them ;  which  is  distinguish- 
ed by  the  name  of  the  inventor,  beiner  called  a  HnviljinH 


Duuuicui,  lor  more  expeaitiousiy  resolving  them ;  which  i 
ed  by  the  name  of  the  inventor,  being  Called  a  Haviland. 


R<;i.|5» 
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RuLB  *— -Multiply  each  person's  slock  by  the  lime  of  its 
Continuance ;  then  divide  the  quantity,  as  in  Single  FetloWr 
Bhip,  into  shares,  in  proportion  to  these  products,  by  saying. 

As  the  total  sum  of  dll  th6  said  products, 

Is  to  ihe  whole  gain  or  loss,  or  quantity  to  be  parjted^ 

So  is  each  particular  product, 

To  the  correspondent  share  of  the  gain  or  loss* 


EXAMPLES, 


1 .  A  had  in'  company  50/  for  4  months,  and  b  had  60/  for 
^  months  ;  at  the  end  of  which  time  they  find  24i  gained  s 
how  must  it  be  divided  between  them  i  -  , 

Here    50         60 
4  5 


200  +  300  5=  500 


Then,  as  500  s  ^4  : :  200  s    9|  =    9/  12*  =  a*s  share, 
and  as  500  :  24  : :  300  :  i4|  =  14     8    =  b's  share. 

2.  c  and  o  hold  a  piece  of  ground  m  common,  for  which 
they  are  to  pay  54/.     c  put  in  23  horses  for  27  days,  and  q 
53 1  horses  for  39  days  ;  how  much  ought  each  man  to  pay  of 
the  rent  ?  Ans«  c  must  pay  23/  5«  9d^ 

D  must  pay  30  14  S 

4.  Three  persons,  e,  p,  g,  hold  a  pasture  in  comroonj 
for  which  they  are  to  pay  39/  per  annum  ;  into  which  e  put 
f  oKen  for  3  months,  f  put  9  oxen  for  S  months,  and  g  put 
in  4  oxen  for  19  months;  how  nwch  must  each  person  pay 
ef  the  rent  i  Ans.  e  must  pay  5/  10«  6d  \^^q. 

F     .     -      11    16  10   0^%^ 
o     -     -       12  12    7    2j«Y. 

4.  A  ship's  company  take  a  prize  of  1000/.  which  they 
agree  to  divide  among  them  according  to  their  pay  and  the 
time  they  have  been  on  board  :  now  the  officers  and  midship- 
nien  have  been  on  board  6  months,  and  the  jailors  ^  months  ; 


•  The  proof  of  this  rule  is  as  follows  :  When  the  times  are  equal 
the  shares  of  the  gain  or  loss  are  evidently  as  the  stocks,  as  in  Singli; 
Fe  lowship  ;  and  wlien  the  stocks  art^  equ<«I»  the  shares  as  the  times  t 
tkefeibrei  when  neither  are^qual  th^  sharas  must  be  as  their  product^ 
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the  ofllicerfe  have  40«  a  month,  the  midshipmen  309^  amd  the 
sailors  32«  a  month ;  moreover  there  are  4  officers,  13  mid* 
ahipmen}  and  \  lO  sailors ;  what  will  each  man's  share  be  ? 

Ans.  each  officer  must  have  231 2«  sd  0-^^q^ 

each  midshipman      -     17  6   9    3-^^^. 

each  seaman   -    -    -      6  7  2    ^ris' 

Ex.  5.  B«  wKh  a  capital  of  1000/,  began  trade  the  first  of 
January,  and,  meeting  with  success  in  business,  took  in  i  as  a 
parmer,  with  a  capital  of  1500/,  on  the  first  of  ^arch  fol- 
lowing Three  months  after  that  they  admit  k  as  a  third  , 
partner,  who  brought  into  stock  3800/.  Alter  truding  toge- 
ther till  the  end  of  the  year,  they  find  there  has  been  gained 
1776/  lOt ;  how  must  this  be  divided  among  the  partners  ? 
^  Ans  B  must  have  457^   9«  4|^. 

I     -    -     -     571   If^    8J.     * 
K    .    .    .    y4f    3  u*. 

9.  X,  V,  imd  z  made  a  joint-stock  for  13  months ;  x  at 
first  put  in  20/,  and  4  monihs  after  30^  more  ^  t  put  in  at 
first  30/,  at  the  end  of  3  months  he  put  in  30/  more,  and  2  . 
months  after  he  put  in  40/  more  ;  z  put  in  at  first  60/,  and  « 
5  months  after  he  put  in  10/  more,  1  month  after  which  he 
took  out  30/;  during  the  13  months  they  gained  50/,*  how 
much  of  it  mxm,  each  have  ? 

Ans<  X  must  have  10/  ISa  6d  3J|^. 
y     -     -     -     23     8     1    0J|. 
9     -     -    -     16   13    4    0. 
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SIMPLE  INTEREST. 


ItfTERiBST  iB  the  premium  or  sum  allowed  for  the  loan,  or 
forbearance  of  money.  The  money  lent,  or  forbom,  is  called 
the  Principal.  And  the  sum  of  the  principal  and  its  interest^ 
added  together,  is  called  the  Amount,  interest  is  allowed 
a^  so  much  per  cent,  per  annum  ;  which  premium  per  cent» 
per  annum,  or  mterest  of  100/  for  a  year;  is  called  the  rate  of 
lutcrest  |«^S0; 


SIMPLE  INTEREST.  |^25 

yntn  interest  is  at  3  per  cent,  the  rate  is  3 ; 

-  4  per  cent.      -  *   ,    -     4 ; 

-  5  per  cent.      -         -     5 ; 
"     "      -      6  per  cent.     -        -    6 ; 

But>  by  law  ip  England,  interest  ought  not  to  be  taken  high- 
er than  at  the  rate  of  5  per  cent. 

Interest  is  of  two  sorts ;  Simpie  and  ConipoiiAd. 

Simple  Interest  is  that  which  is  aliowed  for  the  principal 
lent  or,  forbom  only,  for  the  whole  time  of  forbearance. 
As  the  interest  of  any  ^um,  for  any  time,  is  directly  propor*  ' 
Uona!  to  the  princip^  sum,  and  als>o  to  the  time  of  contina* 
ance  ;  hence  arises  the  following  genei:al  rule  of  calc^la** 
tion.  , 

As  lOOl  is  to  the  rate  of  interestt  so  is  any  given  principal 
to  its  interest  for  one  year. .  And  again. 

As  1  year  is  to  any  given  time,  so  is  the  interest  for  a  year^ 
just  found,  to  the  interest  of  the  given  sum  for  that  time. 

Othjbrwisb.    Take  the  interest,  of  1  pound  for  a  yeaf,  ^ 
which  multiply  by  the  given  principaf,  and  this  prodiict  again 
by  the  time  of  loan  or  forbearance,  in  years  and  parts,  for  the 
interest  of  the  proposed  sum  for  that  time. 

^ote,  When  there  are  certain  parts  of  years  in  the  time^  • 
as  quarters  or  months,  or  days  :  they  may  be  worked  for» 
either  by  taking  the  aliquot  or  like  parts  of  "the  interest  of  a 
year,  or  by  the  Rule  of  Three,  in  the  usual  way.  Also  to 
divide  by  100^  is  done  b^  only  pointing  off  two  figures  for 
decimals. 


EXAMPLES. 

'    I.  To  find  the  interest  of|230/  io«,  for  I  year,  at  the  rj^te 0( 
4  per  cent,  per  annuni. 

Here;  As  100  :  4  :  :  230/  10«  :  91 4s  4^. 

.     4 


100)  9,33  0 
30 


4  80        Ans.  91 48  4id, 
4 
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Ex»  2.  To  find  the  interest  of  547/  15»,  for  ^  yearsi  at  a  per 
oem-  per  annum- 

As  100  :  5  :  :  547  75 : 

Or  20  :  1  :  s  5^7-75  :  27  3875  interest  (br  I  yean 


^  82  1625  ditto  for  3  years. 
20 


s   3  2500 
12 


d   3  00  Ans;  82/  3»  3rf. 


3.  To  find  the  interest  of  200  guineas,  for  4  years  t  month9 
gad  95  days,  ai  4^  per  cent,  per  annum. 

ds  /  ds 

210/     .  As  365  :  :  9  45  :  25  :     / 

44  or      73  :  :  9  45  :    5  :  -6472 


5 


840 

105  73)  47  25  (-6472 

-' 345 

9«45  interest  for  1  yr,  530 

4  19 

37*80      ditto  4  years. 
6  mo  =3  ^  4  725    ditto  6  months* 
I  mo  =  I     '7875  ditto  1  months 
•6473  ditto  25  days« 

/  43'9597 

20       ' 


9   191940 
12 


4    2-3280 

4  Ab8.  43/ 1 9«  3  </• 
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4.  To  find  the  interest  of  450/,  for  a  year  at  S  per  cent, 
perannmn.  Ans  22/1  09« 

5.  To  find  the  interest  of  715/  1 2»  6(/«  for  a  year»  at  4i  per 
cent,  per  annum  Ans.  32/  4*  o  d^ 

6.  To  find  the  interest  of  7201,  for3  jrearsy  at  5  per  cent,  per 
innum.  fk^s-  lOs/. 


COMPOUND  INTEREST.  W 

7.  To  find  the  interest  of  355/  iSa  for  4  years,  at  4  per 
cent    per  anoum  Ans.  56/184  4j^/. 

£\.  8  To  find  the  interest  of  32/  5t  8d,  for  7.  years,  at>  4^ 
percent,  per  annum.  Ans.  9/  12«  id* 

9.  To  find  the  interest  of  170/,  for  Ij  year,  at  5  per  cent, 
per  annum.  Ans.  12/ 5«« 

10  To  find  the  insurance  on  205/ 15«,  for  }  of  a  year,  at 
4  per  cent,  per  annum.  Ans.  2/  la  1  jrf. 

U.  To  find  the  interest  of  319/  6d,  for  5j  years*  at  3j  jjer 
cent  per  annum.  Ans.  68/    5.9  9^. 

12.  To  find  the  insurance  on  207/,  for  117  days,  at  4i  per 
i^ent  per  annum.  Ans  l/12«7rf. 

13  To  find  the  interest  of  17/  5«,  for  1 17  days,  at  4j  per 
ceni.  per  annum.  Ana.  5«  3rf. 

14.  To  find  the  insurance  on  713/  6«,  for  8  niontha^  at  7^ 
percent,  per  annum.  Ans  35/  12.^  Sjd. 

Mfe.  The  Rules  for  Simple  Interest,  serve  also  to  calcu- 
late Insurances,  or  the  Purchase  of  Stocks,  or  any  thing  else 
that  is  rated  at  so  much  per  cent. 

See  also  more  on  the  subject  of  Interest,  with  the  algebraical 
e:s^pression  and  investigation  of  the  rules  at  the  enid  of  the 
Algebra>  next  fbllowing.  « 


COMPOUND  INTEREST. 

CoMvouHD  Interest,  called  also  Interest  upon  Interest^ 
is  that  which  arises  from  the  principal  and  interest,  taken 
tog:ether,  as  it  becomes  due,  at  the  end  of  each  stated  timeof 
payment.  Though  it  be  not  lawful  to  lend  money  at  Com-* 
pound  Interest,  yet  in  purchasing  annuities,  pensipliSi  or  leases 
m  reversion,  it  is  utuai  to  allow  Compound  Interest  to  the 
purchaser  for  his  ready  money. 

Rules — 1  Find  the  amount  of  the  girtu  principal,  for  the 
time  of  tl)e  first  payment,  by  Simple  Interest.  Then  con- 
sider this  amount  as  a  new  principal  for  the  second  payment, 
^hose  amount  calculate  as  before.  And  so  on  through  all 
the  payments  to  the  lastj  always  accounting  the  last  amount 
as  a  new  principal  for  the  next  payment.  The  reason  of 
which  is  evident  from  the  definition  of  Compound  Interest. 
Or  eUe, 

2.  Find  the  amount  of  I  pound  for  the  time  of  the  first 
payment,  and  raise  or  involve  it  to  the  power  whose  index 
is  denoted  by  the  number  of  payments.    Then  that  power 

mnltiplicd  by  the  given  principal^  vill  produce  the  whole 

an^ount. 


u8  arithmetic: 

amount.  From  which  the  said  principal  being  subtracted^ 
leaves  the  Compound  interest  of  the  same.  As  is  evident 
from  the  first  Rule. 

BXAMPLCa 

1.  To  find  the  amount  of  720/,  Cor  4  ^ears,  at  5  per  cent* 
per  annumy 

Here  5  is  the  20th  part  of  100,  and  the  interest  of  U  for  a 
year  is  ^^  or  *05,  and  its  amount  1*05.    Therefore, 

I.  By  the  Ut  Rule.  '    2.  By  the  M  Rule. 

I         ad  1*05  amount  of  !/• 

20  )  720     0     0     1st  yr's  princip.  r05 

36  0     0     ist  yr*s  interest.  

• — p-  11025  2d  power  of  it. 

20  )  756     0     0     2d  yr's  princip.  1-  -025 

37  16    0     2d  yr's  interest. 

1  2 1550625  4th  pow.  of  it* 


20)  793  16     0     3d  yr's  princip.  720 

39   13     9  J  3d  yr'b  interest.     - 


CO  )  833     9     91  4th  yr's  princip. 
•      *   41   13     5j  4th  yr's  interest. 


/8751645 
20 


a  3  2900 


£  875     3     3:(  the  whole  amount.  12 

~—  or  ans.  required.  • 

d  3-4800 


2.  To  find  the  amount  of  50/,'  in  5  years,  at  5  per  cent,  per 
annum,  compound  interest  Ans.  63/  16«  S^d^ 

3.  To  find  the  amount  of  50/  in  5  years,  or  10  half-years,  at 
5  percent  per  annum,  compound  interest,  the  interest  payable 
half-yearly  Ans.  64/0*  la, 

4.  To  find  the  amount  of  50/,  in  5  years,  or  20  quarters,  at 
5  per  cent,  per  annum,  compound  interest,  the  interest  puy. 
able  quarterly.  Ans.  64/  2«  OJof. 

5.  To  find  the  compound  interest  of  370/  focborn  for  6 
years,  at  4  per  cent,  per  annum.  Ans  98/  3«  4j(f 

6.  To  find  the  compound  interest  of  410/  forbom  for  2  J 
years,  at  4i  per  cent,  per  annum,  the  interest  payable-  half- 
yearly.  Ans.  48/  4«  n|(/« 

7.  To  find  the  amount,  at  compound  interest,  of  217/,  for- 
bom for  2i  years,  at  5  per  cent,  per  annum,  the  interest  pay- 
able quarterly.  Ans.  242/  I3«  A^id. 

J^ote,  See  the  Rules  for  Compound  Interest  algebraically 
investigated,  at  the  end  ol  the  Algebra. 

ALLIGATION- 
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ALLIGATION. 


Alligatiok  teaches  how  to  compound  or  mix  together 
several  simples  of  different  qualities,  so  that  the  composition 
may  be  of  some  intermediate  quality  or  rate.  It .  is  com- 
monly distiaguish  into  two  cases>  Alligation  Medial^  and 
Alligation  Alternate* 


ALUGATION  MEDIAL. 

Allioatiok  Medial  is  the  method  of  finding  the  rate 
or  quality  of  the  composition*  from  having  the  quantities 
and  rates  or  qualities  of  the  several  simples  given.  And  it 
is  thus  performed  : 

*  Multiply  the  quantity  of  each  ingredient  by  its  rate  or 
quality  ;  then  add  all  the  products  together,  and  add  also  all 


*  Detnonttrationn    The  rule  is  thus  proved  by  Algebra. 

I«et  tf,  bt  c  be  the  quantities  of  the  ingredients^ 
and  m,  fly  p  their  rates>  or  qualities*  or  prices  % 
tibelk  am^  bn*  cp  are  their  several  values* 
luid  <tm  +  6n  -(-  cp  the  sum  of  their  values, 
aIbo  a  4-  ft  -|k  c  is  the  sum  of  the  quantities* 
jind  (f  r  tenof^  the  rate  of  the  whole  composition, 

then  a  -^  b  ^  cy^r  wlU  b^  the  value  of  the  -whole^ 

eooseq-  a  -j-  b  ^  c  X  r  =s  am  +  bn  -^  cp^ 

and  r  =s  am  ^  brk  -^  ep  '^  a  +  bJ^  c^  ^^ich  is  tfae  Rule. 

ITotCs  If  an  ounce  or  any  other  quantity  of  pure  gold  be  reduced  in- 
to 24  equal  parts,  these  paits  are  called  Caracts  ;  but  gold  is  often 
siized  with  some  base  metal,  which  is  called  the  Alloy,  and  the  mix^ 
ture  is  said  to  be  of  so  many  caracts  fine*  according  to  the  proportion 
«f  pure  gold  contained  in  it ;  thus,  if  22  cSracts  of  pure  gold,  and  2  of 
alloy  be  mixed  together,  it  is  said  to  be  22  caracts  fine 

If  any  one  of  the  simples  be  of  little  or  no  value  with  respect  to  the 
sfsst,  iu  rate  is  supposed  to  be  nothing ;  «i  water  nussd  win  wine*  and 
jjloy  with  gold  and  silyet* 

TeL.  I.  S  the 


ISO  ARTTHMfiTIC 

tfic  qutntities  together  into  another  sum  ;  then  divide  iht 
foriiier  sum  by  tiie  latteri  that  is,  the  buin  of  the  products 
by  the  sum  of  the  quantities,  and  the  i^UJiicnt  will  be  the 
rate  or  quality  of  the  composition  required. 


EXAMPUES. 

1.  If  three  sorts  of  gunpowder  be  mited  together,  viz* 
50lb  at  1 2d  a  pound.  44ib  at  9dj  and  26Ib  at  Bd  a  pound  ;  how 
tnucli  a  pound  is  the  composition  worth  ? 

Here  ^0,  44, 36  are  the  quantities, 
and     12,    9,    8  the  rates  or  qualities  ; 
then  50  X  12  =  600 

44  X     9  :=  395 

26  X     8  3=  308 

130)  1304         (10  ^^\0^^ 

Ans«  The  rate  or  price  is  10  ^^  the  pound. 

2.  A  composition  being  made  of  5lb  of  tea  at  7«  per  Iby 
iflh  at  8«  6d  per  lb,  atid  I4ilb  at  5«  lOd  per  lb ;  what  is  a 
lb  of  It  worth  ?  Ans.  6^   ioidm 

3.  Mixed  4  ({gallons  of  wine  at  4«  \0d  per  gall,  with  7  gal- 
lons at  5#  2d  per  gall,  and  9|  gallons  at  5«  Bd  per  gall  ; 
What  IS  a  gallon  of  this  composition  worth  ?  Ans.  $9  4^(/. 

4.  A  mealman  W6uid  mix  3  bushels  of  fiour  at  39  5<t 
per  bushel,  4  bushels  at  5«  6d  per  bushel,  and  5  bushels  at 
4«  Sd  per  bushel ;  what  is  the  worth  of  a  bushel  of  this 
mixture  i  Ans.  4b  7idm 

5.  A  £irmer  mixes  10  bushels  of  wheat  at  5«  the  bushel^ 
with  18  bushels  of  rye  at  3«  <he  bushel,  and  20  bushels  of 
barley  at  8«  per  bushel :  how  much  is  a  bushel  of  the  mixture 
worth  ?  Ans*  Ss. 

6.  Having  melted  together  7  oz  of  gold  of  32  caracu  6ne» 
ISJozrof  21  caracts  fine,  and  17  oz  of  19  caracts  fine:  I 
would  know  the  fineness  of  the  compoution  I 

Ans.  30  II  caracts  fine* 

7.  Of  what  fineness  is  that  composition>  which  is  made  by 
misting  3lb  of  silver  of  9  oz  fine^  with  5lb  8  oz  of  lOoz 
fine,  and  lib  10  oz  of  alio;^  ?  Ans.  7|j  oz  fine. 

AIJ4QAT10N 
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ALLIGATION  ALTERNATE., 

A1.L1OAT10N  ALTsaK^TE  is  the  method  of  finding  what 
(luontny  of  ^ny  nuniber  of  aimplesi  whose  rates  are  giveq, 
will  compose  a  mixiai  e  of  a  giyea  rate.  So  that  ic  is  the  re« 
verse  of  Alligation  Medial,  and  may  be  proved  by  it* 

RUtER 

1.  Set  the  rates  of  the  simples  in  a columnnnder eac1| 
•ther  — 2.  Connect,  or  link  with  a  continued  line,  the  rate 
of  each  simple,  which  is  less  than  that  of  the  compound,  with 
one,  or  any  number,  of  ihose  that  are  greater  than  the  com* 
pound  ;  and  each  greater  rate  with  one  or  any  number  of  the 
iesii. — 3  \Vrite  the  diifereuc^ between  the  mis^ture  rate,  and 
that  of  each  of  the  simples,  opposite  the  rate  with  which  they 
are  linked — 4  Then  if  only  one  difference  stand  against 
any  rate,  it  will  be  the  quantity  belonging  to  that  rate;  but 
if  there  be  several,  their  sum  will  be  the  quantity. 

The  examples  may  be  proved  by  th0  rule  for  Alligatioi^ 
Jdedial. 


^  DrmontU  By  connecting  the  less  rate  to  the  greater,  and  pUoina 
iSft  djffei-L'nce  between  them  and  the  rate  alternately,  the  quantiti^ 
resulung  are  such,  that  there  is  precisely  as  much  gained  by  one 
cnuntity  as  is  lost  by  tJhe  other,  and  thereftisre  the  gain  and  loss  upon 
tnr  whuDte  Is  eqtta\,  and  is  exactly  the  proposed  rate  :  and  the  same 
-Will  be  true  ot  any  oiher  two  sioiplea  managed  according  to  the  Rule. 

In  tike  manner^  whateTcr  the  number  of  simples  may  be,  and  with 
how  many  soever  ovary  one  is  linked,  since  it  is  always  a  less  with  1^ 
greater  than  the  mean  price,  there  will  be  an  equal  balance  of  Ifiss 
and  gain  between  every  two*  and  consequently  an  equal  balance  on  the 
whole.    Q,.  £•  D. 

It  IS  obvious,  from  this  Rule,  that  questions  of  this  sort  admit  of  a 
great  variety  of  answers  ;  for,  haying  found  one  answer,  we  may  find 
as  many  more  as  we  please,  by  only  multiplying  or  dividing  each  of  the 
quantities  found,  by  2,  or  ^  or  4,  &c:  the  reason  of  wh'ch  is 
•vident ;  ibr,  if  two  quantities,  of  two  simples,  m.tke  a  balance  of  loss 
and  gain,  with  respect  to  the  mean  price,  so  must  also  the  double  or 
trebte,  the  }  or  ^  part,  or  any  other  ratio  of  these  quantities,  and  so  on 
ad  infiinitmn* 

These  kinds  of  questions  are  called  by  algebraists  indeterminate  or 
yniimited  p^-oblems  -y  and  by  an  analytical  process,  theorems  may  l^a 
railed  that  will  give  all  the  poeHhk  answerst 
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EXAMPLES. 

1.  A  merchant  vfould  mix  vines  at  l6<,  at  IBs^  and  at 
d3«  per  gallon,  so  as  that  the  mixture  may  be  worth  20#  the 
gallon  :  what  quantity  of  each  musi  be  taken  \ 

i  ^^ 
Here  20  )  18- 

(  22,jy  4  +  3  =  6  at  22*. 

Ans.  3  gallons  at  16«9  2  gallons  at  18«,  and  6  at  32«J 

J.  How  much  wine  at  6*  per  gallon,  and  at  4«  per  gallon 

must  be  mixed  together,  that  the  composition  may  be  worth 

Se  per  gallon  ?  Ans   I  qt  or  I  gall,  8cc 

3.  How  much  sugar  at  4rf,  at  6cf,  and  at  lid  per  lb,  must 
be  mixed  together,  so  that  tlie  composition  formed  by  them 
may  be  worth  7d  per  lb  ? 

Ans.  1  lb,  or  1  stone,  or  1  cwt,  or  any  other  equal  quantity 
of  each  sort. 

4.  How  much  com  at  3«  6d,  3»  8(/,  49,  and  4«  Zd  per 
bushel,  must  be  mixed  together,  that  the  compound  may  be 
worth  3«  iOd  per  bushel  ? 

Ans.  2  at  2«  6(f,  2  at  Ss  8d,  3  at  4«,  and  3  at  4«  Sd. 

5.  A  goldsmith  has  gold  of  16,  of  18,  of  23,  and  of  24 
Caracts  fine  :  how  much  must  he  take  of  each,  to  make  it2i 
eamcts  fine  ?  Ans.  S  of  16,  2  of  18,  3  of  23,  and  5  of  24- 

6.  It  is  required  to  mix  brandy  at  12«,  wine  at  IO9,  cyder 
at  U,  and  water  at  0  per  gallon  together,  so  thai  the  mixture 
may  be  worth  3«  per  gallon  ? 

Ans.  8  gals  of  bran^,  7  of  winCf  2  of  cfder,  and  4  of  water. 

RtJLE  n. 

Wbek  the  whole  composition  is  limited  to  a  certain 
quantity :  Find  an  answer  as  before  by  linking ;  then  say,  as 
the  sum  of  the  quantities,  or  differences  thus  determined,  is 
tp  the  given  quantity  ;  so  is  each  ingredienti  found  by  link- 
ing, to  the  required  quantity  of  each. 

EXAMPLES. 

1.  How  much  gold  of  15,  17,  18,  and  22  caracts  fine^  must 
be  mixed  together,  to  form  a  composition  of  40  oz  of  20  ca* 
^cts  fine  ( 

Here 


\ 
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2 

2 


5+3+2  =  10 

16 
Then,  as  16  :40  ::    2  :    5 
and  1 6  :  40  :  :  10  :  25 
Ana.  5  o  z  of  15,  of  17y  and  of  18  caracts  fine,  and  25  oz  of  22 
Qaracts  fine*. 

£x.  2«  A  vintner  has  wine  at  4«,  at  S«,  at  5a  6d,  and  at  6« 
a  gallon  ;  and  he  would  make  a  mixture  of  18  gallons^  so 
that  it  might  be  afforded  at  59  4d  per  gallon  ;  how  much  of 
each  sort  must  he  take  ?  ^ 

Ans.  3  ga).  at  4«,  3  at  5$^  6  at  Sa  6d,  and  6  at  6«. 


*  A  grent  aamber  of  qaestioDs  might  be  here  pven  relating  to  the 
specific  gravitlea  of  metaiflj  &c  but  one  of  tlie  most  curious  may  here 
aufike. 

Hieroy  king  of  Syracase>  gave  orders  for  a  crown  to  be  made  entirely 
of  pure  gold  ;  but  suspecting  the  workman  had  debased  it  by  mixiag 
it  with  silver  or  copper*  he  recommended  the  discovery  of  the  fraud 
to  the  famous  Archimedes,  and  desired  to  know  the  exact  quantity 
•f  alloy  in  the  crown* 

Archimedes»  in  order  to  detect  the  imposition,  procured  two  other 
masses,  the  one  of  pure  gold*  the  other  of  silver  or  copper,  and  each 
of  the  same  weight  with  the  former ;  and  by  putting  each  separately 
into  a  vessel  full  of  watert  the  quantity  of  water  expelled  by  them  de- 
termined their  specific  gravities ;  from  which,  and  their  given  weights, 
the  exact  quantities  of  gold  and  alloy  in  the  crown  may  be  determined. 

Suppose  the  weight  of  each  crown  to  be  lOlb,  and  that  the  water 
expeUed  by  the  copper  or  silver  wsis  92ib,  by  the  gold  521b,  and  by  the 
compound  crown  641b  ;  what  will  be  the  quantities  of  gold  and  alloy  in 
fthe  crown  I 

The  rates  of  the  simples  are  92  and  52,  and  of  the  compound  64; 
therefore 

^l92->  12  of  copper 
^152-'  28  of  gold 
And  the  sum  of  these  is  13  J|-  28»  40>  which  should  have  bean 
but  10  ;  therefore  by  the  Rule, 

40  :  10 :  J 12  :  3lbof  copper  ^.u^  ^r.^^ 
40:10::28:nbofgoM    ^^"wanswer. 
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BULEin*. 

When  one  of  the  ingredients  is  limited  to  a  certain  quanr 
tity  s  Take  the  difference  between  each  price,  und  the  mean 
rate  as  before  j  then  say,  A*  the  difference  of  that  siniplCf 
whose  qiumticy  is  givei«,  is  to  the  rest  of  the  differences  be- 
Tcrdily  i  so  is  the  quantity  giTen^  to  the  several  quantities  re- 
quired. 


I.  How  much  wine  at  5«,  at  5#  6d,  and  6t  the  galloni 
0iust  be  mixed  with  3  gallons  at  4t9  ptr  gallon,  so  that  the 
Qiixture  aiay  be  worth  5$  Ad  per  gallon  ? 


Here  64 


Then  10  :  10 :  :  3  :  3 
10:  20  :  :  3  :'6 
10  :  20  : :  3  :  6 
Anst  3  gallons  at  5?,  6  at  5#  6df  and  6  at  6^, 

'%  A  grocer  would  mix  teas  at  ld«,  10«,  and  6e  per  lb,  with 
901b  at  4«  per  lb  how  much  of  each  sort  musi  he  take  to  mate 
the  composition  worth  Bs  per  lb  ? 

Ans.  20lb  at  4»,  lOlb  at  6«,  lOlb  at  10«  and  20ib  at  12<. 

3.  How  much  gold  of  15,  of  17,  and  of  23  caracts  fine^ 
must  be  mixed  with  5  oz  of  '8  caracts  fine,  so  that  the  com- 
position may  be  '20  caraccs  fine  ? 

Aus.  5  oz  of  15  caracts  fine,  5  oz  of  17,  and  25  of  22. 


#  In  the  very  same  manner  questions  may  be  wrought  when  several 
of  the  ingredients  are  limited  to  certain  quantities,  by  finding  firf^t  for 
one  hmit,  and  then  for  another.  The  two  last  Rules  can  need  no  de- 
XDonstration,  as  they  evidently  restih  firom  the  firsts  the  reason  flf  which 
lias  been  abready  explained. 
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POSITION. 

PosiTioir  is  a  method  of  petforming  certain  questions, 
Ivbicn  cannot  b^  resolved  by  the  common  direct  rules.  It  ia 
sometimes  called  False  Position,  or  Fake  Supposition,  because 
it  makes  a  supposition  of  false  numbers,  to  work  with  the 
same  as  if  they  were  the  true  ones,  and  by  their  means  dis- 
covers the  xmt  numbers  sought.  It  is  sometimes  also  called 
Trial  and-Error,  because  it  proceeds  by  $ria^9  of  false  num« 
bers>  and  ihence  finds  out  the  true  ones  by  a  comparisun  9i 
the  error*.— Position  is  either  Single  or  Double. 


SINGLE  POSITION. 

Single  Position  is  that  by  which  a  question  is  remved 
by  means  of  one  supposition  only.  Questions  which  have 
their  result  proportional  to  their  suppositions,  belong  to 
Single  Position  .  such  as  those  which  require  the  multipli- 
cation or  division  of  the  number  sought  by  any  proposed  niiun^ 
^r  ;  or  when  it  is  to  be  increased  or  diminished  bf  itself^ 
^  or  any  parts  of  itself,  a  certain  proposed  attm|)er  of  timea« 

The  ruleia.as  follows : 

Take  or  assume  any  number  for  that  which  is  required^ 
!  and  perform  tlie  sam&  operations  wiih  it,  as  are  described  or 

I  performed  in   the  question.    Tiien  say,  As  the  result  of  the 

'  said  operation,  is  to  the  position,  or  number  assun\ed  ;  ao  is 

the  result  in  the  question}  to  a  fourth  termj  which  will  bo 
I  the  tiumber  sought*. 


^  The  reason  of  this  Rule  is  evident,  because  it  is  supposed  that  the 
results  are  proportional  to  the  suppositions. 

Thu8» na:  aiinz  :zt 

a  z 

or  — :  a  ::—:*, 

n  fi 

a         a  z       z 

or--±:— &c.:a  ::  —  ±  —  Sic:*> 

h        m  n        m 

i9ld  so  oBi  _      .._4-  -jfc, 
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EXAMPLE^ 

1.  A  person  after  spending  ^  and  |  of  his  money,  has  yet 
remaining  60/  /  what  had  he  at  £rst  i 

Suppose  he  had  at  first  \20i.  Proof. 

Novr  jof  I20is40  i  of  144  is     48 

1^  of  it  is     SO  I  of  144  is     36 


their  sum  is    70 
which  taken  from  120 

leaves     50 
Then,  50  :  130 : :  60  :  144,  the  Answer. 


their  sum       84 
taken  from     144 

leaves     60  as 
per  question. 


3.  What  number  is  that,  which  being  multiplied  by  7,  and 
the  product  divided  by  6,  the  quotient  may  be  3 1  ?      Ans.  1 8« 

r 

S.  What  number  is  that,  which  being  increased  by  i,  ^ 
and  ^  of  itself,  the  sum  shall  be  75  i  Ans.  36* 

4.  A  general,  after  sending  out  a  foraging  i  and  ^  of  his 
men,  hadyet  remsdning  1000;  what  number  had  he  in  com- 
mand ?  Ans.  6000. 

5.  A  gentleman  distributed  52  pence  among  a  number  of 
poor  people,  consisting  of  men,  women,  and  children ;  to 
each  man  he  gave  6c/,  to  each  woman  4d^  and  to  each  child 
fid :  moreover  there  were  twice  as  many  women  as  men,  and 
thrice  as  many  children  as  women.  How  matiy  were  there 
of  each  I  Ans.  3  men,  4  women,  and  13  children  { 

6.  One  being  asked  his  age,  said,  if  |  of  the  years  have 
lived,  be  muhiplicd  by  7,  and  |  of  them  be  added  to  th# 
product;  the  sum  will  be  3 i9.    What  was  his  age  ? 

Ana*45yeaoi^ 


WKBIA   ' 


I   isr  1 


.    DOUBLE  POSITION. 

DoiTBlE  Position  is  the  method  of  resolving  certain  ques^" 
tlons  i)y  means  ot  two  suppositions  of  false  numbers. 

To  the  Double  Rule  of  Position  belouc^  such  questions  as 

have  their  results  not  proportional  to  their  positions :  such  are 

.those,  in  which  the  numbers  sought,  or  their  p^rts,  or  their 

multiples,  are  increased  or  diminished  by  some  given  absolute 

number,  which  is  no  known  part  of  the  number  sought. 

RULE  p. 

Take  or  assume  any  two  convenient  numbers,  and  proceed 
■with  each  of  them  separately,  according  to  the  conditions  of 
the  question,  as  in  Single  Position  ;  and  Bnd  how  much  each 
result  is  different  froo  the  result  mentioned  in  the  question^ 
cailinsi:  these  differences  the  <?rror*,.  notmg  also  whether  the 
results  are  too  great  or  too  little. 


*  D'.monstA  Tlic  Rule  is  founded  on  this  supposition,  namely,  that 
the  first  error  is  to  the  second,  as  the  difftTenrebe'vWeen.tbe  true  and 
fir^t  supposed  number)  is  to  the  difference  between  the  trut*  and  second 
supposed  number  ;  when  that  is  not  the  case,  ihe  exact  answer  to  the 
question  cannot  be  found  by  this  Kul<". — That  the  Rule  is  true,  accord- 
ing to  that  supposition,  m^-.y  be  thus  proved. 

Let  a  and  b  be  the  twi»  suppositions,  and  a  and  b  their  results^ 

Spoduced  by  similar  operation  ;  also  r  and  s  their  errors,  or  the 
iffcrcnces  between  the  results  a  and  a  fiom  the  true  result  n  j 
and  let  x  denote  the  number  sought,  answering  to  the  true  result  m  of 
the  question. 

Then  is  n  ^  A  =  r,  a»id  n  —  b  =  5.  And,  according  to  the 
fiuppositTon  on  which  the  K>de  is  founded,  r  ;  9  ::  x-ma  :  t— ^  t 
hence,  hy  multiplying  ext.emes  and  means,  rx  -*  r^=;tf>?—  «cf/ 
then,   by   transposition,   rx   —    *x  =  rA  —»  sa ;    and,    by   division, 

fc  c=a  _       the  number  sought,    which   is  the  rule   when  the 

r— « 
results  are  both  too  little 

If  he  results  be  b  th  tio  great,  so  thit  a  and  m  are  both  greater 
than  K  ;  then  n  ^  a  =  -i  r,  and  s  — -B  =  —  *,  or  r  and  »  are  both 
nej^tivc  i  hence  —  r  :  —  «  : :  x  —  a  :  j  — 6,  bui— .r  :  —  *  : ;  -f-  >• 
•  ^  t,  therefore  >-:*:;jc— a:jc— A/  and  the  rest  wih  be  exactly 
as  in  tfie  former  case« 

But  if  one  result  a  only  be  too  little,  and  the  other  B  too  great, 
or  one  error  r  positive,  and  the  other  9  negative,  then  the  theorem  be- 

comes  X  ss   I,  wlilch  is  the  Rule  in  this  case,  or  when  the  errors 

arc  unlike. 

Vol,  I.  T  Then 
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Then  multiply  each  of  the  said  errors  by  the  contrary  t\xp^ 
position,  namely,  the  firsi  position  by  the  second  error,  and 
the  second  position  liy  'he  first  error.     Then, 

If  the  errors  are  alike,  divide  the  difference  of  the  products 
by  the  difference  of  the  errors,  and  the  quotient  will  be  the 

answer. 

But  if  the  errors  are  unlike*  divide  the  sum  of  the  products 
by  the  sum  of  the  errors,  for  the  answers 

Ab/r,  The  errors  are  said  to  be  alike,  when  they  arc  either 
both  too  great  or  both  too  little  i  and  unlike,  when  one  is  to* 
great  and  the  other  to  little. 

EXAMPLES. 

1.  What  number  is  that,  which   being    multiplied  by  6f 
the  product  increased  by   18,  and  the  sum  divided  by  9,  tho 
quotient  shall  be  20  ? 
Suppose  the  two  numbers  18  and  30     Then, 
First  Position.  Second  Position- 

18     Suppose  30 

6     mult.  6 


108 

18  add. 

9)  126  div. 

14  results 

20  true  res* 


180 
18 

9)  198 

22 
20 


3d  pos. 


-f  6    errors  unlike 
30     mult. 

180 
36 


sum  8)  216    sum  of  products* 

2T     Answer  sought. 


6ULE  II. 

Find,  by  trials -two  numbers,  as  near  the  true  number  as 
convenient,  and  work  with  them  as  in  the  question ;  markinf^ 
the  errors  which  arise  from  each  of  them. 

Multiply  the  difference  of  the  two  numbers  assumed,  6t 
found  by  trial,  by  one  of  the  errors,  and  divide  the  product  by 
the  difference  of  the  errors,  when  they  are  alike,  but  by  their 

sum  when,  they  are  unlike. 

A-dn 
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Add  the  qnotient,  last,  found,  to  the  number  belonging  to 
the  said  error  when  that  number  is  too  little,  but  subtract 
it  wtien  too  gre^t)  and  the  result  xriW  ^iye  the  tnie  quantity 
Bought*. 


EXAMPLES. 

K    So«  the  foregoing  example^  worked  by  this  2d  rule; 
^U  be  as  foHows  *. 

30  positions  \8  ;  their  dif.     13 

—2  errors  +  6 1  least  error     3 

"    sum  of  errors  8)  24  (3  subtr. 
from  the  position  SO 

leaves  the  stnswet  27 

Ex.  3.  A  son  asking  his  father  how  old  he  was,  received 
this  answer ;  Your  age  is  now  one-third  of  mine  ;  but  5 
years  ago,  your  age  was  only  one-fourth  of  mine.  What  then 
are  their  two  ages  ?  Ans.  15  and  45  • 

3.  A  workman  was  hired  for  20  days,  at  3«  pep  day,  for 
every  day  he  worked  j  but  with  this  condition,  that  'for 
every  day  he  played,  he  should  forfeit  1«.  Now  it  so  hap<« 
pened,  that  upon  the  whole  he  had  3/  4a  to  receive.  How 
niany  of  the  days  did  he  work  I  Ans.  16, 

4.  A  and  B  began  to  play  together  with  equal  sums  of 
money :  a.  hrst  won  20  guineas,  but  afterwards  lost  back  ^ 
•f  wh  u  he  then  had  ;  alter  which,  b  had  4  limes  as  much  as 
A-     What  sum  did  eaph  begin  with  i  Ans.  100  guineas* 

5  Two  persons,  a  and  b,  have  both  che  same  income, 
A  Saves  ^  of  his ;  but  B,  by  spending  50/  per  annum  morQ 
than  A.  at  the  end  ot  4  years  finds  himself  100/  in  debt. 
What  does  each  receive  and  spend  per  annuno  ^ 

Ans.  They  receive  i  251  per  annum  |  also  4  spends  IQO^ 
and  B  impends  150/  per  annum.  \^ 


t.   •*'.. 


i'f  ■ 


♦  For  since,  by  the  su^^oBition,  r:*::^?  —  a:x  —  ^^  therefbrCt 
liy  division,  r  — «:<::^— a:.Y  —  ^,  wluch  is  the  2d  Bale. 


PERMUTATIONS, 


14#  i^RlTHMETIC. 


PERMUTATIONS  AND  COMBINATIONS. 

Permutation  is  the  altering)  changing  or  varying  the 
posiiit»n  or  order  of  things ;  or  the  showing  how  ni«ny  diffe- 
rent ways  they  may  be  placed. — This  ia  otherwise  called 
Alternation)  Changes,  or  Variation  ;  and  the  only  thing  to 
be  regarded  here,  is  the  order  they  stand  in  ;  for  no  two  par- 
cels are  to  haye  all  iheir  quantities  placed  in  the  same  situa- 
tion :  aS)  iiow  many  changes  may  be  rung  on  a  number  of 
bellS)  or  how  many  different  ways  any  number  of  persons 
may  be  placed,  or  how  many  several  variations  may  be  made 
of  any  number  of  letters,  or  any  other  things  proposed  to  be 
Vitried. 

Combination  is  the  showing  how  often  a  less  number  of 
things  can  be  taken  out  ofa  greater,  and  combined  together> 
without  considering  their  places,  or  ttje  order  they  stand  in* 
This  is  sometimes  called  Lleciion  or  Choice  ;  and  here  every 
parcel  must  be  diffei^nt  from  all  the  rest,  and  no  two  are  to 
have  precisely  the  same  quantities  or  things. 

Combinations  oj  the  same  Form^  are  those  in  which  there  arc 
the  same  nuu>ber  of  quantities,  and  the  same  repetitions  : 
thus,  aabc^  bbcd^  ccde^  are  of  the  same  form  ;  aabc^  abbbj  aabb^ 
are  of  different  forms.  ^ 

Comfioitition  of  Quantities^  is  the  taking  a  given  number  of 
quantities  out  of  as  many  equal  rows  of  different  quantities^ 
one  out  of  every  row,  and  combining  them  together. 

Some  illustration  of  these  definitions  are  in  the  following 
Problems  : 

F!R0BLEM  I. 

To  assign  the  JStumber  (^  Permutation s<t  or  Changes^  that  can  be 
made  of  any  Given  JSTumbcr  of  Tfdngsy  all  different  from  each 
other. 

RULE*. 

Multiply  all  the  terms  of  the  natural  series  of  numbersi 
from  1  up  (o  the  given  number,  continually  together,  and  the 
last  product  will  be  the  answer  required. 

EXAMPLES* 


*  The  reason  of  the  Rule  may  be  shown  thus  ;  any  one  thing  a  is 
capable  only  of  one  position,  as  a. 

Any  two  things  a  and  />,  are  only  capable  of  two  TStiations  ;  as  ob^ 
ha  f  whose  number  is  expressed  by  1  x  2. 
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EXAMPLBS. 

I.  How  many  changes  may  be  rung  on  6  bellsi 

1 

2 


e 

8 

6 

4 


84 
5 

]20 
6 


720  the  Answer.' 

Or  1x2x3X4X5X6  =.720  the  Answer. 

2.  How  many  days  can  7  persons  be  placed  in  a  differea 
potiiiion  at  dinner  ?  Ans.  5040  days 

3.  How  many  changes  may  be  rung  on  12  bells,  and  what 
time  would  it  require,  supposing  10  changes  to  be  rung  in  1 
xninute,  and  the  year  to  consist  of  365  days,  S  hours,  and  49 
mtnaves  ? 

Ans.  479001600  changes,  and  91  years,  26  days,  22  hours, 
41  minutes. 

4.  How  many  changes  may  be  made  of  the  words  in  the 
following  verse  :  Tot  Mi  aunt  dotes^  virgo,  guot  pidera  ctelo  ? 

Ans.  40320  changes. 


If  there  be  three  things,  a,  A,  andc  ;  then  any  two  of  thein^  leaving 
put  the  3d,  wiU  have  1x2  variations  y  and  consequently  when  the  33 
18  taken  in,  there  will  be  1  X  2  X  3  variations.  , . 

In  the  same  manner,  whet  there  are  4  things,  every  three,  leaving 
put  the  4th,  wiU  have  1  X  i  X  3  variations  j  conseqtiently  by  taking 
in  •ucccssively  the  4  left  oat.  there  will  be  1X2X3X4  variations! 
And  so  on  as  nr  as  we  please. 
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PROBLEM  n. 

^«y  Mtmbtr  tf  different  ThingH  being  given  ;  to  find  hovf  many 
Changes  can  bt  made  out  oj  them^  by  taking  a  Given  JVumm 
ber  of  Quantisic9  as  a  Time, 

RULE*, 
Take  a  series  of  numbers,  beginning  at  the  number  of 
things  given,  and  decreasing  by  1  to  the  number  of  quunii- 
ties  to  be  uken  at  a  time,  and  the  product  of  all  the  tetms 
will  be  the  answer  required 

EXAMPLES. 

1«  How  many  changes  m^y  be  rung  with  3  bells  out  of  8  ? 

8 

7 

•■«    • 

56 
6 

336  the  Answer. 

Or,  8  X  7  X  6  (=  3  lerips)  =  336  the  Answer. 

%  How  many  words  can  be  made  with  5  tetters  of  the 
alphabet,  supposing  24  letters  in  all»  and  that  a  number  ol  con- 
sonants alone  will  make  a  word.  Ans  5 100  i  80. 

3.  How  many  words  can  be  made  with  5  letters  of  the  alpha- 
bet in  each  word,  there  being  26  letters  in  all,  and  6  vowels, 
Ikdmitting  that  a  number  of  consonants  alone  will  not  m^ke  a 
vord?  Ana.  Io7858400- 


•  This  Rule,  expressed  in  algebraic  terms*  is  as  follows 

ffiX  m^  1  Xm-2  X  m  -  3  &c.  ton  terms  :  wher«  «i=  the  niim* 
bci  of  tlilnjrs  eSven,  and  n  =tbe  quantities  to  be  taken  at  a  Umc. 
In  order  to  demonstrate  the  Kulc,  it  will  be  proper  to  premise  the 

Allowing  Lemma; 

Lemma.  The  number  of  cbangres  of  m  things,  taken  •  at  a  tmie,  iS 

equal  to  m  changes  of  i»—  I  ihingfs,  taken  fi—  I  at  a  time. 
JDemonstr.  Let  any  five  qnant\ties  abcdehe  given- 
First,  leave  out  the  a,  and  let  v  =  the  number  of  all  the  variations 

of  every  two,  be,  bdt  &c,  that  can  be  taken  out  of  the  four  remamiog 

quantities  b  c  de,  l  l  j  jl 

Now,  let  a  be  put  in  the  first  place  of  each  of  them,  a,  A,  c,  a«  bt  a,  «c. 
and  the  number  of  changes  which  still  remkin  the  same  ;  that  is,  v  «=» 
the  number  of  variations  of  every  3  out  of  the  5,  a>  by  t,  th  tf  when  a 

is  first.  »j.^«    ,j^ 

In  like  manner,  if  6,  c,  (/,  c  be  successively  left  out,  the  number   ot 

rariations  of  all  the  two's  will  also  be  q»  v,  and  putting  bt  c.  *  ^^'J. 
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PROBLEM  m. 

k^ny  Mimber  of  Things  being  given  ;  qfmhich  there  are  several 
given  Things  qf  one  Sorc^  and  several  of  another,  ^c,  i  t§ 
JPindhow  many  Changes  can  be  made  out  of  them  all. 

KULE*. 

Takb  the  acnes  1  X  2  x  3  x  4,  8tc.  up  to  the  number 
of  ihin^s  given,  and  find  the  product  of  all  ihe  terms. 

Tiike  the  series  1x2x3x4,  &c.  up  to  the  number  of 
given  things  of  the  ficsi  son  and  the  series  1  X  2  x  3X4, 
^c.  up  to  the  number  of  given  things  of  the  second  son,  &c. 

Divide 


i*i 


^pect  veiy  in  the  first  place,  to  make  3  quantities  mit  of  5,  there  vtm 
still  be  V  variations,  as  before. 

But  .these  are  all  the  variations  that  can  happen  of  3  things  out  of 
5,  when  a^  b  c,  d^  e,  arc  successively  put  first  ;  and  thei-efore  the  suia 
of  all  these  is  the  sum  of  all  the  chang'es  of  3  things  out  of  5 

But  the  sum  of  these  is  so  many  time<  t;,  as  is  the  number  of  things  9 
that  is  5xr,  or  mv,  =  all  the  changes  of  3  times  out  of  5 

And  the  same  way  of  reasoning  may  be  applied  to  any  numbem 
whatever. 

Demmi-  of  the  JRule>  Let  any  7  things,  akcd  efg^  be  given,  and  le% 
3  be  the  number  of  quantities  to  be  taken. 

Then  m  =  7,  aiul  «  =  3. 

Now,  it  18  evident,  that  the  number  of  changes  that  can  be  made  by 
taking  1  by  1  out  of  5  things,  w<U  be  5,  whicii  let  sb  v. 

Then,  by  the  Lemma,  when  m  -i^  6,  and  n  =  2,  the  number  qf 
changes  will  be  ==  mv  =  6  X  ^  ;  whtch  le\  b"  ^=s  v  a  second  time. 

Again,  by  the  Lemm4,   when  tn  =  7   Mid  n  ==  3,  the  number  of 
changes  is  mv  ==  7  X    6    X    ^  >   that  is  mv  =  ^  X   (">  **  i)    K 
(m  —  2),  continued  to  3.  or  n  terms. 

And  tli^>  same  may  be  shown  for  any  other  numbers. 

^  Xhii  Aule  is  expressed  in  terms  thus  : 

lX2x3x4x5«&ctO0i 


1  X  2  X  3,  &c  to  p  X  1  X  2  X  3,  «U5  to  ^,  &c. 
where  m  =  uie  number  of  things  given   f  =  the  number  of  things 
rf  the  first  sort  q  =  the  number  of  things  of  th^  secoud  sort  8tc. 

The  Demonstration  may  be  shown  as  follows  ; 

Any  two  quantities,  a,  6.  both  different,  admit  of  2  changes.;  but  if 
(he  quantities  are  the  same,  or  a  b  becomes  a  a,  there  will  be  only 

1X2 
•ne  position ,  which  may  be  expressed  by       =s  1 

1  X  ^ 

Any  3  quantities,  a.  b,  e,  alt  different  from  each  other,  afford  6  varia- 
Ibm3i  bnt  if  the  quanutles  be  ail  aiike>  or  a  d  0  becomes  aaa^  then 

the 
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Divide  the  product  of  all  the  terms  of  the  first  series  by 
the  joint  product  of  all  the  ternas  of  the  remaining  ones,  and 
the  quotient  will  be  the  answer  required. 

EXAMPLES. 

1.  How  many  variations  can  be  made  of  the  letters  in  the 
word  Bacchanalia  I 

I   X  2  (  =  number  of  c's)  =  2 

1    x2x'3x4(»  number  of  c's)  =  24 

1    x2X3x4X3X6X^X8x9XlOxn 
(  =r  number  oi  letters  in  the  word)  =:  39916800 
2  X  24  ss  48)  39916800-  (831600  the  Answer, 

151 
76 
288 

3.  How  many  different  numbers  can  be  made  of  the  follow^- 
ftg  tigures,  1220005555  2  ,  Ans.  1260O. 

3.  How  many  varieties  will  take  place  in  the  succession  o£ 
the  following  musical  notes,  fa,  fa,  fa,  sol,  sol,  la,  mi«  fa  f 

Am.  3360. 


the  6  variations  vrill  be  reduced  to  1  ^  which  may  be  expressed  by 
1X2X3 

.....-—.-»<——  =  1.  Agun,  if  two  of  the  quantities  ooly  are  alike,  or  a  ^  c 
1X2X3 

becomes,  a  ae  s  then  the  6  variations  vriU  be  redueed  to  these  3,  a  a  c» 

1X2X3 

caQf  and aca;  which  may  be  expressed  by *^  3. 

I  X  2 
Any  4  quantities,  a  6  c  (i,  all  diiferent  from  each  otherj  will  admit 
of  24   variations.    But  if  the  quantities  be  the  same,  qt  ab  t  d  be* 
comes  a  a  a  a^  the  number  of  variations  will  be  i*educed  to  one  i 
1X2X3x4 

which  is  =  '*^=  !• 

1    X  2  X  3  X  4 
Again,   if  three  of  the  quantities  only  be  the   same,  or  a  b  c  d 
becomes   a  a  a  ^,   the  number  of  variations    will   be   reduced  to 
these  4aaa6,   a  a  b  a,  a  b  a  a,  und  b  a  a  a  g  which  is  s=^ 
1X2X3X4 

— —  =  4 

1X2X3' 

And  thus  it  may  be  shewn«  that  if  two  of  the  quantities  be  alike, 
or  the  4  quantities  te  a  a  ^  c,  the  number  of  variations  will  be  re- 

1X2X3X4 
duccd  to  12 ;  which  may  be  expressed  by   ■    m  '     -  =  12. 

1X2       . 
And  by  reasoning  in  the  same  mannert  it  wiU  appear,  that  the 
number  of  changes  which  can  be  made  of  the  quantities  ab  bcc^is, 

1X2X3X4X5X6 
equal  to  60  >  which  may  be  expressed  by  — — ► « 

1X2X1X2X3 

es»  60.  And  80  on  for  any  other  quantities  whatever*  __ 


.      PERMUTATIONS  AND  COMBINATIONS;     U^ 

PROBLEM  IT. 

To  find  the  Changes  of  any  Given  dumber  qf  TMngn^  taking  a 
Given  Manber  at  a  Time  :  in  which  there  arc  several  Given 
Things  of  one  Sort^  several  of  another^  ^C. 

RULE*. 

Find  all  the  different  forms  of  combioatlon  of  all  the  given 
things,  taken  as  many  ^t  a  time  as  in  the  question. 

Find  the  number  of  changes  in  any  form,  and  muluply  it  by 
the  number  of  combinations  in  that  .form. 

Do  the  same  for  every  distinct  torm,  and  the  sum  of  all  the 
products  will  give  the  whole  number  of  changes  required. 

EXAMPLES. 

1.   How  many  alterations,  or  change  s^  can   be  made  of 
jerery  four  letters  out  of  these  B,  aaabbbcc  ? 

No.  of  forms.  No.  of  changes^ 

fl*6,  o^c,  ^Sfl,  d*c  --.------4 

a^b'^^a^c^^bU^    -- 6 

Q!^bc^  b^ac,  c*  ad  -    -    *    -    •     -     -    -  12 

r4  X     4=16 

Therefore -J  3  X    6=18 
(^3  X   12  =  36 

70  s  number  of  changes 

—  required. 

S.  How  many  changed  c&n  be  made  of  every  8  letters  out 

of  these  10  ;  aaaabbccde?  Ans.  23260. 

3.  How  many  diiferent  numbers  can  be  made  out  of  1  \uut» 


.  I  I  ■!  11     — — — 1 


*  The  reason  of  this  Rule  is  plain  froid  what  has  been  shown  bc^ 
fbrey  and  ttie  nature  of  the  problem. 

A  Rule  for  finding  the  J^umber  of  Formic 

1.  Place  the  things  sot  that  the  g^atest  indices  may  be  first|  and 
the  rest  in  order. 

2.  Begin  with  the  first  letter,  and  join  it  to  the  secoQd>  third,  fourth^ 
IbC.  to  the  last. 

3.  Then  take  the  second  letter^  and  join  it  to  the  third,  foortby  he.  to 
the  last.  And  so  on,  till  they  are  entirely  exhausted,  always  remcm* 
berini^  to  reject  such  combinations  as  have  ocenmd  before  ;  and  this 
-will  giv<'  the  combinations  of  all  the  two's. 

4.  Join  the  first  letter  to  every  one  of  the  twos,  and  the  second* 
third,  fcc.  aa  before  j  and  it  will  give  the  combinations  of  «11  the  threes. 

5.  Proceed  in  the  same  manner  to  get  the  co  nbinations  of  all  the 
fturs,  8kc  and  you  iviU  at  last  ^et  aJl  the  serer/rt  ferms  of  combinar' 
tioni:,  and  the  number  hi  each  form. 

VoD.  L  U     .  3  two^ 


.  1 


\ 


146  AMTHMETlCr 

2  twos,  3  threes,  4  fours,  and  5  fives ;  taken  5  at  a  time  i 

Ans.  3111. 

PROBLEM  y. 

To  Jind  the  Mimbtr  of  Combinationa  of  any  Qivtn  Mimber  of 
things  all  (Ufftrcntfrom  each  other ^  taken  any  Given  dumber 
at  a  time* 

RULE.* 

Take  the  series  1,  2,  3.  4,  fcc.  up  to  the  number  to  be 
taken  at  a  time,  and  find  the  product  of  all  the  terms. 

Take  a  series  of  as  many  terms,  decreasing  by  I,  from  the 
given  number,  out  of  which  the  election  is  to  be  made,  and 
find  the  product  of  all  the  terms. 

Divide  the  last  product  by  the  former,  and  the  quotient 
will  be  the  number  sought. 

EXAMPLEGT. 

1 .  How  many  combinations  can  be  made  of  6  letters  out 
often  ? 


*  This  Rale,  expressed  algebraically*  ts^ 
m        m^l         m  — 2         m— 3 

—  X      ■■■    ■'■  X  — — —  X  — —  CfQ.  to  fi  terms  ;  where  m  is  the 
12  3  4 

*nomber  of  given  quantities,  and  n  those  to  be  taken  at  a  time. 

Jiemonttr,  of  the  Bule.  1.  Let  the  number  of  things  to  be  taken  at 
a  time  be  2,  and  the  things  to  be  combined  ««  m« 

Now,  when  fn>  or  the  number  of  things  to  be  combined,  is  only  two, 
as  a  and  6,  it  is  evident  that  there  can  be  but  one  combination,  w»  abj 
but  if  ffl  be  increased  by  one,  or  the  letters  to  be  combined  be  3,  a»  a« 
bt  c ;  then  it  is  plain  that  the  number  of  combinaUons  wU)  be  increased 
by  2»  since  with  each  of  the  former  letters  a  and  b,  the  new  letter  c  may 
be  joined.  In  this  case  therefore,  it  is  evident  that  the  whole  number 
of  combinations  will  be  truly  expressed  by  1^2. 

Again,  if  m  be  increased  by  one  letter  more,  or  the  whole  number  of 
letters  be  four,  as  a»  69  c,  </  /  then  it  will  appear  that  the  whole  number 
of  combinations  must  be  increased  by  3,  since  with  each  of  the  pre « 
ceding  letters  the  new  letter  d  may  be  combined.  '  The  combinations^ 
therpfore»  in  this  case  will  be  truly  expressed* by  1+3+3. 

And  in  the  same  mariner  it  may  be  shown  that  the  whole  number  of 
combinations  of  2,  in  5  things*  wUl  bel-f2-f3  +  ^>  ^^3  in  6  things^ 
1  -f  2  +  3  +  4  +  5 ;  and  of  2,  in  7  thing*,  1  +  2+3+4  +  5  + 
6,  &c.  ;  whence,  universally,  the  number  of  combinations  of  m  thingsit 
taken  2  by  2,  is  »1  +2  +  3  +  ^  +  5  +  6,  aM.to(m— l)term8. 

m        m  — 1 

But  the  sum  of  this  series  is  ^  —  X      '    '     9  which  is  theianie  a? 

1  2 

the  rule. 

2.  Let  now  the  number  of  quantities  in  each  eomblnatiDn  be  sup^ 
lN)sed  to  be  three. 


PERMUTATIONS  AifD  COMBINATIONS.      Uf 

Ix2x3x4x5x6(=£the  number  to  be  taken 
at  a  time  )  =  7fi0. 

lox«X«X7x6x5  (=  same  number  from  10) 

a^  IS1200. 

Then  720  )  151200  (210  the  Answer. 
U40 

720 
720 

« 

2.  How  many  combinations  can  be  made  of  2  letters  out 
tff  the  24  letters  of  the  alphabet  I  Ans.  276. 

3.  A  general,  who  had  often  been  succeasful  in  war,  was 
asked  by  his  king  what  reward  he  should  confer  upon  him  for 
his  services  ;  the  general  only  desired  a  farthing  for  every 
fie,  of  10  men  in  a  file,  which  he  could  make  with  a  body 
of  iOO  men  ;  what  is  the  amount  in  pounds  sterling  ? 

Ans.  lSO3l572350l9a2d. 


Then  it  is  plain,  that  when  m  ce  3,  or  the  things  to  be  combined  are 
0t  ^f  c,  there  can  be  only  one  combination.  But  if  m  be  increased  by 
1»  or  the  things  to  be  combiaed  are  4y  as  a,  6,  c,  J,  then  will  the  number 
of  combinations  be  increased  by  3 :  since  3  is  the  numl^r  of  combina- 
tions of  2  in  aU  the  preceding  letters*  a^  b,  c,  and  with  each  two  of 
these  the  new  letter  d  may  be  combined. 

The  number  of  combinations,  therefore  in  this  case,  is  1  -f>  3. 

Againy  if  m  be  increased  by  one  more,  or  the  number  of  letters  be 
snpposed  5  ;  then  the  former  number  of  combinations  will  be  in- 
oreascd  by  6,  that  is,  by  sJl  the  combinations  of  2  in  the  4  preceding 
letters,  a,  b,  c,  d^  since,  as  before*  with  each  two  of  these  the  new 
letter  c  may  be  combined. 

The  number  of  combinations,  therefore*  in  this  case,  is  1+3+6. 

Whence,  universaliyi  the  number  of  combinations  of  i»  things,  taken 
3  by  3i  is  1+3+6 +10  &c.  to  m  —  2  terms. 

«        SI  —  1       SI  —  2 

But  the  sum  of  this  series  is  <=  —  X      i  u    ■  X     '.  >    '■  i  which  is 

12  3 

the  same  as  the  rule. 

And  the  same  thing  will  hold,  let  the  number  of  thhigs  to  be  taken 
at  a  lime  be  what  it  will  {  therefore  the  number  of  con£inations  of  ii} 
tbinj^s,  taken  n  at  a  time,  wiU  be  «» 
tra        mr»l      m— 2       m  —  3 

—  X  —  X        ■■■  X-  ■  ■■>?,  k^  to  n t^rms.    q?  c.  n, 
12  3  -V 


^ 


fWjU^ 


la  ARITHMETIC. 

FROBUSM  VL 

To  JM  the  dumber  qf  Combinatiant  qf  any  Given  Mimber  of 
Thing %y  by  taking  any  Given  dumber  at  a  time  ^  in  vfbicU 
there  are  eeveral  Thing9  of  one  Sort,  several  qfanotlierj  i^e. 

RULE. 

'  Fivi>i  by  trials  the  number  of  different  forms  which  the 
things  to  be  taken  at  a  time  will  admit  of,  and  the  number  of 
combinations  there  ar^  in  each* 

Add  all  the  combioationsy  thus  found  togetheri  and  thp 
sum  will  be  the  number  required. 

EXAMPLES. 

1.  Let  the  things  proposed  beaaab  b  c  ;  it  is  required  tb 
fipd  the  number  of  combinations  made  of  every  3  of  these 
(}uantities  I 

Forms.  Combinations* 

a» -     1 

a'bia*efb^€tjb*e 4 

abc     .----.-I 

Number  of  combinations  required  ^^  6 

2.  Let  aaab  bbcehe  proposed  ;  it  is  required  to  find  the 
namber  of  combinations  of  these  quantities)  taken  4  at  a 
time  ?  Ans.  10. 

3.  How  many  combinations  are  there  in  aaaabbcede^ 
taking  8  at  a  time  ?  Ans.  13. 

4*  Hoi^r  many  combinations  are  there  in  aaaaabbbbb 
cccc4ddde  ee  efff  gy  taking  10  at  a  time  ?    Ans.  28 19, 

PROBusM  vn. 

To  find  the  Compo$itiona  of  any  Mimber^  in  an  equal  Mimber 
qf  Setey-the  Things  themaetvea  being  all  different* 

BOLE*. 

Multiply  the  number  of  things  in  every  set  continually^ 
together,  and  the  product  will  be  the  answer  required. 


f  Demmgtr.  Sappose  there  are  only  two  sets  ;  then,  it  is  plsin,  that 
f^Tf  quantity  of  the  one  set  being  combined  with  evexy  quantity  of  the 
Other*  will  make  sli  the  compositions,  of  two  things  in  these  two  sets*^; 


PERMUTATIONS  AND  COMBINATIONS.     U9 


EXAMPLES. 

1.  Suppose  there  are  four  companiesi  in  each  of  \7bich 
there  are  9  men  ;  it  is  required  to  find  how  many  ways  9 
men  may  be  chosen^  one  out  of  each  company  ? 

9 


6561  the  Answer. 

Or,  9X9X9  x9  =  6561  the  Answer. 

3.  Suppose  there  are  4  companies  ;  in  one  of  which  there 

are  6  men,  in^'another  8,  and  in  each  of  the  other  two  9 ;  what 

are  the  choices,  by  a  compoaiticm  of  4  men,  one  out  of  each 

•  Company  ?  Ans.  388S. 

3.  How  many  changes  are  there  in  throwing  5  dicej  ^v 

Ans.  77T6. 


and  the  number  of  these  compositions  is  e^dently  the  product  of  the 
pumber  of  quantities  in  one  set  by  that  in  the  other. 

Again*  suppose  there  are  three  sets  ;  then  the  composition  of  two, 
in  any  two  of  the  sets,  being  combined  with  every  quantity  of  the  third, 
■will  make  all  the  cbmpositions  of  three  in  the  three  sets.  That  is,  the 
compositions  of  two  in  any  two  of  the  sets,  being  multiplied  by  the 
number  of  quantities  in  the  remaining  set,  will  produce  the  composi- 
tions of  three  in  the  three  sets  ;  which  is  evidently  the  contmual  pro- 
duct of  all  the  three  numbers  in  the  three  sets. 

And  the  same  manner  of  reasoning  will  hold,  let  the  number  ofaeiB 
be  what  it  will-    ^.  z.  n. 

The  doctrine  of  permutations)  combtnations*  &c.  is  of  very  exten- 
vive  use  in  different  parts  of  the  Mathematics ;  particularly  in  the 
caleulation  of  annuities  and  chances.  The  sublet  might  have  been 
pursued  to  a  much  greater  length  ^  but  what  is  here  done,  will  be 
found  sufficient  for  most  of  tiie  purposes  to  which  things  of  this  nature 
lire  applicable. 
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PRACTICAL  QUESTIONS  IN  ARITHMETIC. 

Quest.  1.  The  swiftest  velocity  of  a  cannon-ball,  is  about 
52000  feet  in  a  second  of  time.  Then  in  what  time,  at  that 
Tate,  would  such  a.  ball  be  in  moving  fi;om  tlie  earth  to  the 
pun,  admitting  the  distance  to  be  100  millions  of  miles,  and 
the  year  to  contain  365  days  6  hours^ 

Ana.  8-iVi97  years. 

Quest.  3.  What  is  the  ratio  of  the  velocity  of  light  to  that 
of  a  cannon-ball,  which  issues  from  the  gun  with  a  velocity  of 
1500  feet  per  second  ;  light  passing  from  the  sun  to  the  earth 
In  7i  minutes  ?  Ans,  the  ratio  of  782222|  to  1. 

Quest.  3.  The  slow  or  parade-step  being  70  paces  per 
minute,  at  28  inches  each  pace,  it  is  required  to  determine 
at  what  rate  per  hour  that  movement  is  ?        Ans.  ljr^|  miles. 

Quest.  4  The  quick-time  or  step,  in  inarching,  beings 
3  paces  per  second,  or  120  per  minute,  at  28  inches  each  ; 
then  at  what  rate  per  hour  does  a  troop  march  on  a  route, 
and  how  long  will  they  be  in  arriving  at  a  garison  20  miles 
dutant,  allowing  a  halt  of  one  hour  by  the  way  to  refresh  ? 

^       5  ^^^  ^^^^  ^^  ^TT  ™iles  an  hour. 
■^"**  I  and  the  time  7f  hr.  or  7  h.  17f  min. 

Quest.  5.  A  wall  was  to  be  built  700  yards  long  in  29 
^ays.  Now,  after  12  men  had  been  employed  on  it  for  H 
days,  it  was  found  that  they  had  completed  only  220  yards  of 
the  wall.  It  is  required  then  to  determine  how  many  men 
must  be  added  to  the  former,  that  the  whole  number  of  them 
may  just  finish  the  wall  in  the  time  proposed,  at  the  same 
rate  of  working  ?  Ans.  4  men  to  be  added. 

Quest.  6.  To  determine  how  far  500  millions  of  gui- 
neas  will  reach,  when  laid  down  in  a  straight  lii\e  touching^ 
pne  another ;  supposipg  each  guinea  to  be  an  inch  in  diameter, 
as  it  is  very  nearly.  Ans.  789 1  miles,  728  yds.  2ft,  8  in. 

^  Quest.  7.  Two  persons^  a  and  b,  being  on  opposite 
sides  of  a  wood,  which  is  536  yards  about,  they  being  to  go 
round  it,  both  the  same  way,  at  the  same  instant  of  tirn^  ;  a 
^oes  at  the  rate  of  1 1  yards  per  minute,  and  b  34  yards  in 
S  minutes ;  and  the  question  is,  how  many  tiroes  will  the  wood 
t^e  gone  round  before  the  quicker  overtake  the  slower  ? 

Ans.  17  times.. 

Quest. 
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QtJBST.  8.  A  can  do  a  piece  of  work  alone  in  13  days» 
and  B  alone  in  14  ;  in  what  time  will  they  both  together  per- 
form a  like  quantity  of  work  ?  Ana.  6  ^  daya. 

Quest.  9.  A  person  who  waa  posaessed  of  a  f  share  of 
a  copper  mine,  sold  j.of  his  interest  in  it  for  1800//  what  waa 
Che  reputed  value  of  the  whole  at  the  same  rate  f    Ans.  4000/« 

QusST.  10.  A  person  after  spending  20/  more  than  {  of 
his  yearly  income,  had  then  remaining  30/  more  than  the 
half  of  it  i  what  was  his  income  ?  Ana.  200/. 

QuKST.  11.  The  hour  and  minute  hand  of  a  clock  are 
eaukCtly  together  at  12  o'clock  ;  when  arc  they  next  together  ? 

Ans  at  1  ^  hr  or  I  hr,  ^'y  min. 

Quest.  12.  If  a  gentleman  whose  annual  income  is  Isoo/, 
apeuds  20  guineaa  a  week  ;  whether  will  he  save  or  run  in 
debt)  and  how  much  in  the  year  ?  Ans.  save  408/. 

QuasT.  13.  A  person  bought  180  oranges  at  2  a  penny, 
and  180  more  at  3  a  penny  ;  after  which*  selling  them  out 
again  at  5  for  2  pence,  whether  did  he  gain  or  lose  by  the 
bargain  ?  Ans.  he  loat  6  pence. 

QuBST.  14.  If  a  quantity  of  provisions  serves  1500  men 
12  weekS)  at  the  rate  of  20  ounces  a  day  for  each  man  ;  how 
many  men  will  the  same  provisions  maintain  for  20  weeks*  at 
the  rate  of  8  otmces  a  day  for  each  roan  ?  Ans.  2250  men. 

Quest.  15.  In  the  latitude  of  London,  the  distance  round 
the  earth,  measured  on  the  parallel  of  latitude,  is  about  15350 
sniles  ;  now  as  the  earth  turos  round  in  23  hours  56  minutest 
at  what  rate  per  hour  is  the  city  of  London  carried  by  this 
motion  from  west  to  east  ^  Ans.  649|f|  miles  an  hour. 

Quest.  16.  A  £ither  left  his  son  a  fortune,  }  of  which  he 
ran  through  in  8  months  ;  f  of  the  remainder  lasted  him  1^ 
months  longer  ;  after  which  he  had  bare  820/  left.  What 
sum  did  the  father  bequeath  hb  son  ?  Ans.  1913/  6s  8d, 

m 

Quest.  17.  If  1000  men,  besieged  in  a  town  with  pro- 
visions for  5  weeks,  allowing  each  man  16  ounces  a  day,  be 
reinforced  with  500  men  more ;  and  supposing  that  they  can- 
not be  relieved  till  the  end  of  8  weeks,  how  many  ounces  a 
day  must  each  man  have,  that  the  provision  may  last  that 
time  ?  Ans.  6|  ounces. 

Quest.  18.  A  younger  brother  received  8400/,  which 
was  just  f  of  his  elder  brother's  fortune:  What  was  the 
ftther  worth  at  his  de^th  ?  Ans.  19200/. 

Quest. 
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Quest.  19.  A  persOD,  looking  on  his  watch,  was  asked 
what  was  the  time  of  the  day,  who  answered)  It  is  betweea 
5  and  6;  but  a  more  particular  answer  being  required,  he 
said  that  the  hour  and  minute  hands  were  then  exactly  toge* 
ther  :   What  was  the  time  ?  Ans.  27  ^j  min.  past  5. 

Quest.  30.  If  20  men  can  perform  a  piece  of  work  .in 
1 2  days,  how  many  men  will  accomplish  another  thrice  a& 
large  in  one-fifth  of  the  time  ?  Ans.  30O. 

QuBST.  21.  A  hthcr  devised  ^  of  his  estate  to  one«of  hi» 
sons,  and  |\-  of  the  residue  to  anodier,  and  the  surplus  to  his 
relict  for  life.  The  children's  legacies  were  found  to  be 
5U/6f  8c^  different:  Then  what  money  did  he  leave  the 
widow  the  use  of  ?  Ans.  1270/  U  9^cf* 

Quest.  22.  A  person,  making  his  will,  gave  to  one  child 
^  of  his  estate,  and  the  rest  to  another.  When  these  legacies 
came  to  be  paid  the  one  turned  out  1200/  more  than  the 
other  :  What  did  the  testator  die  worth  ?  Ans.  4000/. 

Quest.  23.  Two  persons,  a  and  B,  travel  between 
London  and  Lincoln,  distant  100  miles,  a  from  London, 
and  B  from  Lincoln,  at  the  same  instant.  After  7  hours  they 
meet  on  the  road,  when  it  appeared  that  a  had  rode  1|  miles 
an  hour  more  than  b.  At  what  rate  per  hour  then  did 
each  of  the  travellers  ride  i         Ans.  a.  7|f,  and  b  61  j.  miles. 

Quest.  24.  Two  persons,  a  and  b,  travel  between  Lon* 
don  and  Exeter,  a  leaves  Exetef  at  8  o'clock  in  the  mom* 
ingt  and  walks  at  the  rate  of  3  miles  an  hour,  without  inter* 
mission ;  and  b  sets  out  from  London  at  4  o'clock  the  same 
evening,  and  walks  for  Exeter  at  the  rate  of  4  miles  an  hour 
constantly.  Now,  supposing  the  distance  between  the  two 
cities  to  be  130  miles,  whereabouts  on  the  road  will  they 
meet  I  Ans.  69j  miles  from  Exeter. 

Quest.  25.  One  hundred  eggs  being  placed  on  the 
ground  in  a  straight  line,  at  the  distance  of  a  yard  from  each 
other ;  How  far  will  a  person  travel  who  shall  bring  thena 
one  by  one  to  a  basket,  which  is  placed  at  one  yard  from  the 
first  egg  i  Ans.  10100  yards,  or  5  miles  and  1300  yds. 

Quest.  26.  The  clocks  of  Italy  go  on  to  24  hours : 
Then  how  many  strokes  do  they  strike  in  one  complete  re« 
volution  of  the  index  ?  Ans.  300.> 

Quest.  27.  One  Sessa,  an  Indian,  having  invented  the 
game  of  chesS|  shewed  it  to  his  princei  who  was  so  delighted 

with 
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i^ith  it,  that  he  promised  him  any  reward  he  shbuld  ask ;  on 
tvhich  Sessa  requested  that  he  might  be  allowed  one  grain  of 
wheat  for  the  first  square  on  the  chess  board*  2  for  the  second^ 
4  for  the  third,  and  so  on,«doublin$r  continually,  to  64,  the 
whole  number  of  squares.  Now,  supposing,  a  pint  to  contain 
7680  of  these  grains,  and  one  quarter  or  8  bushels  to  be  worth 
27s  6rf,  it  is  required  to  compute  the  value  of  all  the  com  ? 

Ans.  6450468216285/  17«  3rf||^Jy- 

Quest*  28.  A  person  increased  his  estate  annually  by 
ioo/  more  than  the  i  part  of  it ;  and  at  the  end  of  4  years 
found  that  his  estate  amounted  to  kOS42/  Za  9d.  What  had  he 
at  first  ?  Ans.  40G0/. 

Quest.  29.  Paid  1012/  10^  for  a  principal  of  750/,  taken 
in  7  fears  before :  at  what  rate  per  cent,  per  annum  did  I  pa^ 
ijuerest  f  Ans.  5  per  cent* 

Quest.  30*  Divide  1000/  among  A|  b>  c  ;  so  as  to  give 
A  120  more,  and  b  95  less  than  c. 

Ans  A  445,  B  230,  c  325* 

Quest.  31.  A  person  beinj;  asked  the  hour  oftheday^ 
aaid,  (he  time  past  noon  is  equal  to  |ths  of  the  time  till  mid- 
night.    What  was  the  lime  ?  Ans.  20  miti.  past  5. 

Qvest.  52.  Suppose  that  1  have  -^^  of  a  ship  worth  1200/; 
what  part  of  her  have  I  left  after  selling  |  of  ^  of  my  share, 
and  vfhsLi  is  it  worth  ?  Ans.  -^^^  worth  185/. 

Quest-  33.  Part  1200  acres  of  land  among  a,  &,  c  ;  so 
that  u  may  have  100  more  than  A>'and  c  64  more  than  b» 

Ans.  A  312,  B  413»  c  476. 

Quest.  54  What  number  is  that,  from  ^hich  if  there  be 
taken  I  of  |,  and  to  the  remainder  be  added  ^^  of -/f,  the 
sum  will  be  10  ?  Ans.  9||. 

Quest.  35.  There  is  a  number  which  if  multiplied  by  i 
of  I  of  1  ^  will  produce  1  :  i;¥hat  is  the  square  of  that  number  ; 

Ans.  1^. 

Quest.  36.  What  length  must  be  cut  ofTa  board,  ii  inches 
1>road,  to  contain  a  square  foot|  or  as  much  as  12  inches  in 
length  and  1 2  in  breadth  ?  Ans.  1 6 1|.  inches. 

Quest.  37.  What  sum  of  money  will  amount  to  138/  2^ 
tdy'm  15  months,  at  5  per  cent,  per  annum  simple  interest  ? 

Ans.  130/; 

Quest.  38.  A  father  divided  his  forttme  among  his  three 
sons,  A,  B,  c,  giving  a  4  as  often  as  b  3,  atid  c  5  as  often  aa 
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fe  6  ;  what  ^as  the  whole  legacy,  supposing  a's  sbafe  ^ad 
4000/.  Ans.  9&QOi. 

Quest.  39.  A  young  hare  starts  40  yards  *  before  a  grey- 
hound, and  is  not  perceWed  by  ^him  lilt  she  has  been  up  40 
seconds ;  she  scuds  away  at  the  rate  of  10  miles  an  hour,  and 
the  dog,  on  view,  makes  after  her  at  the  rate  of  18  :  how  lon^ 
will  the  course  hold,  and  what  ground  will  be  run  over,  count* 
ing  from  the  outsetting  of  the  dog  I 

Ans.  60-,^Ysec.  and  530  yards  mn. 

Quest.  40.  Two  young  gentlemen,  without  private  for- 
tune, obtain  commissions  at  the  same  time,  and  at  the  age  of 
18»  One  thoughtlessly  spends  10^  a  year  more  than  his  pay; 
but,  shocked  at  the  idea  of  not  paying  his  debts,  gives  his 
creditor  a  bond  for  the  money,  at  the  end  of  every  year,  and 
also  insures  his  life  for  the  amount  \  each  bond  costs  him  30 
shillings,  besides  the  lawful  interest  of  5  per  cent,  and  to  in- 
sure his  life  costs  him  6  per  cent 

The  other,  having  a  proper  pride,  is  determined  never  U0 
run  in  debt ;  and,  that  he  may  assist  a  friend  in  need,  perse- 
veres in  saving  10/  every  year,  for  which  he  obtains  an  inter- 
est of  5  per  cent,  which  interest  is  every  year  added  to  hi& 
savings,  and  laid  out,  so  as  to  answer  the  effect  of  compound 
interest. 

Suppose  these  two  officers  to  meet  at  the  age  of  50,  when 
each  receives  from  Government  400/  per  annum ;  that  tha 
one,  seeing  his  past  errors,  is  resolved  in  future  to  spend  no 
more  than  he  actually  has,  after  paying  the  interest  for  what 
he  owes,  and  the  insurance  on  his  life. 

The  other,  having  now  something  before  hand,  means  ki 
future,  to  spend  his  full  income,  without  increasing  his  stock. 

It  is  desirable  to  know  how  much  each  has  to  spend  per 
annum,  and  what  money  the  latter  has  by  hint  to  assist  the 
distressed,  or  leave  to  those  who  deserve  it  ? 

Ans.  The  reformed  officer  has  to  spend  66/   19s   lj'5389tf 
per  annum. 
The  prudent  officer  has  to  spend  437/  \2a  ll}'4379if 

per  annum. 
And  the  latter  has  saved,  to  dispose  of,  752/  19«  9*  i896£fv 
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OF  LOGARITHMS*, 


f  LOGARITHMS  are  made  to  facilitate  troublesome  calcu* 
lations  in  numbers.  This  they  do,  because  they  perform 
%  multiplication  by  only  addition^  and  division  by  only  subtract- 
.  tioDy  and  raising  of  powers  by  mqltiplyiog  the  logarithm  by 
the  indesc  of  t^e  po^er,  and  extracting  of  roots  by  dividing 
the  logarithm  of  the  nuipber  by  the  index  of  the  root.  For, 
logarithms  are  numbers  so  contrived,  and  adapted  to  other 
Bumbers,  that  the  sums  and  difTerences  of  the  former  shall 
correspond  tQy  apd  sbow;  the  products  and  quotients  of  the 
latter,  &c. 

Or^  more  generally,  logarithms  are  the  numerical  expo^ 
Bents  of  ratios  s  or  tbey  are  a  series  of  numbers  i%a>'i4H 


#  The  invention  ^f  Logarithms  is  due  to  Lord  Kapler,  Baron  of 
Merchistoni  |n  Scotland^  and  is  properly  considered  as  one  of  tho 
most  useful  inventions  of  moden^  times.  A  tahle  of  these  numbers  was 
Unt  published  by  the  inventor  at  £'linburgb,  in  the  ye^r  1614^  in  a 
ti^tise  entitled  Canon  M^hrificutA  Logarithimorum  f  which  was  eagerly 
received  by  all  the  (earned  throughout  Europe.  Mr.  Henry  'Rngga, 
tiien  professor  of  geometry  at  Qresham  College,  soon  after  the  dis-^ 
covery,  went  to  visit  the  noble  inventor  ;  after  which,  they  jointly  un- 
dlertook  the  arduous  task  of  computing  n^w  tables  on  this  subjectj^and 
reducing  th^m  to  a  more  convenient  furm  than  that  which  was  i^t  first 
thought  of.  Qut  Lord  Napier  dying  soon  aflert  the  whole  burden  fell 
upon  Mr.  Briggs,  who,  with  prodiguius  labour  and  great  skill,  made  ani 
•ntire  Canon,  according  to  the  new  fpnfi,  for  all  numbers  from  1  to 
90000,  and  from  90000  to  10100,  to  14  places  of  figures,  andpublishe4 
It  at  London,  in  the  year  1624,  in  a  treatise  entitled  Arithroetica  Log%<^ 
f i(h)||^ca|  wit|)  directioiu  for  supplying  the  int^^ni^diatp  parts. 
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snetical  prpgrewion,  wiBwcring  to  another  aeries  of  Dumbiws 
in  geocneirical  progression. 

^  CO,     1,    2,     S,      4,     5,     6,  Indices,  or  logarithms* 

Thus,    ^j^    2,    4f    8,    16,  32,  64,  Geometric  p^;ogression. 

CO,     1,     2,     3,     4,       5,       6,   Indices,  or  logarithms. 
^1,     3,    9,  27,  81,  243,  729,  Geometric  progression. 

^       Co,     !,♦  2,         3,  4,  5,         Indic5es,orlogs. 

il,  10,  100,    1000,    10000,     100000,    Geom  progress. 

Where  it  is  eiFident,  that  the  same  indices  serve  equally 
^r  any  geometric  series ;  and  consequently  there  may  he  an 


This  Canon  was  again  published  in  Holland  by  Adrian  Vlacq,  in  th& 
year  1628>  together  vritb  the  Logarithms  of  all  the  numberA  which. 
Mr  Briggrs  had  omitted  ;  but  he  contracted  them  down  to  10  plftces 
of  decimals.  Mr.  Briggs  also  computed  the  Logarithms  of  the  slnea^ 
tangents,  and  secants,  to  every  degree,  and  centesm,  or  100th  part  of  a^ 
degree>  of  the  whole  quadrant ;  and  aimexed  them  to  tlie  natural 
^neSy  tangents,  and  secants,  which  he  bad  before  computed,  to  fifteen 
]^laces  of  figures.  Thes^  Tables,  with  their  construction  and  use» 
■were  first  pubhshed  in  the  year  1633,  after  Mr.  Briggs's  death,  by  Mr. 
]Henry  Geliibrand>  under  the  title  of  Trigonometria  Britannic  a. 

Benjamin  Ursinus  also  gave  a  Table  of  Napier's  Logs,  and  of  sines, 
tO>ererv  10  seconds.  And  Chr.  Wolf>  in  his  Mathematical  Lexicon, 
aa^s  thiff  one  Van  Loser  had  computed  tliem  to  every  single  second* 
but  his  untimely  death  prevented  their  publication.  Many  other 
authors  have  treated  on  this  subject  *,  but  as  their  numbers  are  fre- 
quently inaccurate  and  incommodiously  disposed,  they  arc  now  gene- 
lilly  neglected.  The  Tables  in  most  repute  at  present,  are  those  of 
Gardiner  in4to,  first  published  in  the  yeai-  17425  »"<!  «iy  own  Tables 
in  8vo,  first  printed  in  the  year  1785,  where  the  Logarithms  of  all  num- 
|}ers  m^  be  easily  found  from  1  to  10000000 ;  and,  those  of  the  smes^ 
tangents,  and  secants,  to  any  degree  of  accuracy  required. 

Also,  Mr.  Michael  Taylor's  Tables  in  large  4to,  containing  the  com- 
inon  logarithms,  and  the  logarithmic  sines  and  tangents  to  every  se- 
cond of  the  quadrant.  And,  in  France,  t^le  new  book  of  logarithms 
hy  Callet ;  ttie  2d  edition  of  which,  in  1795,  has  the  tables  still  far- 
the?  esitended,  and  arc  printed  with  what  are  called  stereotypes,  the 
^pef  in  ead\  page  being  soldered  together  intp  a  solid  mass  or^block. 

Dodson*8  Antilogarithmic  Canpn  is  likewise  a  very  elaborate  work, 
^d  u^cd  for  fiinding  the  numbers  «is'werin|;  to  a?iy  given  logarithm. 
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•lendlesa  vanety  of  systems  of  logarithms^  to  the  saine-commou 
"lumbers,  by  ooly  changing  the  second  term,  2,  3f  l>r  10^  &c» 
«iC  the  geometrical  series  of  whole  numbers ;  and  by  inter-* 
polatlon  the  whole  system  of  numbers  may  be  made  to  enter 
the  geometric  series,  and  receive  their  proportional  Ibgarithms^ 
"Vhether  integers  or  decimals* 

It  is  also  apparent,  from  the  nature  of  these  series,  that  if 
any  two  indices  be  added  together,  their  sum  will  be  the 
index  of  that  number  which  is  equal  to  the  product  of  the 
two  terms,  in  the  geometric  progression,  to  which  those  in-* 
dices  belong.  Thus,  the  indices  2  and  3,  being  added  to-^ 
gether,  make  5  ;  and  the  numbers  4  and  8,  or  the  terms 
corresponding  to  those  indices,  being  multip^ed  together, 
make  32,  which  is  the  number  answering  to  the  index  5. 

In  like  manner,  if  any  one  index  be  subtracted  from 
another,  the  difference  will  be  the  index  of  that  number 
which  is  equal  to  the  quotient  of  the  two  terms  to  which 
those  indices  belong.  Thus,  the  index  6,  minus  the  index 
4,  is  =:  3  ;  and  the  terms  corresponding  to  those  indices  are 
04  and  16,  whose  quotient  is  =  4>  which  is  tha  number 
answering  to  the  index  i. 

For  the  same  reason,  if  the  logarithm  of  any  number' 
be  multiplied  by  the  index  of  its  power,  the  product  wll 
be  equal  to  the  logarithm  of  that  power.  Thus,  the 
index  or  logarinhm  of  4,  in  the  above  series,  is  2  ;  and 
if  this  number  be  multiplied  by  3,  t)ie  product  will  be 
=  6  ;  which  is  the  logarithm  of  64,  or  the  third  power 
of  4. 

And,  if  the  logarithm  of  any  number  be  divided  by  the 
index  of  its  root,  the  quotient  will  be  equal  to.  the  logarithuL 
isf  that  root.  Thus,  the  index  or  logarithm  ef  64  is  6  ^ 
and  if  this  number  be  divided  by  2,  the  quotient  wlU  be 
=3  3 ;  which  is  the  logarithm  of  8,  or  the  square  root 
ef  64. 

The  logaritlims  most  convenient  for  practice,  are  such  as 
are  adapted  to  a  geometric  series  increasing  in  a  tenfold  pro- 
portion, as  in  the  last  of  the  above  forms ;  and  are  those 
which  are  to  be  found,  at  present,  in  most  of  the  common 
tables  on  this  subject.  The  distinguishing  mark  of  this 
system  of  logarithms  is,  that  the  index  or  logarithm  of  10 
}9  I  ;   that  of  100  is  2  ;  that  ef  1000  is  3  ^  ^c.     And,  in 

^  "\  decimals; 
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decihalBf  tije  logarithm  of '1  ts  ~  1  ;  tbatjof  *or  is '—  ^Vtfaa^r-^ 
of  *d01  18-^3  f  &c.  The  log!  of  1  being  0  in  every  "r^jft||  ^ 
Whence  it  {bltow»y  that  the  logarithm  of  any  number  betiroft ; 
1  and  10,  mu9t  be  0  and  some  fractional  parts  ;  and  that  of  er- 
number  b^ween  10  aod  100,  will  be  1  and  some,  fractional 
parts;  and  so  ony  for  any  other  number  whatever.  And 
since  the  integral  part  of  a  logarithm^  usually  called  thc-Indexi 
•r  Characteristic,  is  always  thus  readily  found,  it  is  comnfonly 
omitted  in  the  tables  $  being  left  to  be  supplied  by  the  opera-? 
tor  himself,  as.occasion  requires. 

.  Another  Definition  of  Logarithms  is,  that  the  logarithm  of 
any  number  is  the  index  of  that  power  of  some  other  num- 
ber^ which  is  equal  to  the  given  number.  So,  if  thertf  be 
N  «»  r* ,  then  n  is  ^he  log.  of  N  ;  where  n  may  be  either*posi- 
ItTO  or  negative,  or  nothing,  and  the  root  r  any  number 
vhatever,  according  to  the  different  systems  of  logarithms. 
When  n  is  =  0»  then  N  is  =  1,  whatever  the  value  of  r  is  ; 
which  shows,  that  the  log.  of  1  is  always  Q,  in  every  system 
of  logarithiiis.  When  n  is  =»  i,  then  N  is  «  r  i  so  that  the 
radix  r  is  always  that  number,  whose  log.  is  1,  in  every 
6ystem«  When  the  radix  r  is  ^  2-718281828459  Sec  the 
indices  n  are  the  hyperbolic  or  Napier*s  log  of  the  number^ 
N ;  so  that  n  is  aJways  the  hyp.  log.  of  the  number  N  or 
W-718&C.)". 

But  when  the  radix  r  is  =  10,  then  the  index  n  becomes 
the  common  or  Briggs's  log;  of  the  number  N  :  so  that  the 
common  log.  of  any  number  10°  or  N,  is  n  the  index  of 
that  power  of  10  which  is  equal  to  the  said  number.  Thus 
100,  being  the  second  power  of  10,  will  have  2  for  its  loga- 
rithm; and  1000,  being  the  third  power  of  10,  will  have  3 
for  its  logarithaa  :  hence  idso,  if  50  be=  ioi***«'%  then 
is  1*^9897  the  co^nmon  log.  of  50.  And|  in  general)  the 
following  decuple  series  of  terms> 

▼iz*  10*,  10«,  loS  lOS  100,  10-S  10-  ,  l0-»,  10-^ 
or-  10000,  1000,  100,10,  1,  '1,  -01,  -001,  -0001, 
Jiave     4,         3,         3,       1,        0,-1,       —2, 3, 


for  their  logarithms,  respectively.  And  from  this  scale  of 
numbers  and  logarithms,  the  s^me  propertler  easily  fbllQW^ 
{IS  ^ve  mentionp4» 
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'»7b  commute  the  Logarithm  to  anif'of  (he  MLturaK^umbcf^ 

r  »^  54>  3,  4,  5,  ere. 

RULE!'. 

Take,  the  geometric  scries,  I,  10,  100,  1000.  10000,,kc» 
mid  apply   to  it  the  aruhmetia  series,  0,   I,  2.  3,  4,  &c.  as 
logarithms. — Find  a  geometric  meaa  between  1  and  10,  oi* 
bet\7een  10  and  100,  or  any  other  two  adjacent  terms  of  the 
series,  between  which  the  number  proposed  lies.-** In  like 
manner,  between  the  mean,  thus  found,  and  the  nearest  ex<* 
tnaroe,  find  another  geometrical  mean ;  and  so  on,  till  you 
arrive  within  the  proposed  limit  of  the  number  whose  loga- 
rithm is  sought  ^Find  also  as  many  arithmetical  means,  ili 
the  same  order  as  you  found  the  geometrical  ones,  and  these 
will  be  the  logarithms  answering  to  the  said  geoxnetricd 
znaans. 

EXAMPLE. 

Let  it  be  required  to  find  ther  logarithm  of  9. 
Here  the  proposed  number  lies  between  l  and  10. 
First,  then,  the  log.  of  10  is  1,  and  the  log.  of  1  is  0 ; 

theref.  l^J-  0  -r  2=i  =  *5  is  the  arithmetical  mean> 

and  y/  10x1  =  v'  10  =  3-J 622777  the  geom.  mean ; 
hence  the  log.  of  3- 1 622777  is  -5. 

Secondly,,  the  log.  of  10  is  1,  and  the  log.  of  3*1632777  is  •$  } 

theref.  1+  5-r>2=3«75is  the  arithmetical  mean,       ** 

and  V  10  X31622777  =  5-6234132  b  the  geom.  mean  j 
hence  the  log.  of  5-6234132  i« '75. 

Thirdly,  the  log,  of  10  is  I,  and  the  log.  of  5'6234132  is  '7S% 

there£  '1  +  '75  -r-  3  _^  '875  is  the  arithmetical  mean, 

and  v^  10  X  5-6235132  =  74989422  the  geom.  mean> 
hence  the  log.  of  7'49«9422  is  875. 

Fourthly,  the  iQg.  of  10  is  1,  and  the  log.  of  7-4989423  is  -875  ; 
theref.  1  -f  -875  ■?>  2  =  -9375  is  the  arithmetical  mean> 

and  V  10  X  7-4989422  =  8-6596431  the  geom.  mean; 
hence  the  log.  of  8*6596431  is  -9375. 


^  The  reader  who  wishes  to  inform  himself  more  particularly  con- 
cerning tlie  history,  nature,  and  construction  of  Logariihmsj  may  con- 
sult the  Introduction  to  my  Mathematical  Tables,  lately  published* 
WfiNi  he  will  find  his  curiosity  amply  gratified. 

Fifthly, 
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Fifthly,  the  log,  of  10  »  ^  ^^  *hc  log.  of  8-65#643l  is  *99fS  | 
theref.  r-f'9375  -r-  2  =  "96875  is  the  arithmetical  racan^ 
and  ^  10  X  8*639643 1  ===  9-3057204  the  geom.  mean  5 
hence  the  log.  of  9-3057204  is  -96875. 

Sixthly,  the   log.   of   8  6596431  is  '93751  and  the    log.  of 
9-3057204  is  -96875  ;  ^ 

theref  -9375  +  -96875  -=-  2  =s  '953125  is  the  aritb.  meani 
and  v^  8-6596431    X   9-3057204  =  8-9768713  the  geo- 
metric mean  ; 
hence  the  log.  of  8-9768713  is  -953125. 

« 

And  proceeding  in  this  manner,  after  25  extractions,  it 
vill  be  found  that  the  logarithm  of  8-9999998  is  9542425; 
Which  may  be  uken  for  the  logarithm  of  9,  as  it  differs  so 
liule  fAm  it,  that  it  is  sufficiently  exact  for  all  practical  pur- 
poses. And  in  this  manner  were  the  logarithms  of  almost  all 
the  prime  numbers  at  first  computed. 


UULB  ll''. 


Let  6  be  the  number  whose  logarithm  is  required  to  be 
found ;  and  a  the  number  next  less  than  *,  so  that  b  —  a  ===  If 
the  logarithm  of  a  being  known  ;  and  let  s  denote  the  sum 
of  the  two  numbers  c  +  A.    Then 

1.  Divide  the  constant  decimal  •8685889638  &c.  by  Sf 
and  reserve  the  quotient:  divide  the  reserved  quotient  by 
the  square  of  «,  and  reserve  this  quotient :  divide  this  last 
quotient  also  by  the  square  of  «,  and  a^ain  reserve  the 
quotient :  and  thus  proceed,  continually  dividing  the  last 
quotient  by  the  square  ofi  ^tf,  as  long  as  division  can  be 

made 

2.  Then  write  these  quotients  orderly  under  one  anothen 
the  first  uppermost,  and  divide  them  respectively  by  the  oda 
numbers,  1,3,  5,  7, 9,  &c.  as  long  as  division  can  be  made  5 
that  is,  divide  the  first  reserved  quotient  by  l,the  second  by 
S,  the  third  by  5,  the  fourth  by  7,  and  so  on. 

3.  Add  all  these  last  quotients  together,  and  the  sum  will 
be  the  logarithm  of  6  -s-  a  ;  therefore  to  this  logarhhm  add 
also  the  given  logarithm  of  the  ssdd  next  less  number  a,  so 
will  the  last  sum  be  the  logarithm  of  the  number  b  proposed. 


•  For  the  demonstration  of  this  rulci  see  my  Mathematical  Tables* 
»,  109,&C4  ^, 

That 
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That  is, 

n  111 

Log.  olb  is  log.a  +  —  x  C  1  4 1-*  — "—  -i —  +kc.) 

a  3«»  5./»         7*« 

Where  n  denotes  the  constant  given  decimal  '8685889638  £cc; 


£XA>fPI£S. 

Ex.  1-  Let  it  be  required  to  find  the  log*  of  number  2.' 
Here  the  given  number  b  is  2,  and  the  next  less  number  a 
is  I ,  whose  log.  is  0 ;  also  the  sum  2  4.  1  =  3  =  a^  and  its 
square  a^        '      '^' 


3 
9 
9 
9 
9 
9 
9 
9 
9 


) 
) 

; 
) 

5 

) 

) 


=  9.     Then  the  operaiiou  will  be  is  follows 
868588964  1      I  )  -289529654  (  -2895296541 


•289529654 

32I6'J962 

3374440 

397:60 

44129 

4903 

545 

61 


I 


3 
5 

7 

9 

11 

13 

15 


) 
) 
) 
) 

) 


32169962  ( 

3)74440  ( 

397160  ( 

44129  ( 

4903  ( 

545  ( 

61   f 


10723321 

714888 

4903 

446 

42 

4 


lo^of|     -    301039995 
add  log.  1  -  '000000000 

log.  of  2    -  '301029995 


Ex.  2.  To  Compute  the  logarithm  of  the  number  3. 

Here  6  =  3,  the  next  less  number  a  =  2,  and  the  sum 
^  ^  ^  =3  5  sr=  a,  whose  square  4*  is  25,  to  divide  by  which) 
always  multiply  by  -04.    Then  the  operaiion  is  as  follows ; 


5  )  -868588964   I 
5  )'\tZl\'n9^^  ' 


25 
25  ) 
^5  ) 
25  ) 
25  ) 


I   )173717?93  (-173717793 


6948712 

277948 

1111-8 

445 

18 


3) 

*   ) 
7  ) 


6M87I2  ( 
277948  ( 
11118  ( 
445  ( 
18  ( 


2316.37 

55590 

1588 

50 

% 


log.  of  J     .   •176091260 
log.  of  3  add  -301029995 

log.  of  3  sought  -477121  Z^S 

Then*  because  the  sum  of  the  logarithms  of  numbers, 
gives  the  Ibgariihm  of  their  pi'oduct ;  and  the  difference  of 
the  logarithms;  gives  the  ioi^ariihw  of  Iho  quotient  of  th9 

Vol.  L  Y  narpbcrsj 
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numbers ;  from  the  above  two  logarithmsy  and  the  logaritlim 
of  10,  which  is  1)  we  may  ruse  a  great  many  logarithms,  as 
in  tke  foiiowing  examples : 


EXAMPLE  d. 
Because  3x2  =  4,  therefore 
tolog.  2       -     •d01039995| 
add  log.  2     -     •301029995| 


sum  is  log.  4     *602059  99 1  ^ 


EXAMFLB  4. 
Because  2  x  3  s=  6,  therefore 
to  log.  2       -     -301029995 
add  log.  3.    -    '477121255 


EXAMFL£  6L 

Because  3'  ss=  9,  tbereiore 
log.  3        -       -477121254,%. 
mult,  by  2  2 


■^ '  ■  ■  ■ 


gives  log.  9      -954242509 


sum  is  log.  6     -778151250 


EXAMPUQ  S. 
Because  2=8,  therefore 
log.  2  -       '301029995 

mult,  by  3  3 


gives  log.  8       -903089987 


exampi;e  7. 

Because  \f  ss  5,  therefore 
from  log.  10   1*000000000 
take  log.  3  -30 1 029995$ 

leaves  log.  5      -698970004J 


EXAMPLE  §. 

Because  3x4  =  12,  therefore 

tolog.  3       -       •47713 125S 
add  log.  4    .•       -60305999 1 


gives  log.  1 3      1  -079 1 8 1 346 


And  thus,  computing,  by  this  general  rule,  the  logarithms 
to  the  other  prime  numbers,  7,  II,  13,  17,  19,  33,  Sec.  and 
then  using  composition  and  divisioh,  we  may  easily  find  as 
many  logarithms  as  we  please,  or  may  speedily  eatamine  any 
logarithm  in  the  tabic*. 


*  There  are,  besides  these,  many  other  iageaioag  methods,  which 
later  writers  tiave  discovered  for  finding  the  logarithms  of  muDben^ 
in  a  much  easier  way  than  by  the  original  inventor  ;  but«  as  they 
cannot  be  understood  without  a  knowledge  of  some  of  the  higher 
branches  of  the  mathematics,  it  is  thought  proper  to  omit  them,  and 
to  refer  the  reader  to  those  works  which  are  written  expressly  on  the 
subjecU  It  would  likewise  much  exceed  the  limits  of  this  compen- 
dium, to  point  out  all  the  particular  artifices  that  are  made  use  of  fi)r 
constructing  an  entire  table  of  these  numbers  ;  but  any  information  of 
this  kind,  which  the  learner  may  wish  to  obtain,  may  be  found  in  my 
Tables,  before  mentioned. 


J)e$crifiHon 
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i  JJetcr^iiott  and  Ute  tifthe  TABLE  ({^LOGARITHMS. 

\  Having  explained  the  manner  oF  forming  a  table  of  the 

logaritbnis  of  numbers,  greater  than  unity  ;  the  next  thing  to 
be  dona  is,  to  show  how  the  logarithms  of  fractional  quan- 
tities may  be  found.  In  order  to  this,  it  may  be  observed^ 
that  as  in  the  former  case  a  geometric  series  is  supposed  to 
Increase  towards  the  left,  from  unity,  so  in  the  latter  case 
it  Is  supposed  to  decrease  towards  the  right  hand,  still  be* 
f^nning  with  unit ;  as  exhibited  in  the  general  description^ 
page  148,  where  the  indices  being  made  negative,  still  show 
the  logarithms  to  which  they  belong.  Whence  it  appears, 
that  as  +  1  is  the  log.  of  10,  so  —  i  is  the  log.  of  ■,*.  or  •!  ; 
and  as  -f  3  is  the  log.  of  100,  so  i-^  3  is  the  log.  ol^^or 
«01 :  and  so  on. 

Hence  it  appears  In  general,  that  all  numbers  which  con- 
sist of  the  same  figures,  whether  they  be  integral,  or  frac^ 
tiooalf  or  mixed,  will  have  the  decimal  parts  of  their  ioga- 
litbms  the  same,  but  differing  only  in  the  index,  which  will 
be  more  or  less,  and  positive  or  negative,  according  to  the 
place  of  the  first  figure  of  the  number. 

Thus,  the  logarithm  of  2651  being  3*423410,  the  log.  of 

t'v  ^^  tI7>  ^^  T7^'  ^^'  P^^^  ^^  ^  '  '^^  ^^  ^^  follows  ; 

Logarithms. 

3-423410 

2-423410 

1  *4  2  3  4  1  O 

O  -4  2  3  4  10 

—I  -4  2  3  4  I  O 

-^2  -4  2  3  4  1  0 

—3  -423410      » 

Hence  it  alao  appears,  that  the  index  of  any  logarithm,  is 
always  less  by  1  than  the  number  of  integer  figures  which 
the  natural  number  consists  of ;  or  it  is  equal  to  the  distance 
of  the  first  figure  from  the  place  of  units,  or  first  place  of  in- 
tegers, whether  on  the  left,  or  on  the  right,  of  it :  and  tiiis 
index  is  constantly  to  be  placed  on  the  left-hand  side  of  the 
decimal  part  of  the  logarithm. 

When  there  are  integers  in  the  given  number,  the  index 
IS  always  affirmative  ;  but  when  there  are  no  integers,  the 
index  is  negative^  and  is  to  be  marked  by  a  short  Ime  drawn 
before  it,  or  else  above  it*    Thus,  . 

A  number  having  I9  S*  3,  4, 5,  8cc.  integer  places, 

the  index  of  its  log.  is  0,  I,  %  3;  4|  0cc.  or  1  less  than  those 
places* 

And 


Numbers. 
2  0  5  1 

2  6  5*1 

3  6-51 
2  6  5  1 
•2651 

•0^651 
•00265   1 
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And  a  decitnal  fraction  having  its  (irBt  figure  in  the 

1st,  2d,  3d*  4th    &c.  plcice  of  the  d«;cimalb,    has  always 
—  l>  —  2,  —  3>  — *4    jbtc.  ior  the  index  of  its  tou^urithm. 
It  may  also  be  obbcrved.  that  though   the   indict  s  of  frac- 
tional quantities  are  negative,  yet    fhr  decimal  part  a  of  their 
1  garithms  are  always  afiii  mative.  And  the  negative  mark  ( — ) 
may  be  set  either  before  the  index  or  over  it. 

1.  TO   FIND,  IN   THE   TABLE,    THE  LOGARITHM  TO  ANY 

NUMBER'. 

1.  If  the  given  M'umber  be  icss  than  ICO,  or  consist  of 
only  two  figures  ;  its  log.  is  inunediateiy  found  by  .inspection 
in  the  first  page  of  the  table,  which  contains  all  numbera 
from  1  to  100,  with  their  logs,  and  the  index  im mediately 
annexed  in  the  next  colunm. 

So  the  log.  of  5  is  0  698970.  The  log.  of  23  is  1*361728. 
The  log.  of  50  is  1  698970      And  so  on. 

2.  Jf  the  Mimber  be  more  than  100  but  le^^  than  10000; 
that  is,  consisting  of  either  three  or  four  figures ;  the 
decimal  part  of  the  logarithm  is  found  by  inspection  in  the 
otbe-  pages  of  the  table,  standing  against  the  given  number,  in 
t^is  manner ;  viz.  the  first  three  figures  of  the  given  number  in 
the  first  column  of  the  page,  and  the  fourth  figure  one  of  those 
along  the  tup  line  of  it ;  then  in  the  angle  of  meeting  are  the 
last  four  figures  of  the  logarithm,  and  the  first  two  figures  of  xhe 
same  at  the  beginning  of  the  same  line  in  the  second  column 
of  the  page  :  to  which  is  to  be  prefixed  the  proper  index, 
which  is  always  1  less  than  the  number  of  integer  figures. 

So  the  logarithm  of  251  is  2-399674,  that  is,  the  decimal 
•39 0674  found  in  the  table,  with  the  index  3  prefixed,  be- 
cause the  given  number  contains '  three  integers.  And  the 
tog  of  34  09  is  l-5S26i7,  that  is,  the  decimal  '532627 
found  in  the  table,  with  the  index  1  prefixed}  because  the 
^ven  number  contains  two  integers. 

3.  But  if  the  given  Number  contain  more  than  four  Jgure9  : 
take  out  the  logarithm  of  the  first  four  figures  by  inspection 
in  the  table^  as  before,  as  also  the  next  greater  logarithnoi 
subtracting  the  one  logarithm  from  the  other,  as  also  their 
corresponding  numbers  the  one  from  the  other.    Then  8ay« 

As  the  difference  between  the  two  numbers. 
Is  to  the  difference  of  their  logarithms, 
So  is  the  remaining  part  of  the  given  numberi 
To  the  proportional  part  of  the  logarithm. 


.^  See  the  Uble  of  Logarithms  at  the  end  of  the  2d  volume. 

Which 


I 


r 

\ 

I 


LOGA&ITHMS.  165 

Which  part  bcin^  added  to  the  less  logarithm,  before  taken 
J01U5  gives  the  whole  logaritbm  sought  very  nearly. 

EXAMPLE. 

To  fijid  the  logarithm  of  the  number  34  09^6. 
The  log  of  340900,  as  before,  is  5:>2627. 
And  log.   of  341000  -         -     is  532754. 

ThedifTs^are         100  and  127 

Then  as     100  :  127  :  :  26  •  33,  the  proportional  part. 

This  added  to      -      -     532627,  the  first  log. 

Gives,  with  the  index,  1  -532660, for  the  log. of  340926. 

4.  If  the  number  consist  both  of  integers  and  fractions,  or 
is  entirely  fractional ;  find  the  decimal  part  of  the  logarithm 
the  same  as  if  all  its  figures  were  integral ;   then  this,  having 
prefixed  to  it  the  proper  index,  will  give  the  logarithm  re-^ 
quired. 

5.  And  if  the  given  number  be  a.  proper  vulgar  fraction  : 
stibtract  the  logarithm  of  the  denominator  from  the  ]oga«- 
rilhm  of  the  numerator,  and  the  remainder  will  be  the  loga- 
rithm sought ;  which,  being  that  of  a  decimal  fraction,  must 
always  have  a  negative  index. 

6.  But  if  it  be  a  mixed  number;  reduce  it  to  an  improper 
fraction,  and  find  the  difference  of  the  logarithms  of  the  nu« 
merator  and  denominator,  in  the  same  manner  as  before* 

£XAMPI«ES. 

1 ,  To  find  the  log.  of  |l.      \    2.  To  find  the  log.  of  1 7  Ji. 
Log.  of  37         -         1 -568202    First,  174^  =  *2Y,    Then, 
Log.  of  94         -  1973128    Log..of405         -         2  607455 

Log.  of  23  -         1-361728 


Dif.  log.  of  U        —  1-595074 
Where  the  index  1  is  negative*! 


Dif.  log.  of  171^        l-24572;r 


XL  TO  HND  THE  NATURAL  NUMBiER  TO  ANY  GITEN 

LOGARITHM. 

This  is  to  be  found  in  the  tabl^by  the  reverse  method 
to  the  former,  namely,  by  searching  for  the  proposed  loga^ 
rithm  among  those  in  the  table,  and  taking  out  the  corres^ 
ponding  number  by  inspection*  in  which  the  proper  number 
ojf  integers  are  to  be  pointed  off,  viz.  I  more  than  the 
index.  For,  in  finding  the  number  answering  to  any  given 
logarithm^  the  index  always  shows  how  &r  the  first  figure 

mu«t 
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must  be  removed  from  the  place  of  units,  viz.  to  the  left  hand, 
or  integers,  when  the  index  is  affirmative  s  but  to  the  right 
hand|  or  decimals^  when  it  is  negative. 

KXAMPI^S. 

So,  the  number  to  the  log.  1-532883  ia  34  11. 
And  the  nimiber  of  the  log.  l-532&«2  is  -341 1. 

» 

But  if  the  logarithm  cannot  be  exactly  found  in  the  table ; 
take  out  the  next  greater  and  the  next  less,  subiracting  U«e 
one  of  these  logarithms  from  the  other,  as  also  iheir  natural 
numbers  the  one  from  the  other,  and  the  less  logarithm  Iran 
the  logarithm  proposed.    Then  say, 

As  the  difference  of  the  first  or  tabular  logarithms, 

Is  to  the  difference  of  their  natural  numbers, 

So  is  the  differ  of  the  given  log.  and  the  least  tabular  log. 

To  their  correspondmg  numeral  difference* 
Which  being  annexed  to  the  least  natural  number  above  taken, 
gives  the  natural  number  sought,  correspondit)g  to  the  pro« 
posed  logarithm. 

£XAAiPl£. 


So,  to  find  the  natural  number  answering  to  the  given 

k>garitbm  1-533708. 
Here  the  next  greater  and  next  less  tabular  logaritbms> 
with  their  corresponding  numbers,  are  as  beluw : 
Next  greater  533744  its  num.  34  lOOO  ;  given  log.  533708 
Next  less        532627  its  num.  340900 ;  next  lesa    532637 


Differences  127  —      100  —         81 


Then,  as  137  :  100  t  s  81  ;  64  nearly,  the  numeral  differ. 
Therefore  34*0964  is  the  number  sought,  marking  off  two 
integers,  because  the  index  of  the  given  logarithm  is  1. 

Had  the  index  been  negative,  thus  1-532708,  its  corres- 
ponding number  would  have  been  -340965,  wholly  de- 
cimal. 

MULTIPU- 


c^ 


t  w  1 


MULTIPLICATION  BY  LOGARITHMS. 

BULB. 

Taks  out  the  logarithms  of  the  fectors  from  the  table» 
then  add  them  together*  and  their  sum  will  be  the  logaritlua 
of  the  product  required.  Then,  bj  means  of  the  table, 
take  out  the  natural  number,  answenng  to  the  sum,  for  thQ 
product  sought. 

Observing  to  add  what  is  to  be  carried  from  the  decimal 
part  of  the  logarithm  to  the  affirmative  index  or  indices,  or 
else  .subtract  it  from  the  negauve. 

Aiso,  adding  the  indices  tc^ether  when  they  are  of  the 
same  kind,  h^  affirmative  or  both  negative  ;  but  fiubtvact- 
ing  the  less  from  the  greater,  when  the  one  is  affirmative 
and  the  other  negative,  and  prefixing;  the  sign  of  the  greater 
to  the  remainder. 


EXAMPUBS. 


J.  Tq  Multiply  23- 14 by 
5068. 
Numbers.    Logs. 
23  14  -  1-364363 
5*063  -  0-704332 


Product  117*1347     2-068695 


2.  To  multiply  2*581926 
by  3-457291. 
Numbers.       Logfs. 
S-581926  -  0  411944 
3-457391  -  0*538736 


Prod.   8*93648     -  0  950680 


S,  To  midt.  3-902  and  597- 1 6 
and  0314733  all  together. 
Numbers.    Logs. 
3-902     .     0-591287 
597-16  -     2-776091 
«0$.  4728-^2-49  7935 


Prod.    73-3333    •     18653)3 


Here  the— 2  cancels  the  2, 
and  the  1  to  carry  from  the 
<iecimals  is  set  down. 


4.  To  mult.  3  586,  and  2  1046, 
and  0-8373|  and  0*0294  all 
together. 

Numbers.     Logs. 

3  586  -  0*554610 
2-1046  <  0-333170 
0  8372—1*932829 
0  0294—2-468347 


Prod.    0*1057618—1368954 

Here  the  2  to  qurry  cancels 
the— 2,  tfid  there  remains  the 
—  1  to  set  down. 


DIVISION 


L  i6«  1 

DIVISION  BY  logarithms; 

HULE. 

From  the  1<x$^arlihm  of  the  dividend  subtract  the  loga-* 
Tithrti  of  the  divisor,  and  the  number  answering  to  the  re- 
mainder will  be  the  quoiient  required. 

Observing  to  change  the  sign .  of  the  index  of  the  dtvisor^ 
from  affivmative  to  negative,  or  from  negative  to  afiirniiative  j 
then  take  the  sum  of  the  indices  if  they  be  of  the  same  name, 
or  their  difference  when  of  different  si^ns,  with  ihe  sign  of 
the  greater,  for  the  index  to  the  logarithm  of  the  quotient. 

And  also,  when  1  is  borrowed,  in  the  left-4iand  place  of 
the  decimal  part  of  the  logarithm,  add  it  to  the  iridex  of 
the  divisor  when  that  index  i«  afi&rmative,  but  subtract  it 
when  negative ;  then  let  the  sign  of  the  index  arising  from 
hence  be  changed]  and  worked  with  as  before.  , 

EXAMPLES. 


1.  To  divide  24163  by  -4567. 

Numbers.     Los^s. 
Dividend  24163    -  4-383151 
Divisor   -   4567    -  3-659631 


Quot.     «'29078  0  723520 


2.  To  divide  37  149  by  523-76 

Nu  (libers.     Logs^ 
Dividend   37  149  -   1-569947 
Divisor      523  76  -  2  719132 


Quot.    -0709275  —  2-8508 1 5 


3.  Divide '06314  by   007241 
^  Numbers.    Logs. 
Divid.       '063 14  —  2  80(1305 
Divisor  •007241  —  3-859799 


Quot.       8*71979       0-940506 


Here  1  carried  from  the 
decimals  to  the  — »  3,  makes  it 
become— 2,  which  taken  from 
the  other  — 2|  leaves  0  re* 
maining. 


4.  To  divide  -7438  by  12  9476 

Numbers.     Logs. 
Divid.       -7^38    —  I  871456 
Divisor      12-9476     M 12189 


Quot.     -057447    —2  759267 


Here  the  1  taken  from  the 
— 1,  makes  it  become  —  2|  to 
set  down. 


^ote.  As  to  the  Rule-of-Three,  or  Rule  of  Proportion^ 
it  is  performed  by  adding  the  logarithms  of  the  2d  and  3d 
terms|  and  subtracting  that  of  the  first  term  from  their  sum. 


HJVQLUT^O^ 


INVOLUTION  BY  LOGARITHMS;  . 

RULE. 

Take  out  the  logarithm  of  the  ^ven  number  from  tha 
table.  Multiply  the  log  thus  found,  by  the  index  of  the 
power  proposed.  Find  the  number  answering  to  the  pro- 
duct, and  it  will  be  the  power  required. 

JVb/tf.  In  multiplying  a  logarithm  with  a  negatire  index^' 
hy  an  af&rmative  number,  the  product  will  be  negative. 
jBut  what  is  to  be  carried  from  the  decimal  part  of  the  loga- 
rithm, will  always.be  affirmative.  And  therefore  their  dif- 
ference will  be  the  index  of  the  product,  and  is  always  to  bo 
made  of  the  same  kind  wilh  the  greater. 

EXAMPLES. 

1*  To  square  the  number     i    3.  To  And  the  cube  of 


2-5791. 
Numb.  Log. 

Root;jS791     -     -    0  41 1468' 
The  index    -    -    2 


Power  6'6ti74 


0-822936 


3-07146. 
Numb.  I-og; 

Root  3*07 146    -    -   0-487345 
The  index    -    -    i 


Power  38-9758 


1-462035 


3.  To  raise  -09 1 63  to  the  4th 
power. 
Numb.  Log. 

Root  -09 1 63  —  2  962038 

The  index     -    .    4 
Pow  -000070494  -—  5-848  52 


Here  4  times  the  negative 
index  being— 8, and  3  to  carry, 
the  difference —5  is  the  index 
^f  the  product. 


4.  To  raise  I  -0045  to  the 
365th  power. 
Numb.  Log, 

Root  1-0045      -    -    0  001950 
The  index    -   -    365 


9750 
11700 
5850 


I 


Ppwer  5-14932*        O  71 1750 


•  This  answer  5-1  l9o2  though  found  strictly  according  to  the  gene* 
ral  rule,  is  not  correct  in  die  last  two  figures  32  ;  nor  can  the  ans  wera 
to  such  questions  relating  to  very  high  powers  be  generally  fbund  true 
to  6  places  of  nji^res  by  tbe  table  of  logarithms  in  this  work  :  if  any 
power  above  the  hundred  thousandth  were  r«  quired,  not  one  figure  of 
the  answer  found  l^  the  table  of  logarithraa  here  given  could  be  d"« 
pended  on. 

The  logarithm  of  1*0045  is  00194994108  true  to  eleveh  places,  which 
multiplied  by  365  gives  -7117285  true  to  7  places^  and  the  correspond- 
Biir  number  tree  to  7  places  is  5*14'X)67.  _ 

Vol..  I.  Z  EVOLUTION 
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EVOLUTION  BY  LOGAftlTHMS. 

Take  the  log.  of  the  given  number  out  of  the  table* 
Divide  the  log.  thus  fo»ind  by  the  index  of  the  root.    Then 
the  number  answering  to  the  quotient,  will  be  the  root. 

Note,  When  the  index  of  the  logarithiDf  to  be  dividedt  is 
neeaiiTe,  and  does  not  exactly  contain  the  divisor,  without 
some  remainder,  increase  the  index  by  such  a  number  as  will 
make  it  exactly  divisible  by  the  index,  carrying  the  units  bor- 
rowed, as  so  many  tens,  to  the  left-hand  place  of  the  decimal, 
and  then  divide  as  in  whole  numbers  ^ 

Ex.  1 .  To  find  the  square  root 
of  365 
Numb.  Log. 

Power  365  2)3  562393 

Root       19*10496     1-38 1  U6i 

Ex.  3.  To  find  the  10th  root 

of  2. 

Numb.  Log. 

Powers     -  -    10)0-301030 

Hoot  1-071773  0030103 


Ex.  3.  To  find  the  8d  root  of 

13345. 

Numb.  Log. 

Power       13345  3)  4  091491 

Root       331116       1-363830^ 


Ex.  4.  To  find  the  365th  root 

of  1  045. 

Numb.  Log. 

Power  1045     365)  00191  U 

Root      1000131       00000524 


Ex  5   To  find  ^  093.        |  Ex.  6.  To  find  the  ^  •0004«. 
'  Numb.  Log.  Numb.  Log- 

Power  -093      3)  —  3-968483     PoWer  -00048  S)—  4-681341 
Root  -304959        —  1-4843414  Root     -0782973  —  3-893747 


Here  the  divisor  3  is  con- 
tained exactly  once  in  the  ne- 
gative index  —  3,  and  there- 
fore the  index  of  the  quotient 
is—  1. 


Here  the  divisor  3  not  being  ex- 
actlycontained  in— 4*11  is  augment* 
ed  by  3»  to  make  up  6,  in  which  the 
divisor  is  contained  just  3  times  j 
then  the  2,  thus  borrowed,  beiiw; 
carried  to  the  decimal  figu»e  6, 
makes  26>  which  divided  by  3» 
1  gives  8^  Sbc. 


fix.  7,  To  find  31416  X  83  X  Jf 
Ex.  8.  To  find  -03916  X  751-3  X  ^ 
Ex.  9.  As 7241  :  358  :  :  20-46  :  ? 
Ex.  10.  As  V  734  »  Vf!  '•  •  ^'^37  •  • 
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ALGEBRA. 


DEFINITIONS  AND  NOTATION. 


I.  A 


LGEBRA  is  the  science  of  computing  by  symbols, 
It  is  some  times  also  called  Analysis ;  and  is  a  general  kind  of 
arithmetic,  or  uoiyersal  irajr  of  computation* 

3#  In  this  science,  quantities  of  all  kinds  are  represented 
by  the  letters  of  the  alphabet.  And  the  operation  to  be  per* 
fi[>rn!ked  with  them,  as  addition  or  subtraction,  fcc.  are  de« 
noted  by  ceruin  simple  churacters,  instead  of  being  expressed 
by  words  at  length. 

3.  In  Algebraical  questions,  some  quantities  are  known  or 
given,  VIZ  those  whose  values  are  known  ;  and  others  un- 
known, or  are  to  be  found  out,  viz.  those  whose  values  are 
not  known.  The  former  of  these  are  represented  by  th^ 
leading  letters  of  the  alphabet,  a^b^  Cj  dy  Sec  ;  and  the  latter, 
or  unknown  quantities,  by  the  final  letters,  z,  y,  or,  tf,  &c. 

4.  The  characters  used  to  denote  the  operations,  are  chiefly 
the  following : 

-f  signifies  addltion^and  is  nam^d /i/u«* 

-*  signifies  subtraction,  and  is  named  minus, 

X  or .  signifies  multiplication,  and  is  named  ifUOp 

-7-  signifies  division,  and  is  named  Sy, 

•/  signifies  the  square  root ;  ^  the  cube  root ;  ^  thf 
4tb  root,  &c  ;  and  ^  the  nth  root* 

s  : :  :  signifies  proportion. 

=  signifies  equality,  and  is  named  equal  (a. 

And  so  on  for  other  operations. 

Thus  a  +  b  denotes  that  the  number  represented  by  b  Is 
to  be  added  to  that  represented  by  a- 

a^b  denotes,  that  the  number  represented  by  b  is  to  be 
subtracted  from  that  represemed  by  a. 

o  CO  ^  denotes  the  difference  of  a  aqd  b^  wh^Q  it  49  not  known 
Vhktl  49  the  gre^tvr, 


1^3  algebra: 

ab,  or  a  y  ^or  a-d,  expresses  the  product,  by  multipH- 
canon,  of  the  numbers  represented  by  a  and  b. 

a 

'^    a  ^  by  or — ,  dcnote»,  that  the  number  represented  by  a 

U  to  be  divided  by  that  which  is  expressed  by  b. 

azbiicidy  signifies  that  a  is  in  the  same  proportion  to  b. 
and  c  IS  to  c/.  ' 

X  =  a  —  6  +  c  is  an  equation,  expressing  that  x  is  equal 
to  the  difference  of  a  and  *,  added  to  the  ouantity  c. 

V-  «>  or  a  ,  denotes  the  square  root  of  a ;  ^a,  or  a',  the 
cube  root  of  a  ;  and  v'a*  or  a^  the  cube  root  of  the  square  of  a  ; 
also  v*  a,  or  am^  is  the  mth  root,  of  a ;  and  !5^ii«  or  a  £  is  the 
Jixh  pi.wer  of  the  wtfi  root  of  a,  or  it  is  a  to  die  -  power. 

a«  denotes  the  square  of  c;  a»  the  cube  of  a  3  a*  the  fourtli 
jjowcr  of  c  ;  and  0°  the  nth  power  of  a. 

fl  H-  d  X  c,  or  (a  +  b)  c,  denotes  the  product  of  the  compound 
quantity  a  +  b  multiply  by  the  simple   quandiy  c.     Usmg 

the  bar ,  or  the  parenthesis  (  )  as  a  vlnculumi  to  connect 

several  simple  quantities  into  one  compound. 

— ^       a+b 

C'h  b^a *-d  or  — — ,  expressed  like  a  fraction,  means 

the  quotient  of  a+  b  divided  by  c— 6. 

V  ab  +  cdt  or  (ad  +  ctf)4,  is  the  square  root  of  the  com- 
pound quantity  ab  +  cd.  And  c  i/  ab  +  erf,  or  c  {oh  +  erf)*, 
denotes  the  product  of  c  into  the  square  root  of  the  compound 
quantity  ab  +  erf. 

c  +  3  —  c,  or  ffl  +  A  —  c)5,  denotes  the  cube,  or  third 
power,  of  the  compound  quantity  a  ^b-^c. 

3a  denotes  that  the  quantity  a  is  to  be  taken  3  times,  and 
*  (fl  +  *)  is  4  times  a  -f  A.  And  these  numbers,  3  or  4, 
showing  how  often  the  quantities  are  to  be  taken,  or  multi* 
plied,  are  called  Co-efRcients. 

Also  |x  denotes  that  x  is  multiplied  by  \  \  thus  1  x  :c  or 

5.  Like  Quantities,  are  those  which  consist^of  the  same 
letters,  and  powers.  As  a  and  3a ;  or  %ab  and  4ad ;  or 
Sa*3c  and— 5a«Ac, 

6.  Unlike  Quantities,  arc  those  which  consist  of  different 
letters,  or  different  powers.  As  a  and  *;  or  2a  anda»;  or 
806'^  and  Zabc, 

r.  Simple 


i 


•DEPftJITIONS  AND  NOTATION*  m 

7.  Simple  Quantitiest  are  those  which  consist  of  one  term 
•nly.     As  3a,  or  5fld,  or  6adc^. 

8-  Compound  Quantities  are  those  which  consist  of  two  or 
more  terms.     As  a  +  6,  or  2a  —  3c,  or  a  +  2d  —  3c. 

9.  And  when  the  compound  quantity  consists  of  two  terms) 
it  Is  called  a  Binomial,  as  a  +  ^  ;  when, of  three  terms,  it  is  a 
Trinomial,  as  a  +  26  —  3c  ;  when  of  four  terms,  a  Quadrino- 
niial,  as  2a  —  36  +  c  —  Ad ;  and  so  on*  Also,  a  Multinomial 
or  Polynomial,  consists  of  many  terms. 

10»  A  Residual  Quantity,  i»a  binomial  haying  one  of  the 
terms  negative.    As  a  —  2b. 

11.  Positive  or  Atermative  Quantities,  are  those  which 
are  to  be  added,  or  have  the  sign  +.  As  a  or  4.  a,  or  ab :  for 
when  a  quantity  is  found  without  a  sign,  it  is  understood  to  ht 
positive,  or  have  the  Sign  +  prefixed. 

12.  Negative  Quantities,  are  those  which  are  to  be  sub* 
tracted.     As  —  a.  or  2a6,  or  Sad^ » 

13.  Like  Signs,  are  either  all  positive  (  +  )>  or  all  nega* 
tive(  — ).• 

14.  Unlike  SigBs,  are  when  some  are  positive  (-{-},  and 
others  negative  (  <—  )• 

15.  The  Co-efficient  of  any  quantity,  as  shown  above,  is 
the  number  prefixed  to  it.     As  3,  in  the  quantity  3ab, 

16.  The  Power  of  a  quantify  (a),  is  its  s(]fuare  (a*;,  or 
cube  (a'),  or  biquadrate  (a^),  Sec ;  ccclled  also,  the  2d  power^ 
or  3d  power,  or  4th  power,  &c. 

17.  The  index  or  Exponent,  is  the  number  which  denotes 
the  power  or  root  of  a  quantity.  So  2  is  the  exponent  of 
the  square  or  second  power  a^ ;  and  3.  is  the  index  of  the 

cube  or  3d  power ;  and  i  is  the  index  of  the  square  root,  a^ 

or  v^  a  ;  and  •}  is  the  index  of  the  cube  root,  a^,  or  ^v  a. 

18.  A  Rational  Quantity,  is  that  which  has  no  radical 
sign  (  V  )  or  index  annexed  to  it.    As  a,  or  Bait, 

19.  An  Irrational  Quantity,  or  Surd,  is  that  of  which  the  value 
cannot  be  accurately  expressed  in  numbers,  as  the  square 
xoots  of  3,  3,  5.     Surds  are  commonly  expressed  by  means  of 

the  radical  sign  ^,  as  \/2»  ^a^  V'a*,  or  ab^. 

20  The  Reciprocal  of  any  quantity,  is  that  quantity  in- 
verted, or  unity  divided  by  it.  So,  the  reciprocal  of  a,  or 
a         1  ad 

r^  is  — ,  and  the  reciprocal  of —  is  — . 
\}       a  k      a 

21.  The 


'if4  algebra;  *  « 

fti.  The  letters  by  whkb  any  simple  quantity  is  expressed, 
nay  He  ranged  according  to  any  order  at  pleasure.  So  the 
product  of  a  and  b,  may  be  either  expressed  by  a^,  or  ba  i 
md  the  product  of  a,  6,  and  r,  by  either  abcy  or  acb^  or  baCf 
or  6ca,  or  caby  or  r^a  ;  as  it  matters  not  which  quantities  are 
placed  or  multiplied  first.  But  it  will  be  sonietimes  found 
convenient  in  long  operations^  to  place  the  several  letters 
according  to  their  order  in  the  alphabet,  as  abcj  which  order 
also  occurs  most  easily  or  naturally  to  the  mind. 

22.  Likewise,  the  several  members,  or  terras,  of  which  a 
compound  quantity  is  composed,  may  be  disposed  in  t^y 
order  at  pleasure,  without  altering  the  value  of  the  signifi* 
cation  of  the  whole.  Thus,  Za  —  2ab  +  4abc  may  also  be 
irritten  3a  +  4abc  — «  2ab,  or  4abc  +  3a  —  2aby  or  —  2ab  ^  3a 
«).  4o6c,  Skc  ;  for  all  these  represent  the  same  thing,  namely* 
'the  qiukntity  which  remains,  when  the  quantity  or  term  2a6 
is  subtracted  from  the  sum  of  the  terms  or  quantities  3a  and 
4abe,  But  it  is  most  usual  and  natural,  to  begin  with  a  po- 
aitive  terra,  and  with  the  first  letters  of  the  alphubeu 

SOME  EXAMPLES  FOR  FRACTIGE.    * 

In  finding  the  numeral  values  of  yarious  ezpressionsi  ox 

combiDations,  of  quantities. 

Supposing  a=  6f  and  6  =  5)  and  c  s=s  4^  and  d  s=  l,  and 
e  SSI  0.    Then 

1.  Will  a«  +  Sad  —  c«  =  36  +  90—  16  =  1 10. 

%  And  2as  —  3a*d  +  c»  =?  432  —  540  +  64  =  —  44. 

3.  And  a»  X  «~+3  —  2a^  =  36  x  U  —  940  =  156. 

a*  216 

4.  And +  c-  zs +16=  12  +  16=28. 

a  +  3c  18 

5.  And  ^2ac+c^  or  2ac  +  c^l  ^  =  v'  64  =  ft 

2bc  40 

aS  —  v'**— «       36 —  1      35 

^-  ^^^  2a-.-/y«qjrjc  "^^  13—7  *^7  ==  ''• 

8.  Andv?ri.flc+<?2gc^+c^  =  t  +8^=9. 

•.  And  V  A*  -  flc+V2ac+c*  to  ^25^ 34+8  =  2* 
10.  And  a'd  +  c  —  d  =s  183* 
n.  And  9a6  - 10*»  +  c  =  24. 
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13.  And  —  xd=i45. 
c 

a-fd     b 

13.  And X^ — =  ISj. 

c  d 

14.  And  — — —  ss  14 
W    '       c  d 

an 

15.  And \^e^45. 

c 

•       a*b 
1$.  And  —  X  tf  «=  0. 

c 


17.  AndA— c  X  rf-tf  =  1. 

18.  And  a+£  —  c— rf  =  8. 

19.  Anda+6  -  c^d=z6^ 

20.  Anda*£?  X  d*  —  14*. 
31.  And  iicd—<f  =  33. 

22.  And  a«e  +  6*c  +  rf:=  li 

23.  And  - —  X =  184* 


24.  And  v' «*  +  **- 1/«'— **  ==  4-4P36J49; 

25.  And 3ac»  +  v^a^  — ^3—  292-497942. 

26.  And  4a*~3a  ^oTIi^  =  72. 


ADDITION. 

AnniTioiry  in  Algebra,  is  the  connecting  the  quantities 
together  by  their  proper  signs^  and  incorporating  or  uniting 
Into  one  term  or  sum)  such  as  are  similari  and  can  be  united 
AS|  Sa  -1-  2^  —  2a  =  a  +  26,  the  sum. 

The  rule  of  addition  in  algebra,  may  be  divided  into  three 
cases :  one  when  the  quantities  are  like,  and  their  signs  like 
also  ;  a  second,  when  the  quantities  are  like,  but  their  signa 
unlike;  and  the  third)  when  the  quantities  are  unlike* 
Which  are  performed  as  follows. 

CASH 


«h«l 


*  The  resflons  od  which  these  operations  are  founded,  will  rea« 
€il7  appear,  by  a  Uttle  reflection  on  the  natars  of  the  quantities  to 

be 


in  aloebra; 

CASE  L 

When  the  Qmntities  are  Like^  and  have  Z4ke  ^gngl 

Add  the  co  efficients  together,  and  set  down  the  sum  « 
after  which  set  the  cemmon  letter  or  letters  of  the  like  qtian* 
titles,  and  prtfix  the  common  sign  -|-  or  •— «  .    mL 


be  added  or  collected  together.  For,  with  regard  to  the  first  ex* 
ample,  where  ^he  quantitiea  are  3a  and  5a  whatever  a  represents 
in  the  one  term>  it  will  represent  the  same  thing  in  the  otLer ;  so 
that  3  times  any  thing  and  5  times  the  same  thing',  colieoted 
together,  must  needs  make  8  times  that  thini^.  As  if  a  denote  a 
shilling  5  then  3^  is  3  shillings  ;  and  5a  is  5  shillings,  and  their  sum 
8  shillings.  In  like  manner,  —  2a&  and  —  7fl6,  or  —  2  times  any 
thing,  and  —  7  times  the  same  thing,  make  —  9  times  that  thing. 

As  to  the  second  case,  in  which  the  qoantities  are  like,  but  the 
signs  unlike  ;  the  reason  of  its  operation  will  easily  appear,  by  re- 
flecting, that  addition  means  only  the  uniting  of  quantities  together 
by  means  of  the  arithmetical  operations  denoted  by  their  signs  +  and 
--,  or  of  addition  and  subtraction  ;  which  being  of  contrary  or  opposite 
natures,  the  one  co-efficient  must  be  subtracted  fiom  the  other  to  ob- 
tain the  incorporated  or  united  mass.  ' 

As  to  the  third  case,  where  the  quantities  are  unUke,  it  is  plain 
that  such  quantities  cannot  be  united  into  one,  or  otherwise  added 
than  by  means  of  their  signs  ;  thus,  for  example,  if  a  be  supposed 
to  represent  a  crown,  and  b  a  shllingj  then  the  sum  of  a  and  a 
can  be  neither  2a  nor  2b,  that  is  neither  2  crowns  nor  2  Bhiilinff8» 
but  only  1  crown  plus  1  shilling,  that  iaa+b. 

In  this  rule,  the  word  addition  is  not  very  properly  used;  being  mach 
too  limited  to  eaqjiass  the  operation  here  performed.  The  business  of 
this  operation  is  to  Incorporate  into  one  mass,  or  algebraic  expression, 
ditterent  algebraic  quantities,  as  far  as  an  actu^  incorporation  or 
union  is  possible  ;  and  to  retain  the  algebraic  marks  for  doing  it,  in 
eases  where  the  former  is  not  possible.  When  we  have  several  quanti- 
ties, some  affirmative  and  some  nagative  ;  and  the  relation  of  these 
quantities  can  in  the  whole  or  in  part  be  discovered  ;  such  incorpora- 
tion of  two  or  more  quantities  into  one^  is  plainly  effected  by  the  fore* 
going  rules. 

It  may  seem  a  paradox,  that  what  is  called  addition  in  algebra^ 
should  sometimes  mean  addition,  and  sometimes  subtraction.  But 
the  paradox  wholly  arises  from  the  scantiness  of  the  name  given  to 
the  algebraic  process ;  from  employing  an  old  term  in  a  new  and  more 
enlarged  sense.  Instead  of  addition,  call  it  incorporation,  or  uniort, 
or  striking  a  balance,  or  any  name  to  which  a  more  extensive  id6a  may 
be  annexed,  than  that  which  is  usually  implied  by  the  word  addition  ; 
and  the  paradox  vanishes. 

Thusj. 


ADDITIONT 

Thas,  3a  added  to  5a,  makes  8a. 

And— 2a3  added  to— <7a^,  [nakes<—9a^: 

And  sd+  7b  added  to  la  ^  3A,  makes  12a  +  \qb^ 

OTHER  EXAMPLES  POa  PBACTiCE. 


ir* 


\ 


3a 

9a 

5a 

12a 

a 

2a 

■■  ■_ 

32a. 


Sz 

2z 
4z 

z 
5r 


•56x 

7te 
-  6x 


—  32Aap 


bxy 
^bxy 
Sbxy 

bxy 
Zbxy 
66x1/ 

186xy 


2dx^4y 
4qx^-  y 
ax — Zy 
SaX'^Sy 
7ajr— .2y 


15z  ISjAl^iSxy  19ax— I5y 


*m> 


Bxy 

— .I2y» 

4a— 45 

lA^xy 

-   7y» 

Ba^^&b 

22x1/ 

—   2y2 

6o^    ^ 

17x1/ 

—    4//* 

3(/^26 

lixy 

-    y» 

2a -75 

ixy 

-   3y* 

8a-   6 

30—  I3xj  —  3xy 
23  -  10x4  —  4xy 
14  —  14x4  _  7xy 
10  —  rex^—  5xy 
16  —  26x*  —    xy 


Sxy  —  3x  +  4a3 
8xy  —  4x  -f  Zab 
Sxy  — .  5x  +  Sab 
xy  —  2x  -I-'  €tb 
4xy  —    X  +  7ad 


MM* 


t'^OL.  I. 


A« 


CA^ 


)yA  ALGEBRA* 

•  CASE  XL 

tpy^en  the  (fuatittties  are  LikCf  but  have  Unlike  ^gns  ^ 

Add  the  affirmatire  co-efiicients  into  one  sum,  and  atf 
ihe  negative  ones  into  another,  when  there  arc  bevenU  of  s 
kind.  Then  subtract  the  less  sum,  or  the  kss  co-eftrient^ 
from  the  greater  and  to  the  remainder  prefix  ihe  sign  of  thei 
grei^tery  and  subjoin  the  common  quantity  or  letters. 

So    +  5a  and—-  3a,  united,  make  +  2a. 
And  —  5a  and  +  ^j  united,  make  —  3a. 

OTHER  EXAMPLES  FOB  PRACTICB 

—  5a  +  3ax^  +  8jr»  +  3i; 
+  4a  '  +  4ax»  —  5x^  -f  4y 
4-  6a  ^  8ax«  —  16j:»  ^  5^ 

—  3a  —  6ax»  4-  3x*  —  7y 
+    a  +  Sax'  -f    2jr*— 2y 


+  3a  —  2fljp«  —    8r3  +  3y 


-    3a« 

+    Sb*y^ 

+  4a«+    4 

-    5a« 

+    9b^y^ 

^4064.  12 

—  lOa* 

— 10^»y» 

+  7fl6-  14 

+  10a» 

— l9dSy5 

+    a^-l-    3 

+  14a* 

*-   2^«j/S 

*5a6-  10 

-  Zaxi  +  lOi/air  ^  3y  +  4a:ri' 
•f  ojpi  —  3'v^tfa?  —  y  —  Saxh 
-^iaxi  4.     4\/aar  +  '^y  +  2axi 

—  6axJ  —  12v^aa:  —  2y  +    6ajcJ 


iribVB  -— .MiM^j     I  I-  t^mmmmmmmmmmmmmmmm 


C4» 


ADDITION, 


V^ 


CASE  m. 

When  the  Quantities  are  Untike; 

Hatiito  coUecied  together  all  the  like  quantities,  as  ii^ 
the  two  loregoing  cases,  sci  down  those  th^t  are  uniikp|  onp 
rfter  anoiher,  iijrilh  their  proper  signs. 

EXAMPLES. 


Sbax 
6aje 


—  2xy-^9ax 


4Jct/  —  Sx* 


Aax — 1 30  +  Zxi 
5jr»-|-3ax  +  9x2 

7jct/— 45P^  4-90 
^x  +40  —  6x? 

7flj?+  6x*+  7xy 


9x*y 

^7x«v 
-f  3a:ry 

—  4^'y 


14007—  2j:» 

8y«  —  4aje 
3x«  +  2^ 


9"f  10  V^^^  «**5y 

5y  4*    3\/ax  —  4y 
10  —   A^ax+  4v 


4x*y  4^/  X  —   Sy 

—6x1/*  Sv^y  +  14r 

^  3y*x  Sx    +      2y 

— .7jr*y  —9  +  2v'ary 


.3a»   +    9    +    a:*-4 
2a    —    8    4-  2a*— 3a? 
4j:*  —  2a»  +  18   —7 
—  12   +     a    —  3a?*— 2j| 


M« 


Add  a  +b  and  Sa — 5d  together. 
Add  5a  — Sot  and  3a— 4r  together. 
Add  6x— 56  +  a  +  8  to-5a— 4x  +  4*— 3. 
Adda  +  26--3c— 10to33— 4a-f  5c  +  10and5&-r(. 
Add  a  +  b  and  a^b  together. 
Add  3a +  6— 10  toe— rf— a  and— 4c +  20— 3d— 7. 
Add  3a*  4.  A«— c  to  2aA— 3a*  +  bc—b. 
Add  a*  -f  ft*c— **  to  ab*  ^abc  +  6*. 
Add  9a— 86  +  lOj?— ^rf-7c  +  50  to  2x—  3a-^5c  +  4*  + 


SUBTRAg- 


lad 


ALPEPRA. 


SUBTRACTION. 

Set  down  in  one  line  the  first  quantities  from  which  the 
subtractiou  is  to  be  made  ;  and  underneath  them  place  all  the 
other  quantities  compobing  the  bubtrahtnd  :  runging  the  like 
qu.intities  under  each  other  as  in  Addition. 

Then  change  all  the  si^ns  (  +  and  •—  )  of  the  lower  line, 
or  conceive  them  to  be  changed  ;  after  which|  collect  all  the 
terms  together  as  in  the  ca^es  of  Addiiion** 


EXAMPLES. 


From  ra«-3d 
Take  3a»-8^ 


Rem.  4a»+  5* 

From  5jcy*—  6 
Take-'ixy  -f  6 


•  «■ 


9x*—  4y  4-8 
6x«  -f-5y  —4 


4y»-  3y—  4 
2i/«  +  2y  +  4 


8xy— S-f  6jr—   y 
42  y — T  —  6x— 4y 

4xy-f-4+ 1 2x  +  3y 


—  20  —  tx-^Sxy 
3xy''9x+     8-*2ay 


Rem.    7jry—  \%  2y*—  5y  —  8         —28-*-  Sx— 8xy+2fly 


From    8x'y  —  6     5^  xy  +  ^x^xy 
Take— 2x  ^  +  3     7y/xy  +  o  ^ixy 


7j:«  +  2-v/4?— 18  +  35 
9x»— 12     +56  +  x4 


fleiii* 


•«» 


*  This  rule  is  foanded  on  the  consideration,  that  addition  and  sub- 
traction are  opposite  to  each  other  in  their  nature  and  operation ,  as 
are  the  si^ns-)-  and  ^>  by  'which  they  are  expressed  and  represent- 
ed. So  that)  since  to  unite  a  neg>ative  quantity  with  a  positive  one 
of  the  same  kind,  has  the  effect  of  diminishing  it»  or  subducting 
an  equal  positive  ope  from  it,  therefore  to  subtract  a  positive  (which 
is  the  opposite  of  uniting  or  adding)  is  to  add  the  equal  negati%'e 
qusntity.  In  tike  manner,  to  subtract  a  negative  quantity,  is  tlie  same 
jn  effect  as  to  add  or  unite  an  equal  positive  one.  So  that,  by  chang- 
jng  the  sign  of  a  quantity  from  +  to  — ,  or  from  —  to  +»  changes 
Its  nature  from  a  subd active  quantity  to  an  additive  one  s  and  any 
Quantity  ia  in  effect  subtracted,  by  barely  changing  its  sign. 

t     •  ■ 

Sxy 


MUtTIPUCATION.  181 

fjcy  —  50         2x«  -  4  (a<rf  ^)         4J:,ya  +  12  a^  {xyt  10) 


From  «  +  ^»  take  a  —  6. 

From  4a  +  46,  take  d  +  a. 

From  4a  —  46,  take  3a  +56. 

From  8a  —  \2jf,  lake  4a  —  3:c,   /., 

From  2j?  —  4a— 26  +  5  take  8  —  5^  ^jf-  a  +  fix. 

From  3a  +^b  +  c  —  d  ^  \0,  take  c  4-  2a  —  d. 

From  3a  -^  ^  +.  c  —  rf  — 10,  take  6  -   19  +  So. 

From  2a6  +  6*  —  4c  f  6c  —  6,  take  3a*  -  c  +■  6*. 

From  a*  4.  36»c  +  a6«  —  a6f,  take  6»  +  a6>  —  a6i:. 

From  12x  4.  6a  --  46  ^  40,  take  46  —  Sa  +  4x  +  6cf-  10. 

From  2x  — 3fl  +  46  +  dc  — 50,  take  9a  -f  x  +  66 -.6c  *-40. 

t'r.am  6ar*46—  I2r  -f-  I2x,  take  2x^Sa  +  46^  5c, 


MULTIPLICATIOljI. 

This  consists  of  several  cases,  according  as  the  &ctors  are 
simple  or  compound  quantities. 

CASE  I.  When  both  tht  Factors  ore  Simfile  QttanUdes  c 

» 

FiR^T  multiply  the  co-ef&cients  of  the  twoterros  together, 
then  to  the  product'  annex  all  the  letters  in  those  terms, 
which  will  give  the  whole  product  required. 

/i/bte*.  Like  si^s,  in  the  factors^  produce  -f*  and  unlike 
signs  ->!»  the  products* 


ESJLMVhBB 


*  That  this  rale  for  the  signs  is  tnie,  may  be  thus  shown* 
1.  When  4-  a  is  to  be  multiplied  by  -^  c  ;  the  meaniog  is^  that  4*  '^ 
li  to  be  taken   as  many  times  as  there  are  units  in  c  ;  and  since  the 
anm  of  any  number  of  positive  terms  id  positive)  it  follows  that  -f  a 

^  ^  ^  2.  When 


ALGEBRA. 

EXAMPLES. 
+  2b                         — 4c 

--to 

w.4a 

20ad 

-6fld 

-iScc 

+  94ajp 

• 

36a  »J? 

—  2x«y 
3j:y* 

—  4.ry 

— 12a»fic 

—  6x*y* 

+  4xV 

—  3ajr 

iJF* 

—  6c 

+  3^y 

t 

-^Saryz 

• 

CASE  n. 

(T/icn  one  of  the  factors  U  a  Comfiound  Quantity. 

Multiply  every  term  of  the  multiplicand,  or  compound 
quantity,  separately,  by  the  rouUiplier,  as  in  the  former 
ease ;  placing  the  products  one  after  another,  with  the 
proper  signs;  and  the  xesulc  will  l^e  tlie  whole  product 
Required. 


2.  When  two  quantities  are  to  be  multiplied  together,  the  reault  will 
^'exactly  the  tame,  in  whatever  order  they  arc  placed^  for  a  time^ 
c  IS  the  same  as  c  times  a,  and  therefore,  when— a  is  to  be  multiplied 
by  +  c,  or  -|.  c  by-a  this  is  the  same  thing  as  taking- a  as  many 
fimes  as  there  are  units  in  +  c ;  and  as  the  sum  of  any  number  of  nega- 
tive terms  is  negative*  it  foUows  that  — <iX  +c,or  +  flX  —  c 
make  or  produce  —  ac,  ^ 

3,  When  ~  a  is  to  be  multiplied  by  —  c  .•  here  —  a  is  to  be  subtracV 
ed  as  often  as  there  are  units  in  c*  but  subtracting  negatives  is 
the  same  thing  as  adding  affirmatives,  by  the  demonstration  of  the 
rule  for  subtraction  ;  consequently  the  product  is  c  times  a,  or  +  cf- 

Otherwise.  Since  o-fl  «  0, therefore  (a—  n)  X  —  c  «  »l«o««  0, 
because  0  multiplied  by  any  quantity,  is  still  but  0  ;  and  since  the  first 
term  of  the  product,  or  a  x  —  c  is  »  —  cc,  by  the  second  case  ; 
therefore  the  last  term  of  the  product,  or  —  a  x  -7  C|  Must  be  +  ac; 
to  m^e  the  sum  «■  0,  of  —  cc  +  o<  ■■  0  ;  that  1S9  —  a  X  —  «  ■=* 


\ 


I 


iiULTIPUCATION.  •  !^ 


EXAMPLES. 


Sa  — 3c  3flf— 4d  2a»-*3r+5 

jto  3a  be 


lOa*  —  6ac         9a*e  -^  13aA 


12x— 2ac  25c — 73 

4a  — 2a 


<i(^  +  x  10x*-i-3y» 

4cpy  i— 4x* 


2a83c  —  2bc  "  -1. 

53c 

4jk;  -^  d  +  3a3 
2a3 

' 

3a»  —  2x»  •-  66 
3aa^ 

CASEnt. 

s 

When  both  the  Factttre  are  Cosnfiound  QuanriHe*  s 

Multiply  every  term  of  the  multiplier  by  every  term  of 
the  multiplicand,  separately  v  setting  dovn  the  products  one 
after  or  under  another,  with  their  proper  sig;ns;  and  add  the 
several  lines  of  products  all  together  for  the  whole  product 
required. 


H  +6 

m  +  d 

3x  +^y 
4r— 5y 

« 

2x*  -f>  cy— ^y* 
3jp— 3y 

a*  +ab 
+  ab  +  b* 

lltr«  +  Sxy 

^ISxy^lOy^ 

13x»-.7xy—  lOy* 

6x*+Sx^y^6xy* 

—  6j:*y— .3jrj,«+6y* 

i^+2ab+b^ 
a^b 

6j:»— Sx'y—Qxy'i-ey* 

**  +  * 

x^  +  y 

x^  +  yafl 
X^+%yx  +  y* 

a^  +  ab  +  b* 
a  ^b 

ta+Ub 

^ab^b^ 

a^+a*b+ab^ 
.^^b—ab^^b^ 

a*     ♦    —  3» 

qS       0       •     .»6S 

i 

fiTote: 

.1 


1S4  ALGEBRA 

•VoTf .  In  the  multiplication  of  compound  quantities)  it  Id 
the  best  way  to  set  them  down  in  order,  according  to  the 
powers  and  the  letters  of  the  alphabet.  And  in  multiplying 
them,  begin  at  tlie  left-hand  side,  and  multiply  from  the  left 
hand  towarda  the  right,  in  the  manner  that  we  write,  which 
is  contrary  to  the  way  of  multiplying  numbers.  But  in 
setting  down  th«  several  products,^at»  they  arise,  in  the  second 
and  following  lines,  range  them  under  the  like  terms  in  the 
lines  above,  when  there  are  such  like  quantities  ;  which  is 
the  easiest  way  for  adding  them  up  together. 

Id  many  cases,  the  multiplication  of  compound  quantities 
is  only  to  be  performed  by  setting  them  down  one  after 
another,  each  within  or  under  a*  vinculum  with  a  sign  of 
multiplication  between  them.  As  (a  -f  3)  X  (a  —  d)  x  ^a^^ 
or  a +d  .«  —  *.  3a^. 

EXAMPLES  FOR  PRACTIC& 

1.  Multiply  lOacby  2a.  Ans.  20a«C. 

2.  Multiply  3a*  —  2A  by  3*.  Ans.  9a«A— 6ft». 

3.  Multiply  3a  4.36  by  3a  ^  2b.  Ans.  9a*— 46*. 

4.  Multiply  X*—  ^y  +  y*  by  jr  +  y.  Ans  x'  +  yK 
5-  Multiply  a^  +  n^M  +  ab*  +  b^  by  a  —  b.  Ans.  a*—**. 
6.  Multiply  a^  +ab  +  b^  by  a^  —  ab  +  b^. 

y.  Multipljr  3x»  —  2j?v  +  5  by  X*  +  2xy  —  6. 

8.  Multiply  3a*—  2ajr  -f-  Sx*  by  3a*— 4aj: — 7jr*. 

9.  Multiply  307*4.  2j:«y*  4-  3y»  by  2x*— 3x*y*  +  3y', 
10*  Multiply  a*  -i-ab+b*  by a«» 2b. 


DIVISION. 

Division  in  Algebra,  like  that  in  numbers,  is  the  converse 
of  multiplication ;  and  it  is  performed  like  that  of  nui^bers 
also,  by  beginning  at  the  left-hatid  side,  and  dividing  aU  the 
parts  of  the  dividend  by  the  divisor,  when  they  c^  be  sd 
divided ;  or  else  by  setting  them  down  like  a  fraction,  the. 
dividend  over  the  divisor,. ^d  then  abbreviating  the  fraction 
tis  much  as  can  be  done.1  This  will  naturrily  4ifide  into 
the  following  particular  oases. 

CASB 


•  * 


DIVISION.  185    ' 

CASE  1 
tVAfn  the  t)ivU^  and  Dividend  are  both  Simfile  Quantities  i 

Set  the  terms  both  down  as  in  division  of  numbers,  either 
the  divisor  before  the  dividend,  or  below  it,  hke  the  deno- 
minator of  a  fraction.  Fnen  abbreviate  these  terms  as 
much  us  can  be  done^  by  cancelling  or  striking  out  all  the 

otters  that  are  common  to  them  both,  and  also  dividing 
the  one  coef&ciem  by  the  other,  or  abbreviating  them  after 
the  manner  of  a  fraction,  by  dividing  them  by  their  common 
measure.  • 

Note.  Like  signs  in  the  two  factors  make  +  m  the  quo* 

tient;  and  unlike  signs  make-«;  the  same  as  in  multipU- 

OBtion*. 

EXAMPLES. 

1.  To  divide  6ab  by  3a, 

6a6 
Here  6ab  -r-  3a  or  3a)  6ab  (  or-*— =  36; 

3a 

c  abx       a 

2.  Also  c  -T-  c  =  —  =3  \  i  ^ndabx  -s-  bxy  =«—  ==  — . 

*  -c  bxy       y 

3.  Divide  \6x*  by  Sx  Ans.  2x. 

4.  Divitle  13u«x*,by  —  3o«a7.  Ans.  —  4x. 

5.  Divide  —  15ay*  by  3ay,  Ans.  —  5y. 

9xy 

6.  Divide  —  ISax^y  by— 8axr.  Ans.  — • 

Az 


*  Because  the  divisor  multij^ed  by  the  quotient>  must  p^^Auce  the 
dividend.    Therefore, 

1.  *Vhen  both  the  terms  are  -|->  the  quotient  must  be  -f*  i  becsase 
-f-  in  the  divisor  x  +  in  the  quotient,  produces  4-  in  the  dividend. 

2.  When  tht  terms  are  both—,  the  quotient  is  aUo  -f'  >  because 
—in  the  divisor  X  +  in  the  quotient;  produces— In  the  dividend. 

3^  When  one  term  is  -)'  ^^d  the  other  — ,  the  quotient  must  be  — • ; 
because  •(-  in  the  divisor  x  *"  in  the  quotient  produces -•in  the  divi- 
dend, or -tBin  the  divisor  x  +'in  the  quotient  ^ves—  in  the  dividend* 

So  that  the  rule  is  ji^nerai  ^  viz,  that  like  signs  ipv9  +>  aQ^  unlike 
signs  ^ve-^t  i»  the  quotient.  .y,*  >  ; 

Vol,  f,  B  b  '  - 


•" 
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CASE  n. 


When  the  Divdiend  is  a  Comfiound  Quantity^  mnd  the  DivUor 

a  Simple  one : 

'"  DiriDB  every  term  of  the  dividend  by  the  divisor^  as  in 
the  former  case. 

\ 

•  EXAHPLEa 

t        ab+^       a  +  b 

1.  (od  +  ^  )  -r  2d,  or ^  = =  ia  +  ib. 

\Oab+\Sax 

2.  (10a*  +  ISax)  ^  5a, or  — zsz2b  +  3xi 

Sa 

SOoz  —  48r 

3.  (30az  -  48z)  -5-  z,or =  30tt  —  4ft. 

z  * 

4.  Divide  6a6  —  8ax  +  a  by  2a« 

5.  Divide  3x*  —  15  -f  6a:  -f-  ^  hy  Sjr. 

6.  Divide  fMbe  +  12adx  —  9a*d  by  3a6. 

7.  Divide  10a*x  —  I5x«—  25xby5x. 

8.  Divide  i5a^3c  -  I5arjr>  -f  5a<^>l^  «-  Sat. 

9.  Divide  15a  +  3ay—  18y'by2la. 
10.  Divide  —  20d  b  4*  60ad'  by  t-  6a*. 

CASEm. 

N^fn  the  Divisor  and  Dividend  are  bothComftound  Quantities  : 

1.  Set  them  down  as  in  common  division  of  numbers, 
^e  divisor  before  the  dividend,  with  a  small  curved  line 
between  them,  and  ranging  the  terms  according  to  the 
powers  of  some  one  of  the  letters  in  both,  the  higher 
powers  before  the  lower. 

2.  Divide  the  first  term  of  the  dividend  by  the  first  term 
of  the  divisor,  as  in  the  first  case,  and  set  the  result  in  the 
quotient. 

3.  Multiply  the  whole  divisor  by  the  term  thus  found,  and 
£yubtract  the  result  from  the  dividend. 

4.  To  this  remainder  bringdown  as  many  terms  of  the 
dividend  as  are  requisite  for  the  next  operation,  dividing  as 
before  $  and  so  on  to  the  end|  as  in  common  arithmetic. 

J^ou.. 


DIVISION.  la? 


Mte.  If  tbe  dii^sor  be  not  exactly  contained  in  the  din- 
dend,  the  qiwniitf  which  remains  after  the  operation  is 
finished*  may  be  placed  over  the  divisor,  like  a  vulgar  frac- 
tion, and  set  down  at  the  end  of  the  quotient  as  in  common 


arithmetic. 


EXAMPLB3. 


a  —  *)  a«  —  2ah  +  d^(a'^  6 


a6+  ^ 


aS  —  a*c 


3a«c  +  4tfc« 
Sa^c  +  3ac^ 


amm^)  flS  »  6a*'+  12a  -*  8  (a*  ^  4a  +  4 
aS  -Sa* 


— 

4a«+12a 
4a*  +    8ft 

« 

40^ 

4a  — 

8 

8 

<»  +  ^)  «'  +  a:^  ( a«  —  az  +  2' 


^a^z 
-^a^z 

m 

+  z^ 
—  az" 

+ 

az« 
az^ 

23 

+^) 


♦ 


las  ALGEBRA* 

^x< 
a  +  jr)  a*  —  Sjc*  (o'  —  a^x  +  ex*  —  x'  —  — . 

a+x 
II*  +  a^x 


«» 

a*x  - 
a^x  - 

+ 

3x* 
ax^ 

«»x» 
a  x^ 

— 

ax^ 

ax^ 

-  3x« 
-.    x^ 

-2x* 

EXAMPLES  FOR  PRACTICE. 

« 

1.  Divide  o*  +  4ax  +  4x«  by  c  +  2x.  Ans.  a  +  2x. 

2.  Divide  a^  —  3a*z  +  oaz^  —  z^  by  «  —  z. 

Ans.  c*--2az  +  2^. 

3.  Divide  1  by  1  4.  a.  Ans.  1  —  <i  +  c»  —  a'  +  &c. 

4.  Divide  I2x<  —  192  by  3x  —  6. 

Ans.  4x»  +Bx*+  16x  +  32. 

5.  Divide  a»  —  5a*^  +  lOa^d^ —  lOaH^  +  Sab^  —  d«  by 

6.  Divide  48z*  —  96flr«  -  64,a*z  +  1 50a»  by  2z  -  3a. 

?.  Divide  ^«— 3d*x«+3d*x*— x«fty  *»— 36^x+3dx*—;r3. 

9.  Divide  a^  —  x^  by  a  —  x. 

9.  Divide  «*  +  Sa*x  +  Sax^  +  x*  by  a  +  jr. 

10.  Divide  a*  +  4a«^»  -^2^*  by  a  +  2d. 

11,  Divide  24a*  -  b^  by  3a  ^  3*. 


ALGEBRAIC  FRACTIONS. 

Algbbb Aic  Fractions  have  the  same  names  and  rules 
of  operation,  as  numeral  fractions  in  common  arithmetic ;  as 
appears  in  the  iollowing  Rules  and  Cases. 

^  .    CASE 
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CASBL 

.7\)  reduce  a  Mixed  Quantify  to  an  Imfirofier  Praetioru 

Multiply  the  integ;er  by  the  denominator  of  the  fraction, 
and  to  the  product  add  the  numerator,  or  connect  it  with 
its  proper  sign,  -f  or  — • ;  then  the  denominator  being  set 
under  this  sum,  will  give  the  improper  fraction  required. 

[  EXAMPLES. 

b 

1 .  Reduce  S4,  s^nd  a to  improper  fractions. 

X 

3x5+4       15+4       19 

First,  3^  ■=*  — —  = s=5  —  the  Answer. 

5  5  5 

b       a  X  X  '^  b       ax  —  b 
And,  a  —  —  e=         ■  sss  — - —  the  Answer. 

XXX 

2.  Reduce  a  +  —  and  a  — to  improper  fractions. 

b  a 

a*       axb  +  a^       ab  +  a^ 

First,  a  H = a=s the  Answer. 

b  b  b 

z^^a*      a^  ^  z^  +  a*        2a  —  z* 

And,  a  —  -■  =  '■     '  ■   = the  Answer* 

^  a  a  a 

3.  Reduce  5  4  to  an  improper  fraction.  Ans.  ^. 

3a  ,  *  j?>  —  3a 

4.  Reduce  I  —  —to  an  improper  fraction.      Ans.  • w 

X  X 

Zax  +a« 

5.  Reduce  2a  —  toan  improper  fraction. 

4x 

'   4x  ^  18 

6.  Reduce  13  +  — — .  to  an  impropier  fraction. 

Sx  • 

1  —  3a  -  c 

7.^  Reduce  x  +  — to  an  improper  fraction. 

c 

3a?*  —  3a 
8*  Reduce  A  +  2x  ^  -_— — —  to  an  improper  fraction. 

5a 

CASE  IT. 

Ta  Reduce  an  Impro/ier  Fraction  to  a  Whole  or  JMTixed  Quantity. 

Divide  the  numerator  by  the  denominator,  for  the  integral 
part ;  and  set  the  remainder,  if  anj^  over  the  denominator^ 
for  the  fractional  part ;  the  two  joined  together  will  be  the 
mixed  quantity  required. 

EKAMPLBS. 
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EXAMPLES. 

1.  To  reduce  -^  and    ■  to  mixed  quantities. 

3  b 

First,  ■/  =»  16  •»=-  3  as  5f  the  Answer  required. 

fl^  +  fli       a* 

And, cssaA  +a«  ^  6  «  a  +— .     Answer. 

2ac  —  3a«         Sax  +  4x« 

3.  To  reduce and to  mHted  quanUUes. 

c  a  +  X 

9ac  -  3a«      3a2 

Krst, ^  ^ac  —  3a«  ^  c  «  3a .  Answer. 

c  ^ 

^d,. =3ax  +  4xa^a-+-x  =»  3x  +  — ^.  Anv 

a+x  «+^ 

33         2ax  —  3x3 
^.  Reduce  —  and        ■     ■       to  mixed  quantities. 

3x* 

Ans.  6f,  and  2x  —  — *. 

a 

4c*x         3a«  +  23« 

4.  Reduce and to  whole  or  mixed  quan- 

2a  a  —  6 

Cities. 

3x«  —  3y»  3x3  —  3y5  . 

5.  Reduce  ,  and  -f  0  whole  or  mixed 

a:  +y  x  -^  y      . 

quantities. 

10a«  —  4a  +  6      '  *     ^ 

6.  Reduce .    «       to  a  mixed  quantity. 

5a 
15a»-f5a« 

7.  Reduce  ^ — — to  a  mixed  quanuty. 

3a' +  3a^  —  3a'»4 

CASEm. 

> 

To  Reduce  Fractions  to  a  Common  Denominator*       l"i    .. 

Multiply  every  numerator,  separately,  by  all  the  d^'J^'^  ' 
minatora  except  its  own,  for  the  new  numerators ;  and  all  the 
denominators  together,  for  the  common  denominator. 

When  the  denominators  have  a  common  divisor,  it  will  be 

«t>etter,  instead  of  multiplying  by  the  whole  denominators,  to 

multiply  only  by  those  parts  which  arise  from  dividing  by  the 

common  divisor.    And  observing  also  the  several  rules  ana 

directions  as  in  Fractions  in  the  Arithmetic*         wxamflBS. 


r 


FRACTIONS.  f§1 

a  h 

1.  Reduce  —  and  —  to  a  common  denominator. 

>?         z 
a  b       az        hx 

Here  —  and  — =  —  and  — ,  by  multiplying  the  terms  of  tfaft 

X  Z         XT  XZ 

first  fraction  by  z,  and  the  terms  of  the  2d  by  x« 

ax  b 

2.  Reduce  — -,  —  and  -^  to  a  common  denominator. 

X    b            c 
ax            b        abc    C3^  b^x 

.Here  — ,  - ,  and  —  = » -— ,  and  • — ,  by  muUiplyine  the 

X    b  C  bcX    bcx  OCX 

terms  of  the  1st  fraction  by  bc^  of  the  2d  by  cx^  and  of  the 
3d  bj  bx» 

3a        » 

3.  Reduce  —  and  —  to  a  common  denominator. 

s:        %c 

4ac         Zbx 
Ans.  —  and  — — • 
2cj:  3cjt? 

fla         3a4-26 

4.  Reduce  -— •  and to  a  common  denominator. 

b  2c  4ac  Zab  +  25* 

Ans.  —  and  > 

Uc  2bc 

Sa        *36''* 

5.  Reduce  —  9pd-^,  and  4cf,.to  a  common  denomina||pr. 

lOac         9bx         24cdx 

Ans,  —and  —  and         ■■> 

Sex  6cx  6cx 

5  3a  3a 

l5.  "Reduce  —  and  *-  and  2b  -^ ,  to  fractions   having  a 

*•  6  4  b 

20b         iZab  486»  ^  72tt 

colhmon  denominator.-       Ans.  — -  and         ,  and  -. 

/  24*  246  24* 

I  2a*  20^  +  ** 

7,  Reduce  — -  and  — —  and  ■  to  a  common  denomi« 

3  4  a  +  b 

nator. 

Zb        2c         d 

8., Reduce  -—  and  —  and  —  to  a  common  denominator. 

',  '4a«       3a        2a 

CASp 

if 
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CASE  IV, 

To  find  the  QreatcBt  Common  Measure  of  the   Terms  ^  a 

Fraction, 

DiviDB  the  greater  term  by  the  less,  and  the  last  divisor 
by  the  last  remainder,  and  so  on  till  nothing  remains  ;  then 
the  divisor  last  used  will  be  the  common  measure  required  ; 
just  ihe  same  as  in  common  numbers. 

But  note,  that  it  is  proper  to  range  the  quantities  according^ 
to  the  dimensions  of  some  letters,  as  is  shown  in  division* 
And  note  also,  that  all  the  letters  or  figures  which  are  cfMn* 
mon  to  each  term  of  the  divisors,  must  be  thrown  out  of 
them,  or  must  divide  them,  before  they  arc  used  in  the 
opcrationi 

EXAMPLES.     ^ 

«&  +  &* 

1.  To  find  the  greatest  common  measure  of . 

at*  +  Ac* 
ab+  b^)ac^  +  bc^ 
or  a  +  A    )  oca  +  bc^  (c« 


Therefore  the  greatest  common  measure  is  a  +  6. 
2.  To  find  the  greatest  common  measure  of 


c3  +  2a^  +  ^« 

a»  -K2c*  +  ^«  )  a»  -fl**  (a 

a»  +2a«A  +  ab^ 

—  2a«3  —  2fl**  )  fi'  +  2a3  +  b^ 
or      a  +    b    }a^+2ab  +  b^{a+  k 

a^+    ab 

ab+  *> 
ab  +  b^ 


Therefore  o  +  6  is  the  greatest  common  divisor* 

a«  —  4 
3.  To  find  the  greatest  common  divisor  of 


ab+%b 

Ans.a  — 2. 


4.  To 


4.  To  find  the  greatest  coohbiob  divisor  of 


04^  ^4 
5.  Fiad  the  greatest  com.  ineatiire  of ■-> 

CASBT. 

3^0  R^du€e  a  Fraction  to  eVt  Lovfe9Jt  Terma: 

FiHB  the  greatest  common  'measure,  as  in  the  last  pro- 
blem* .  Then  divide  both  the  terms  of  the  fraction  by  the 
common  measure  thus  founds  and  it  will  reduce  it  to  its  lowest 
terras  at  once,  as  was  required.  Qr  divide  the  terms  by  any 
quantity  which  it  may  appear  will  diride  them  both^  as  in 
arithmetical  fractions* 

BXAMPLB8* 

ab+b* 
1.  Reduce  ■■  to  its  lowest  terms. 

ac*  +  dc* 

a*  +   6«  )  flc«  +  be* 
ora  -f  6  )ttc*  +  bc*(<;^ 
act  +  d«c« 


Here  aft  +  ^  ^^  divided  by  the  common  factor  h. 

Therefore  a  +  6  is  the  greatest  common    measurei  and 
ab  +  6^         b 
hence  a  +  bj      >  ■         «  — ,  is  the  fractbn  required. 

ac*  +  be*      c* 
f«  -  b*c 
S.  To  reduce to  its  least  t^rms. 

c*  +  3&  +  *«  )  c»  -  b*c  (c 

c^+  2be*  +  b*c 


^flbe*  -3d»c)  c«  +  Ue  +  6« 

or  c  +  6)  c«  +  2be  +  6«  (c  +  ft 
c*+    be 


M^ 


bc+b^ 
bc  +  b* 

V«t.  t  C  c  Therefore 


i 
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Therefore  «  +  5  is  the  greatest  common  measure)  and 
c^^b^c         c*  —Ac 

hence  c  +  b)  —    ■■  ■         s is  the  fraction  required. 

c*+2bc+b*       c  +  b 

c5-.A»  t*+bc  +  6^ 

3.  Reduce to  its  lowest  terms.     Ans.      ■     '    '   ■  ^ 

c*— A«e*  c»  +  *c* 

4.  Reduce to  its  lowest  terms.  Ans. 


5.  Reduce  »   to  its  lowest  terms* 

3a^  +  6a*c  +  Sa^c* 

6.  Reduce  -^ ■■■  to  its  iowestterms. 

a^c  +  3aV  +  3ac»+  c* 

7.  Reduce  — ^— — —  to  its  lowest  termf  . 

CASE  VI. 

7b  add  Fraetibnal  Quantities  together. 

If  the  fractions  have  a  common  denominatori  add  all  the 
numerators  together ;  then  under  their  sum  set  the  common 
denominator,  and  it  is  don^« 

If  they  hare  not  a  common  denominator,  reduce  them  to 
ene^  and  then  add  them  as  before. 

«  EXAMPLES. 

a  a 

1.  Let—  and—  be  given,  to  find  their  sum» 
3  4 

a        a       4a      3a      7a 

Here  —  4-  — «B  -—  H ess  —  is  the  sum  required. 

3        4        12       13       12 

a    b  t 

'   2,  Given  — j  — ^  and  — ,  to  find  their  sum. 
bed 

a      b      c        acd      bbd      bcc       acd  +  bbd  +  Sec 
Here— +_+— »  —  + + 


i*ia^ 


bed       Hd      bed      bed  Ocd 

the  sum  required* 


•  3.  Let 


*  m 
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*Z.  Let  a-i*  — —  ukdd+ be  added  together. 

b  c 

3a;*  2ax  3c3*  ^abx 

Heretf +  *+ =»  a— f.^  +  — — * 

b  c  be  be 

%ibx  —  3cje* 
:!«  a  4.  ^  -I-  I  the  sum  required* 

Ax        2x  ^0bx  +  6ax 

4.  Add  —  and  —  together.  Ans.  -.■ 

3a  56  ^  isab 

a     a         ^       % 

5.  Add —,  — aod  —  together.  Anft.4Ia; 

•  3      4  5  ^^ 

2tf-.3         5a  9ft~6 

6.  Add  — i~  and  —  togedier.  Ans.  • . 

4  8  8 

a+3  2a  -  5  14a»t3 

7.  Add  2a  +  —^  to  4«  + .        Aos.  ^  + -* 

5  4  20 

3a*        a+b 

8.  Add  ea,  and  «-— aAd  ^^'^-^  together. 

4b  36 

5a  6a         3a  +  2 

9.  Add  — I  and  —  and together. 

4  5  7 

3a  a 

10.  Add  2a,  and  —  and  3  +  —  together. 

8  6 

3a  5a  ' 

1 1.  Add  8a  4-  •— .  and  2a  —  —  together* 

4  8 

CAfiB  VOL 
«  7*0  Subtract  (me  Fractional  Quantity  from  another. 

Hboucs  the  fractions  to  a  common  denominator,  as  in  addi* 
tion,  ii  they  have  not  a  common  denominator. 

Subtract  the  numerators  from  each  other,  and  under  their 
fifference  set  the  common  denominator,  and  the  work  is 
dene* 


*  b  the  addition  of  mixed  quantities,  it  is  best  to  bring  the  frac* 
tioiial  parts  only  to  a  oommon  denominator,  and  to  annex  their  sam  to 
the  SHm  of  the  mtegera,  with  tlie  proper  sign.  And  the  same  rule 
inaybeobienffdfoiiia^qttantitifsinaabcnwtiimslso.       ..^„» 
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EXAMPLES. 

3a        4a 

1.  To  find  the  difference  of —  and  -*• 

4  T 

Sa      4a      31a       l6o       Sa 

Here  — .  —  —  SB  — . MB  —  is  the  differ^ce  required. 

4         7         28         2»        28    ' 

9a  —  6         Sa— 43 

3.  To  find  the  difference  of «  and  -     .    .^ 

4r  3d 

2a  —  ^       3a— 4*       6ad  -  33d       I2ac—  163c 

4c  33  te^c  123c         "^ 

ea3— 333— 12ac+  163c 

■■         "the d^erence  required.' 

12Ac  •      ^ 

10«        4a 

3.  Required  the  difference  of  i^-.  and  -»• 

9  7 

Sa 
4«  Required  the  difierence  of  6a  and  -n. 

'     4 
«      .  *a        2a 

5.  Require  the  difference  of  —  and  —• 

23  Bq  +  e 

6.  Subtract  —  from  -— — ».. 

c  3 

2a  +  6  4a  +  $ 

T.  Take^ from 

9  S 

a  «-  33  8s 

«.  Take  3a-.» from  4a  +  — 

^  c 

CASPB  vnL 

To  MulHtUy  fractional  Quantifies  together^ 

MutTiPLT  the  numerators  together  for  a  new  numerator, 
and  the  denominators  for  a  new  denominator*. 


«»»ri'K  ^"  ^  ""?;'^?i«'  ^  <*"«  fraction,  and  the  denominator  of 
m  other,  can  be  divided  by  some  quantity,  whiph  u  commonio  both, 
the  quotienu  may  be  used  instead  of  them 

2.  jvhen  .  fraction  if  to  be  multiplied  by  «n  inteMr,  the  prodact  is 
found  either  by  multiplying  the  numerator,  or  dividing  the  denomiaa- 
tor  by  It ;  and  if  the  integer  be  the  same  wi^  the  denmihator,  the  nu- 
mera^r  may  betaken  lor  the  ptodui^t.  «»«w" 

SXAMPIX9; 
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EXAMPUa, 

a*         2a 

1.  Required  to  find  the  product  of-—  and  »«. 

a  5 

iJcre 5=  —  «  —  the  product  required. 

8  X  5         40        20  ' 

a    Sa         6a 
3.  Required  the  product  of  — » — » and  — ^ 

5     4  7 

a  X  3flf  X  6a       Ua*       Sa^ 
»-  ma  —  s=  —  ihe  product  required. 

3  X  4  X7  84  14 

■  ■ 

3.  Required  the  pzt>duct  of—  and  % 

*6  2a +  c 

2a  y  {a+6)      2aa  +  2a9 , . 

Qere  — — ■*  -    -  — -^  the  product  required. 

6X(2a+c}        2a6«f^r 

4a        ^ 

4.  Required  the  product  of  •^  and  — ^ 

3  5c 
%a       .46* 

5.  Required  the  productof— -and— — • 

4  3a 
3a          8ac         4ad 

6.  To  multiply  —  and  —  and  — -  together. 

h  b  Zc 

.     ah         3a« 

7.  Required  the  product  of  Sa  +  — and  — -. 

3c  ^ 

3a?— 3A»  V     4tt»  +  25* 

8.  Required  the  product  of  '  '      .  and  ' 

%bc  a  +  b 

2a  +  1  3a  —  1 

9.  Required  the  product  of  Sa^  and.  » and  ■ 

a  2«  +  6 

*        j:*  •  a         a* 

10;  Multiply  a  4 ^— -by  a?  —  —  +  — ^* 

3a       4a*  3«      4x* 

CASE  VSi* 

To  DMdt  tme  Fraenoruu  Quantity  by  another* 

Divina  the  numerators  by  each  other,  and  the  denomina* 

tors  by  each  other,  if  they  irili  exactly  divide.    But,  if  noty 

then  invert  the  .terras  of  the  divisor,  and  multiply  by  it  ex- 

actly  as  io  multq>iicauoPi,  ^ EXAMPUBg. 

I  *1.1ftkeSniMiontobe  lUviibd  kave  a»  jonmi  daminiior.tdBe  the  nunienitar  at  the 

JiTJifiiil  tor •  n  w nmiMnitor, Bad  tin:  numeistor  o*  thedhritor :ar Ae new denomimtor. 
t.  when  t  fmction  ii  to  be  tfiTiM  by  any  «[iaunlt)\  It  Uttie  me  ihtag  wbetficr  the 

waom  )»«iTiM  tar  iti «  ^  »aiwiimiAwWr»<iyt|i  ^  wkq 


b 


^ 


i9t  algebra: 

EXAMPLES. 
a        3a 
1.  Requirtd  to  divide  —  by  — 

4       8 
a       ^      a        8        Sa         2 

Here^-*Hr~^  —  X  — «  —  sss-.the  quotient* 


4         8        4       Sa       12a 


3a      5c 
3.  Required  to  divide  —  by  _. 

2b      44 
3a      Se       Za     4a      \%ad      6ad 

Here — f —  =— -x—  =*— * »  —  thcquoticnt7 

26       Ad      3d     5c        I06c       Sbc 
So  ^6        3a -f  26 

3.  To  divide by .     Here, 

3a^26       4a  4.  6 
3a  4.  6     ia+6       Sa*+6a6  +  d* 

—  X ag  the  quotient  requiredi 

3a-3»     3a +36        9a*  -.  46* 

da'  3a 

4.  To  divide  -  '•■■    ■-  by 


(^+h^       2a+2A 
Sa*         a  +  b       3a>x(a-f-6)  Za 

Here, x  — 


a«  -f.  ««         a  la»  +  d»)  X  a      a»  —  tfd  +  6» 

ia  the  quotient  required 
'       3x      II 
5.  To  divide  —  by  «^  ^ 

4  12 

e.  To  divide — bySx, 

5 

3j?-f-  1       4r 
7*  To  divide  — —  by—. 

9  3 

Ax  X 

8.  To  divide  — —- .  by*—. 

3ar— t        S 
4r      3a 

9,  To  divide  —by  — • 

5  66 

t«>.  Tofflvide  ■         by—. 

Acd         6d 
Sa^-^Sb^  6a^  +  5ab 

1 1 .  Divide -by        .-  '    i.- 

2a»  —  4a6  +  26«        4a  —  46  INVOLXJ- 


3.  Tniaittetwonuinctaton.ort]ietirodeiiomiiifttx>ri,anbediTi^1>y  a^^  oqhu 

watoF,  iDtAK  he  dweb  anddK  qiMtkM  iiMliMtctA  flflbe  (toieiigw 


f 
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INVOLUTION. 

TirvoLimoir  is  the  raising  of  powers  from  any  proposed 
root  3  such  as  finding  the  square,  cube,  biquadrate,  Uc  of  anf 
^iven  quantity.    The  method  is  as  follows : 

*  MuLTiPLT  the  root  or  given  quantity  by  itself,  as  many 
times  as  there  are  units  in  the  index  less  onoy  and  the  last  pro- 
duct will  be  the  power  re^uired.«-.Or,  iii  literals,  multiply 
the  index  of  the  root  by  the  index  of  the  power,  and  the  result 
frill  be  the  power*  the  same  as  before. 

Note.  W^en  the  sign  of  the  root  is  4-,  all  the  powers  of  it 
^1  be  + ;  but  when  the  sign  is  -^,  all  the  even  powers  will  bo 
4-)  and  all  the  odd  powers  ^;  i^s  is  evident  from  multiplication. 

KXAMPLES. 


«9  the  root 

aS  the  root 

«>  =3  square. 
iiS  ^  cube 

a*   CSS  square 
a*   ss  cube 

m^  s=  4th  power 
a'  :=  5th  power 

a^  CBS  4th  power 
«>^=  5th  power 
kc. 

■ 

—    2a,  tlie  root 

• 

— .    .3a3*,  the  root ' 

4-    4a*  =s  square 
-»    8aS  =  cube 

4.     9a*b^  3=  square 
—  27a.*  A*  =  cube 

+  16a^  — 4thpoW)Br 
—  32a*  —  5th  power 

4.  »ia*6«  .=  4th  power 
1     — 243a»  6w  =  5  th  power. 

Uaa^ 

a 

•^ .  the  root 

—,  the  root 

36 

26 

4a»x* 

0^ 

9^ 

—  sss  square 

46' 

8a»J?« 

«» 

—  «=acube 

863 

376* 

16a*x« 

a* 

— -  SB  biquadrate 
166* 

815* 

*  Any  poorer  of  the  product  of  two  or  more  auantities,  is  eqoal  te 
Ihe  Mine  power  of  each  of  the  Actors .  multiplied  together. 

And  any  power  of  a  fraction^  is  equal  to  the  same  power  of  the  nu- 
merator* divided  by  the  like  power  of  the  denominator* 

Also,  powers  or  roota  of  the  tame  quantity,  are  multiidied  by  one  an- 
other, by  adding  their  exponents  s  or  divided,  by  sahtnctiiig  their  ez« 
ponenta. 


a« 
at 


Om 


X^Q 
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jr— aasrooi  jr-f.a  =  iXM)t 


x*+  ax 
+  ax  +  a* 

X*  +  2ax  +  a^ 
X  +  a 

*•  +  3flx*  4-  a^x 

xy+  3ax«  +  3a«x  +  a* 

— or  +  «• 

jr*  —  3ar  +  d*  tquare 
ar    —  a 

*»  —  2ax»  +  a^x 

—  ox'    +  3fl*JP— «• 

apS— 3ax*  +  3o*x— c' 

the  cubesy  or  third  powersyof  x— a  and  x  +  a, 

EXAMPLES  FOR  PRACTICE. 

1.  Required  the  cube  or  3d  power  of  3a*« 
3.  Required  the  4th  power  of  2a*d. 

3.  Required  the  3d  power  of  —  4a*6>. 

a»x 

4.  To  find  the  biquadrate  of  ^  — — • 

5.  Required  the  5th  power  of  a— Sx. 

6.  To  find  the  6th  power  of  2a^. 

Sir  Isaac  NRWTON'a  Rulb /or  raintig  a  Binomial  to  any  \ 

Power  whatever^. 

1.  To  find  the  terms  vnthout  the  Co-efficiento.  The  index  of 
the  first}  or  leading  quantity,  begins  with  the  index  of  the 
given  power,  and  in  the  succeeding  terms  decreases  conti- 
nually by  1,  in  every  term  to  the  last ;  and  in  the  3d  or 
following  quantity,  the  indices  of  the  terms  are  0,  I,  3,  3,  4^ 
&c  increasing  always  by  i.  That  is,  the  first  term  will  con- 
tain only  the  1st  part  of  the  root  with  the  same  index,  or  of 


*  This  rule,  esqpressed  in  general  termst  ig  as  fbllowi ; 

«  — 1  »-l 0-2 

(a-f  dr)asaiin^n.aO*lx4.n  — ^^B^xSO^n.— «  —— a»-»*«  &c. 

3  3       3 

«— >1  «~1  n— 3 

(a— x)aa«aa-n.i^B-ix4«.— —  i^B-*txS..«  -i.— .— ^a>>*aa^&e« 

3  3        3 

Jfotc  The  sain  of  tlie  co-efficients,  in  every  power,  is  equal  to  the 
namher  2»  when  raited  to  that  power.  Thus  1  4-  1  ■-  2  io  the  first 
power;  1  +  i+1 -=  4  «.3^  in  the  square;  1+3  +  3+ l-'fi-' 
2'  in  the  cubti  or  third  powers  and  to  on. 

the 
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the  flame  height  ts  the  intended  power :  and  the  last  tern  of 
the  series  will  contain  only  the  2d  part  of  the  given  root, 
when  mised  also  to  the  same  height  of  the  intended  power  z 
but  all  the  other  or  intermediate  terms  will  contain  the  pro- 
ducts of  some  powers  of  both  (he  members  of  the  root,  in 
such  sort,  that  the  powers  or  indices  of  the  1st  or  leading 
aieniber  will  alw4ys  decrease  by  1,  whUe  those  of  t^e  .2d 
member  always  increase  by  U 

2.  TofindtheCo-efficitntH.  The  first  co-efiicient  is  always 
1,  and  the  second  is  the  same  as  the  index  ot  the  intended 
power;  to  find  the  3d  co-eiBcicnt«  multiply  that  of  the  2d 
term  by  the  index  of  the  leading  letter  in  the  same  termi  and 
divide  the  product  by  2  ;  and  so  on,  that  is,  multiply  the  co- 
efficient of  the  term  last  found  by  the  index  of  the  leading 
quantity  in  that  term,  and  divide  the  product  by  the  number 
of  terms  to  that  place,  and  it  will  give  the  co-efficient  of  the 
term  next  following  ;  which  rule  will  find  all  the  coefficients^ 
one  after  another. 

Jfote.  The  whole  number  of  terms  will  be  I  more  than  the 
index  of  the  given  power  :  and  when  both  terms  of  the  root 
are  -ft  all  the  terms  of  the  power  will  be  +  »  bm  if  the  se« 
pond  ter«i^  be  -«,  all  ihp  odd  terms  will  be  + 1  and  all  the 
even  tenns  — ,  which  causes  the  terms  to  be  +  and  —  altera 
nately.     Also  the  sum  of  the  two  indicesi  in  each  term,  is 
al«rays  the  same  number,  viz.   the  index  of  the  required 
power :  and  counting  from  the  middle  of  the  series,  both 
ways,  or   towards  the  right  and  left,  the  indices  of  the  two 
terms  are  the  same  figures  at  equal  distances,  but  mutually 
changed  places.     Moreover,  the  co*efficients  are  the  same 
nambers  at  equal  distances  from  the  middle  of  the  series, 
towards  the  right  and  left ;  so  by  whatever  numbers  they 
increase  to  the  middle,  by  the  same  in  the  reverse  order  they 
decrease  to  the  end. 

EXAMPLES. 

'  1.  Let  a  -f  X  be  involved  to  the  5th  power* 

The  terms  without  the  co-efficients,  by  the   ist  rule) 
^U  be ; 

arid  the  co>efficicnts,  by  the  2d  ruki  will  be 

5X4  10X3-10X25XI 
1,5^  ,  ,  f  -— •  t 

2  3  4  5 

or  1,5,  l6,      io«  5,         I; 

Therefore  the  5th  power  altogether  is     . 
^  a»  +  5a^x  +  IOa>x«  +  I0a»x»  +  5ax>  +  x*. 

Ve^.  I.  D  d  But, 


I 
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But  is  is  best  to  set  down  both  the  co-elKcientt  and  thm 
powers  ot  ihe  letteis  at  once,  in  one  line,  without  the  inter« 
anediaie  lines  in  the  above  example^  as  in  the  example  hero 
below. 

3.  liCt  a  —  jr  be  inToIved  to  the  6th  power. 
The  terms  with  the  co-crfficients  will  be 

S.  Required  the  4ih  power  of  a  — .  x. 

Ans.  c*  —  4a*JF+  6a*x*  —  4flx*  +  at\ 

And  thus  any  other  powers  may  be  set  down  at  onccy  m 
the  samemaiuier ;  which  iathe  best  way. 


EVOLUTION. 

EvoLUTiOK  is  the  reverse  of  Involution)  beiof^  the  fnethott 
of  finding  the  square  root*  cube  root^  &c.  of  any  gtve« 
quantity  whether  simple  or  compound. 

CASE  I. 
Tojind  the  Roots  qfSimfile  QuantiHe9. 

« 

Extract  the  root  of  the  co-efficient  for  the  numeral 
part ;  and  divide  the  index  of  the  letter,  or  letters,  by  the 
index  of  the  power,  and  it  will  give  the  root  of  the  literal 
part ;  then  annex  this  to  the  former^  for  the  whole  root 
sought*. 


*  Any  even  root  of  an  affirmative  quantity,  may  be  either  4.  or  —  -. 
Chus  the  square  root  of  -f  a'  is  either  +  «•  or  —  a  ^  iiecause  -|-  aX 
4.  a  ^  -f  a  9  and  — •oK  —  ao+  a'  also. 

But  an  odd  root  of  any  qtiantity  will  have  the  same  sign  As  the 
quantity  itself :  thus  the  cube  root  o{  '\-  tfi\%  +  a  and  the  cube 
loot  of  o«  is  — a;  for+aX  +  flX+fl«i  +  a*,  and  —  a  X  — 
«X  -  a«s  — a  . . 

Any  even  root  of  a  negative  quantity  is  impossible ;  for  neither 
.f>  a  X  +  ^»  nor  ...  a  X  *—  <>  Can  produce  —  a^. 

Any  root  of  a  product,  is  equal  to  the  like  root  of  each  of  the  iac- 
tors  multiplied  together.     And  for  the  root  of  a  fraction,  take  the  root 

of  thf  numerator^  and  Uie  root  of  the  denominator* 

BXAMPLB0. 


I 


^ 


EVOLUTION.  ^ 

EXAMPLES. 

1.  The  square  root  of  4^ >,  is  3a. 

3.  The  cube  root  of  Su',  is  2a^  or  3a, 

5/i*6«  5a*d*       a^ 

!T.  The  square  root  of         ■  ,  or  \/ -.,  is  —  ^  $, 

9c«  9c»         3c 

16aH«  2a6^ 

i.  The  cube  root  of  —  — ,is  —  —  ^  3a. 

27c»  3c 

5    To  find  the  sq«4Pe  rooi  of  3a^3*.  Ana.  a6»  \/  !!. 

6.  To  find  the  cube  root  of  —  64a *6<,  Ans.  -«-  4aA^. 

Ha*6^  3 

7    To  find  the  square  root  of—-.  Ans.  3a6  V-*^ 

3c  a  3c 

8.  To  find  the  4th  root  of  8\a*d^.  Ans.  Sab  y/  ft. 

9.  To  find  the  5th  root  of  —  33a'^*.  Ans  —  3a6  ^  ^. 

CASE  II 

To  find  the  Square  Root  of  a  Comfiound  Quantity, 

This  is  performed  like  as  in  numbers^  thus  : 

1     R.tng^e  the  qu^rn titles  according  to  the  dimensions  of 

0nc  ol  the  letters,  and  set  the  root  of  the  first  term  in  the 

quotK^m. 

3.  Sihtract  the  square  of  the  root)  thus  found,  from  the 
first  ter rn,  and  bring  down  the  next  two  terms  to  the  re- 
mainder for  a  dividend  $  and  take  double  the  root  for  a 
divisor. 

3  Divide  the  dividend  by  the  divisor,  and  annex  the  re* 
suit  both  to  the  quotient  and  to  the  divisor. 

4.  Multiply  the  divisor  thus  increased,  by  the  term  last 
set  in  Che  quotient,  and  subtract  the  product  from  the  divi- 
dend. 

And  so  on)  always  the  same,  as  in  common  arithmetic. 

EXAMPLES. 

1.  Extract  the  square  root  of  a^— 4aSd  -f  6a*ft*— -4a5S^  ^4 
a«  — 4aS6  +  4aSft*  ~  4afts  +  i6^(a*— 3a4i-|- ft*  theroot. 

9a'  -«  3aft  )  -  4asft  4.  6a«ft* 
-  4a^b  +  4a^ft* 


ip* 


3a»  —  4cft  +  ft«)  3a»ft«— 4aft»+ft4 

3a«6«— 4aft»+ft4 

H^Fiod 
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3.  Find  the  root  of  a*+  4a^b  +  lOa^b^  +  12«6»  rj-  *♦. 

/■4 


3.  To  find  the  square  root  of  a«  +  40'^  6a*  +4a+  1. 

Ans.  a*  +  2a+  I. 

4.  Extract  the  square  root  of  a*  —  2a3  +  3a*~  a  -f  j. 

Ans.  JT*— jT  +  i. 
$.  It  is  required  to  find  the  square  root  of  a*  -*  ab. 

b        b'        b^ 

Ans*  a  ->•  -i*  •*  —  — — -  ScC* 

2       8a        16a^ 

CASE  m. 
To  find  the  Roots  of  any  Powera  in  Gmerai. 

This  is  also  done  like  the  same  roots  in  numbers,  thus  : 
Find  the  root  of  the  first  term,  and  set  it  in  the  quotient. 
«->Subtnict  its  power  from  that  term,  and  bring  down  the 
second  tenp,  for  a  dividend.— Involve  the  root,  last  found,  to 
the  next  lower  poller,  and  muhiply  it  by  the  index  of  the 
given  power,  for  a  divisor — ^Divide  the  dividend  by  the  di- 
vibor,  and  set  the  quotient  as  the  next  term  of  the  root.— 
Involve  now  the  whole  root  to  the  power  to  be  extracted  ; 
then  subtract  the  power  thus  arising  from  the  given  power^ 
and  divide  the  first  term  of  the  remainder  by  tlie  divisor  first 
found  i  and  so  on  till  the  whole  is  finished*. 

EXABIPLES. 


•  As  this  method*  in  high  powers,  m^  be  thocgbt  too  laborious,  it 
wiU  not  be  improper  to  observe,  that  the  rooU  of  compound  quantities 
may  sometimes  be  easily  discovered,  thus : 

Extract  the  roots  of  some  of  the  most  simple  terras,  and  connect 
tiiem  together  by  the  sign  +  or  —,  as  may  be  judged  most  suitable 
for  the  purpose.— Involve  the  compound  root»  thus  found,  to  the  pro- 
per powers  then,  if  this  be  the  same  with  the  given  quantity,  it  is  the 
root  required. -But  if  it  be  found  to  differ  only  in  some  of  the  si^s, 
change  them  fi  om  +  to  — ,  or  from  *-  to  +,  till  its  power  ftgrces 
vxth  the  given  one  throughouu 

Thus 


f 
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tXAMPLSS. 

U 

1.  To  find  the  square  root  of  a*— 2aa*+3a«*»—  %a^*+^. 


3c*  )  -  2a»6 


a*— aa»6  +  a***  «»  (a»—«A)» 


2a*  )2a»d* 


a^^^a^d  +  Sa^d^—SaA*  +  A* ai  (a*— cd  +  *•)«, 


!•■ 


2.  Find  the  cube  root  of  c«  —  €a*  +  2Ifl*  —  44a^  +  63a* 

— ,  54a  +  37. 
i,»_6a4  +2  la*— 44a*  +  63a«  — 54a+ 27  (a«— 2«  +  3. 
a« 


3a*  >  —  6a» 


a*  -  6a»  +  I2a*-8a»  «»  (a*  — 2a)» 


3a*  )  +  Ua* 


a«— 6x»+21o*— 44a*+63a«— 54a+27  =s  (a»  ^  2a  «.  3)». 

3.  To  find  the  square  root  of  a«  —  2a^  +  2ax  +  ^*  — 
2^x  +  x«.  Ans.  a  >^  d+  X. 

4.  Find  the  cube  rootof  a^— 3a*  +  9a*  —  13a»  +  18a«  — 
I3a  +  8.  Ans*  a*  -a  +  2. 

5.  Findthe4throotof  8(a*— 216aS^  -f  216a*^*  —  96a^s 
+  16A*.  Ans.  3a -23. 

6.  Find  the  5th  root  of  a'  «-  10a*  -f  40a>  —  SOa*  +  80a 
f—  32.  Ans.  a  *.  2. 

7.  Required  the  square  root  of  1  —  x*, 
.   8.  Required  the  cube  root  of  1  —  x'. 


tmm 


Thu8>  hi  the  5th  exRinp1e9  the  root  3a  «-  26y  is  the  difference  of 
the  roots  of  the  first  and  last  terms  ^  and  in  the  third  example,  the 
foot  a  —  ^  -|-  0?,  is  the  sum  of  the  roou  of  the  Ist.  4th,  and  6th  terms* 
The  tame  may  al>o  be  observed  of  the  Gtb  exampley  wheie  the  root  is 
found  from  tlie  $rst  and  fault  tenas* 

SURDS* 


\ 
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SURDS. 


duiLDs  are  such  quantities  as  have  not  exact  values  in  num* 
bers  ;  diid  are  usually  expressed  by  fractional  indices,  or  by 

means  of  the  radical  sign  »/,     Thus,  3^,  or  ^  3,  denotes  the 

square  root  of  3  ;  and  2^  or  v  3*,  or  v^4,  the  cube  root  of 
the  bquare  of  3  ;  where  the  numerator  shows  the  ]>ower  to 
viiich  the  quantity  is  to  be  raised,  and  the  denominator  hs  root. 

PROBLEM  L 

To  Reduce  a  Rational  Quantity  to  the  Form  qfa  Surd* 

Raise  the  g;iven  quantity  to  the  power  denoted  by  the 
index  of  the  surd ;  then  over  or  t>eiore  this  new  quantity  set 
the  radical  sign^  and  it  will  be  the  form  required. 

EXAMPLEa 

ll  To  reduce  4  to  the  form  of  the  square  root 
First,  4r^  as  4  X  4  Es  16;  then  y^  16  is  the  answer. 

2.  To  reduce  3a*  to  the  form  of  the  cube  root* 
First  3fl*  X  3*i»  x  3a*  »  (3a»)«  e  37fl«  ; 

then  v'STa*  or  (27a«;'  is  the  answer. 
S.  Reduce  6  to  the  form  of  the  cube  root. 

Ans.  (216)^  or  ^216. 

4.  Reduce  lab  to  the  form  of  the  square  root. 

Ans.  i/  la^6K 

5.  Reduce  2  to  the  form  of  the  4th  root.  Ana.  (16)^ 

€.  Reduce  a^  to  the  form  of  the  Sth  root. 

7.  Reduce  a  +  t  to  the  form  of  the  square  root. 

9.  Reduce  a  —  jt  to  the  form  of  the  cube  root. 

PROBLEM  IL 
To  Reduce  Quant%tie9  to  a  Common  Index. 

l.'REnucE  the  indices  of  the  given  quantities  to  acommon 

denominator,  and  involve  each  of  them  to  the  power  denoted 

by  its  numerator ;  then  1  set  over  the  common  denominator 

"will  form  the  common  index*    Oo 

2.  If 
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S.  If  the  common  index  be  given,  divide  the  indices  of  the 
quikniities  by  the  given  liidex*  and  ihe  quotients  will  be  tho 
new  indices  for  those  quantities.  Then  over  the  said  quun- 
dties,  with  their  new  indicest  set  the  given  indexy  and  they 
will  make  the  equivalent  quantities  sought. 

EXAMPLES. 

1    Reduce  S*  and  5*^  to  a  common  index. 
Here  ^  and  |  «  y«^  und  ^. 

Therefoi^  3^»  and  5^  »  (3*)^^  andCi«)TV  «!/3»  and  V$^ 

10  10 

aiv^243and  ^  25. 

i.  Reduce  a^  and  ^^  to  the  same  common  index  |. 

Here,  -f  -?•  t  •=  I  X  f  =  f  ^*>®  ^*^  index, 
•nd  I  -r  i  «=  I  X  f  =  ^  the  2d  index. 

Therefore  Co*)'andlA';»,  or  y'  «•  and  ^  b^  are  the  quan- 
tities. 

3.  Reduce  4^  and  5«  to  the  common  index  {. 

•  Ans.  256^iand25^« 

Z  I 

4.  Reduce  a^and  x*  to  the  common  mdex  |. 

Ans.  (a«)^  and  (jc^/. 

5.  Reduce  a>  and  x*  Xo  the  same  radical  sign, 

Ans  v"  o*  and  t/x*. 

6.  Reduce  (a  -|-  x)'  and  (a— x)^  to  a  common  index. 

1  ^ 

7.  Reduce  (a  -^  6)?  and  (a  —  6)«  to  a  common  index* 

PROBLEM  m. 

To  Reduce  Surds  to  more  Sim/ile  Termi^ 

Find  out  the  greatest  power  contained  in,  or  to  divide  the 
given  surd  ;  take  its  root,  and  set  it  before  the  quotient  or  the 
remaining  quantities^  with  the  proper  radical  sign  between 
them. 

EXAMPLEa 

1.  To  reduce  y/  32  to  simpler  terms. 
Here  ^  32=  v^  I6x  i»  V  16  x  -•2  =  4  Xv^28  4  v^2« 

2.  To  reduce  v^  320  to  simpler  terms. 

V^32«  ;s^  ^64  X  5  «  v^64  X  ^5  »  4  X  v^5  «4  -^5. 

3.  Reduce 


♦ 


1 


'/ 


i 
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5.  Reduce  ^ts  to  its  simplest  terras.  Atis.  i  ^  3. 
4.  Reduce  Vyf  ^<^  simpler  terms.                  Ans.  -j^  y^  3S. 

V    ^/        5.  Reduce  ^189  to  its  simplest  terms.  An^k^  yr, 

6.  Reduce  ^  V/  ^^  ^^'  simplest  terms.  Ans.^|  ^  lO. 

7.  Reduce  v^75a^6  to  its  simplest  terms.       Ans.  5a  y/  3d. 

Ab<^«  There  are  other  cases  of  reducing  algebraic  surds 
to  simpler  forms»  that  are  practised  on  several  occasions  ;  one 
instance  of  which,  on  account  of  its  siirpliciif  and  usefulness, 
may  be  here  noticed,  viz.  in  fractional  forms  having  com- 
pound surds  in  the  deqpminatort  mulnpty  both  numerator  and 
denominator  by  the  same  terms  of  the  denominator,  but  hav- 
ing one  sign  changed,  from  +  to  —  or  from  —  to  +,  which 
will  reduce  the  fraction  to  a  rational  denominator. 

V^20  +  V  '2  v/5  +  V3 

Ex.  To  reduce » multiply  it  by »  and 

i/  5  -v'  3  V5  +  V  3 

16  +  3^15  3vl5— *-/5 

it  becomes =8  +  ^15.  Also,  if  ■  i 

2  \^  15  +  \/5 

Vl5-v^5  65  —  7^75 

multiply  it  by  ,  and  it  becomes  ~— — = 

V   l5-\/5  15-5 

65«-35v^3       13—7^3 

to  .         S 

PROBLEM  IT. 
To  add  Surd  Quantities  together^ 

1.  Bring  all  fractions  to  a  common  denominator,  and  reduce 
the  quantities  to  their  simplest  terms,  as  in  the  last  problem. 

2.  Reduce  also  such  quantities  as  have  unlike  indices  to 

other  equivalent  ones  having  a  common  index  — 3  Then,  if 
the  surd  part  be  the  same  in  them  all,  annex  it  to  the  sum  of 
the  rational  parts,  with  the  sign  of  multiplication,  and  it  will 
give  the  total  sum  required. 

But  if  the  surd  part  be  not  the  same  in  all  the  quantities, 
they  can  only  be  added  by  the  signs  +  and  — . 

EXAMPLES. 

1.  Required  to  add  v/  18  and  V  32  together. 


First,v'l8  =  v'^  X  2  =  SV2| and ^32  «  V  16  X  2  =>  4^2 : 
Then,  3^2+  4v'«=(3+4)V3»  7  v^  2  =s  sum  required. 

2.  It  is  required  to  add  ^  375,  and  ^r  192  together. 
First,  5^375«3^  125  x3«55^3jand  J^  192aa^  64X3*«*.i'3t 
Then,5  e^  3  +  4  5^  3  « (5  +  4)  ^  3  »9^3  «  sum  required. 
'    ^  3.  Required 


^      5* 

.    » 


r 


I 
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3.  Required  the  sum  of  ^  S7  and  ^  48.  Ans.  7^3. 

4.  Required  the  sum  of  */  50  and  y/  72,         Ans,  1 1  ^^  2. 
5    Required  the  sum  of  ^v^  4  ^^  V  tV- 

Aps.4  v^  TT^^A  v^  ^** 

6.  Required  the  sum  of  ^  56  and  ^  189,  Aa*  5  J^  7. 

7.  Required  ihe*  sum  of  ^  J  and  ^  ^.  Ans.  |  <^  2i 
«.  Required  the  sum  oi  3y/a^b  and  5v^  l6o*** 

PBOBLBM  V.      V  *^    •        • 
To  find  the  Difference  of  Surd  QuantitU^. 

Pbspare  the  quantities  the  same  way  as  in  the  last  rule  ; 
then  subtract  the  rational  parts,  and  to  the  remaindt^r  annex 
'    the  common  surd«  for  the  difT/rence  of  the  surds  required. 

But  if  the  quantities  have  no  common  surd,  theycaE^oaly 
be  suhtracted  by  means  of  the  sign  — ^  • 

&XAMPUES. 

1.  To  find  the  difference  between  i/  320  alid  ^  80. 

First,  •  320s«  v^64  X  5=8  ^5  ;  andy'SOsss  y^  16  X5«:4v'5, 
Then  8^5  — 4\/5=4v5*he  difference  sought. 

2.  To  find  the  difff^rente  between  ^  138  and  y'  54. 
First,  v^  n8^«=.  ^64x2=4^  2;  andy'   4  a.^'Ifx  2  «  if  %: 
Then  4  J-  2  —  3  ^  2  =  ^  2,  the  difference  required, 

3.  Kequipcd  the  difference  of  V  75  and  V  ^8       Ans,  ^  3, 

4.  Required  the  diffe#Mce  of  v^256  and  it  ZZ.    Ans-  2^4. 

5.  Required  the  difference  of  ^  |and  %/ 1«        Ans.  ^  ^  A« 

6.  Roquired  the  difference  of  y'  |  and  y^y.    Ans  ^-^75, 

7.  Find  the  difference  of  v/24a<6>  and  ^  SA^b^. 

Ans.  (a— 2^J  y^  (3^"— 2a*)V'^« 

PROBLEM  VI. 

Tq  MiUnfily  Surd  Quantities  together. 

Rbdugb  the  surds  to  the  s&me  index,  if  necessary  ;  nexi 
multiply  the  rational  quaniiiics  together,  and  the  surds  toge* 
ther  ;  then  annex  the  one  product  to  the  other  for  the  whole 

\  product  required ;  which  may  be  reduced  to  more  simple 

)  terms  if  necessary. 

Vol.  I.  Be 
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EXAMPLES* 


1.  Required  to  find  the  product  of  4  */ 13,  and  3  \/  3. 
Here.  4  X  3  X  V  »2  X  /2  =  12  7l2x^=>12v'24===l2v''irX# 
=s  12  X  2  )C  v/  6  =  24  \/  6,  the  product  required. 

2  Require  to  multiply  i  ^  i  by  |  J^  | 

=^*g^l8f  the  product  required. 

3  Required  the  product  of  3  ^  2  and  2^8.        Ans.  34. 

4.  Required  the  product  of  j3'4  and  |  J/ 13.         Ans  \^  6b 

5.  Tofindihe  productof|v^Jand^«yV^».         Ans  ,»y^lS. 

6.  Required  the  product  of  2^  14  and  3 5^4.       Ans.  12^7, 

7.  Required  the  product  of  2a^  and  c^.  Ans.  ^*, 

8.  R'-quired  the  product  of  (a  +  by  and  (a  +  6)^. 

9.  Required  the  product  of  2x  +  v^  A  and  3x  —  v'  *• 

10.  Required  the  product  of  (a  +  3v<d)^  and  (a— 3  y'  ^)^- 

11.  Required  the!  product  of  2j:~  and  %x^. 
13.  Required  the  product  oi  4x"  and  3ys. 

PROBLEM  Vn. 

7*0  Divide  one  Surd  Quantity  by  another. 

RxDCCE  the  surds  to  the  same  index*  if  necessary ;  ihem 
take  the  quotient  of  the  rational  quantities^  and  annex  it  to 
the  quotient  of  the  surds,  and  it  will  give  the  whole  quotient 
required ;  which  may  be  reduced  to  more  simple  terms  i£ 
requisite. 

EXAMPLES. 

1.  Required  to  divide  6  ^  96  by  3  v^  ft. 

Here  6  -$-  3     -/  (96  -j-  8)a:2VI3=3v'{4  X  3)sa2x2^S 
a  4  v^  3,  the  quotient  required. 

2.  Required  to  divide  12^380  by  3^^. 

Here  12  -5.  3  =  4,  and  380  ^  5  =  56  =  8  x  r  =  3» .  7  « 
Therefore  4x2x^7«=s8v'7,  isthe  quotient  required. 

^3*  Let 
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3.  Let  4  yl  SO  be  divided  by  2  s/S»  Ans  2  ^  10. 

4-  Let  6  v^  100  be  divided  by  3  -^5.  Ans.  2  ^  20.              «■ 

^    Let  f  VfT^  be  divided  by  l  ^  |.  Ans.  ^V  S      --  ^-  'J    " 

e.Uiiif^  be  divided  by  |  ^  f  Ans.  /^  ^r  30.''      /    '    ' 

r.  Let  I  v^a,  or  ^u^,  be  divided  by  |a^.  Ana.  |a^. 

8    Le;  a^  be  divided  by  a'. 


X  X 

9.  To  divide  3a«  by  4a»'» 


PROBLEM  Vnt 


2R}  Involve  or  liaise  Surd  Quaniities  to  any  Power. 

RAibK  both  the  ratfonul  part  and  the  surd  parL  Or  mul- 
tipiy  the  indt-x  of  the  quantity  by  the  index  of  the  power  to 
vhich  it  is  to  be*  raised,  and  to  the  result  annex  the  power 
•f  ihe  rational  parts,  wnich  will  give  the  pow^r  required. 


EXAMPLES. 

1.  Required  to  find  the  square  of  |a^. 

First,  C|)«  =r  3  X  I «  ^'y,  and  (a*)^  1  ai  >^  ^«a*  =s  a. 
Therefore  (la*)*  «  ^V»*  **  ^®  ».quare  required. 

2.  Required  to  find  the  square  of  fo^. 
First,  i  X  i  =  J  and  {J)*  c^^J^a^a; 
Therefore  (4«^)*  =■  ^a^a  is  the  square  required. 

3.  Required  to  find  the  cube  of  |  ^  6  or  |  x  6^. 
First,  (|)3  «  I  X  I  X  I  «  »V  and  (6*;«  «  6»  «  6  y  6. 
Theref.  (|  V  6)*  «  A  X  ^  V'^  «  V*  V  fii  the  cube  required. 

4.  Required  ihe  square  of  2  v'2.  Ans.  4^^  4. 

5.  Required  the  cube  of  3^  or  v^  3.  Ans.  3  ^/S. 

6.  Required  the  3d  power  of  |  v  3.  Ans.  ix/3. 

7.  Required  to  find  the  4ih  power  of  J  ^  2.  Ans,  ^. 

8.  ReqCure4 
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8.  Required  to  find  the  mth  power  of  a» 

9.  iiequii*ed  to  find  cbe  square  of  2  4-  ^3. 


PROBLEM  IX. 


To  Evolve  or  Extract  the  Roott  of  Surd  Quantities*, 

Extract  both  the  rational  part  and  the  surd  part.  Or 
divide  the  index  of  the  giyen  quantity  by  the  index  of  the' 
root  to  be  extracred;  thtn  to  the  result  annex  the  root  of 
the  rational  party  which  will  giye  the  root  required. 


EXAMPLES. 

1.  Required  to  find  the  square  root  of  16  ^  6. 

Pirw, -v/  16as.4,  and^e'^^srs  6*^^  «6^ 

It 
theref.  ^16  v^  6,^  rs  4  .  6^  =:  4lv^6j6  the  sq.  root  required. 

2.  Required  to  find  the  cube  root  or^  v'  3. 

First,  4^  «  i,and  (^^3;^  =  3^^  «  3*; 

theref.   -Jij  V  3)'  s=  j- .  3«  =  4  ^3^  is  the  cube  root  requirecL 
3    Required  the  square  root  ot  6'.  Ans.  6  ^  6, 

4.  Rt  quired  the  cube  root  of  ia'6.  Ans.  ^  ^  i*- 

5.  Required  the  4th  root  of  16a*.  Ans.  2  V  ^* 

6.  Required  to  find  the  mth  root  of  x*. 

7.  Required  the  square  root  of  a*  m^  6a  %/  d  +  9b» 


*  The  aquare  root  of  a  binomial  or  residual  surd^  a+  b^or  a  m0  b 

may  be  found  thus  :  Take  ^  a*".-A»  ~  *  / 

— —  o+c  a  — c 

then  ^  0+ A  BB  ^...—^  ^....i.  ; 

2  2 

■     ■■  a'i'C         o—c 

and   ^a^6s^_.-^— • 

2  2 

ThuB  the  square  root  of  4  +  2v'3aal+v'3; 
and  the  square  root  of  6  «.2^iBB^5.-*l. 
Pui  for  the  cube,  or  any  high^  root,  00  general  rule  is  known, 

INFINITE 


1 


«HUOS.  ^,3 

INFINITE  SERIES. 
Air  Infinite  Series  k  formed  either  froip  dmeioDy  diTidioe 
by  a  compound  divisor,  or  by  extracting  the  root  of  a  con^ 
pound  surd  quantity ;  and  is  such  as,  being  continued,  would 
run  on  infinitely,  m  the  manner  of  a  continued  decimal  frac- 
tion. 

But,  by  obtaining  a  few  of  the  first  terms,  the  law  of  the 
progression  will  De  roanifesi  j  so  that  the  series  may  thence  bo 
continued,  without  actually  performing  the  whole  operation. 

PROBLEM  L 
ToReduccFracHonal  Quantitieainto  Infinite  Series  byDiviwm. 
DiviDB  the  numerator  by  the  denominator,  as  in  com  n on 
division;  then  the  operation,  continued  as  far  as  may  be 
thought  necessary,  will  give  the  infinite  series  required, 

£XAAfPLE& 

1.  To  change into  an  infinite  series,  , 

«  +  ^  / 

a  +  b)2ab..{2b +  — +  fcc. 

a        a^        a^    .  '        > 

2ab  +  %b^ 


2b* 

2b^ 
268 

a 


2b^ 

m 

a 

2b*      2b^ 

a        a* 

26* 


a« 


26*        26^ 


2«Le)t 
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I 
2.  Let  i  be  changed  into  an  infinite  series* 

1  — .  fl  )  I  ......  {  1  +  a  +  a*  +  «»  +  a*+  &c. 

1  -a 


a 


fl» 


flS 

b 

3.  Expand  ■'  into  nm  infinite  series. 

a  +  c 

b  t       c»      c» 

Ans.  —  x(i—  — H — +^c.) 

a  a       a*       a* 

a  .  ^  . 

4.  Expand  >■■  into  an  infinite  series. 

a  —  b 

b        5»       3» 

Ans.  1  +  —  -f (-  —  +  te- 

a        a*       a* 
1  —  X 

5.  Expand into  an  infinite  series. 

I  +  x 

Ans.  I  -  2«  +  ax«  —  3x»  +  3x*»  8cc. 

6.  Expand    ■■         into  an  infinite  series. 

Ans.  I  —  — .  +  —  —  — -,  See. 
a        a^     '  a^ 
1 

7.  Expand «-  sb  i,  into  an  infimte  series. 

1+  i 

PROBLEM  U. 
7\}  Reduce  a  Comfiound  Surd  into  an  Infinite  Series. 

m 

Extract  the  root  as  in  common  arithmetic ;  then  the 
•peration,  cqntinued  as  far  as  may  be  thought  necessary,  will 
give  the  series  required.  But  this  method  is  chiefly  of  use 
in  extracting  the  square  rooty  the  operation  being  too  tedious 
Ifor  the  higher  poirers.        *  £]^AMPL£5; 


INFINITE  SERIES.         *  31^ 

EXAMPLES. 

1.  Extract  th«  root  of  a*  —  x'  in  an  infinite  aeries. 

X*      x^  '      x^  ar« 

2a       8a^        16a'       l^Sa? 
a» 


3a ) 

3a 

.x*H 

4a» 

• 

da 

X*            X* 

a 

• 
« 

8a»        4a* 

X*          x«            x' 

+  — +  — 

4a*       8a*       64a* 

3a 

-  —  kc.^  —  — 

x« 

« 

4a*               8a* 
8a* 

64a« 

•X* 

+ &c. 

16a»         • 

5x9 

&c. 


64a  « 


3.  Expand  v^  1  +  1  a  V  'i  into  an  infinite  aeries. 

.  Ans  1  +  i  -  ^^  ^«y  -  iff  «cc. 

3.  Expand  ^/l  ~  i  into  an  infinite  series. 

Ans.  1  -  »  -.  J  -  ^iy  «  ^|y  &C. 

4.  Expand  ya*  4-  r  into  an  infioite  serieb. 

^.  Expand  v^a-—  2^x  —  ju*  to  an  infinite  series. 

PROBLEM  m. 
To  Extract  any  Root  of  a  Binomial :  or  to  Reduce  a  BinomuU 

Surd  into  an  Infinite  Series, 

This  will  be  done  by  subsiiuiting;  the  particular  letters  of 
the  binomial,  with  their  proper  signs,  in  H^  iollowiag  general 
theorem  or  formula,  viz.  • 

2        2     w  m^n  m^2n 

(p+PQ)»«f«+-Aq  + Bq  +  . -cq+fcc. 

n  Hn  3n  mi 


il6 

and  it  will  ^ve  tho  root  required :  obsenriog  that  v  denotes 
the  first  term,  ^  the  second  term  divided  by  the  first,  -  tho 

n 

index  of  the  ptiwer  or  root ;  and  a,  Bt  c,  ir,  &e,  denote  the 
several  foregoing^  terms^  with  thetr  proper  signs. 


EXAMPLES. 

1.  To  extract  the  sq  root  of  a*  +  3*,  in  an  infinite  series. 

A*        m        I 
Here  f  a  a*,  q  ss8-i..and  «.  ss»  — :  therefore 

a*         n        2 

p  ^  as  (a*;  n  SB  (a*)^  s  a  sa  A|  the  Ut  term  of  the  senea. 

m  b*       b* 

.»  Aq  SB  ^  X  a  X  — «»  —  »  »,  the  3d  term 

n  a^       2a 

m^n  1—3     6»      b*  b* 

Bqx X— X— aa—  —  «bc,  the  3d  tdm. 

3n  4        2a     a^  3i4a3 

m --3»  1--.4  b^         b*         Sb^ 

Cq  aas X  —  ——  X  —  aa  "   =  O  thC  4th. 

Sn  #  ^4aS     a*        3.4.6a« 

b*        b  S.b^ 

Hence  a  -J —  -i ^  ■  ■  —  &c.  or 

2a       2.4a'       3»4  6a< 

a  +  — .  —  -—  H — &c.  is  the  series  required. 

3a      8as       i6a«  IdSa? 

1 

2.  To  find  the  rahie  of  — — ~,Kor  iti*equ'al  (a— jr)"*,  ban 
infinite  series*.  {a-^x) 


•  Note,  To  facilitate  the  application  of  the  rule  to  fractional'  ex- 
amples, it  is  projpeFto  observe,  that  any  surd  m;*y  be  taken  from  the 
denominator  of  a  fraction  and  placed  in  the  numeratory  and  vice  vena^ 
by  only  changing  the  sign  of  Its  index.    Thus, 

-»«ilX  *'"«oronly  aT*  ;  and        »1  X  («  +  *)""*  ®' 

x»  (a  +  6)»  J 

(0  +  *)-*;  and 1— «  a«  (a  +  x)**'  i  and  — —  «^x«^S  *^<> 

^a*  +  .r»  )*  ... 
,  =x  (a«  +  JC»  )'  X  (a*  -  *•  ).  '/  ko. 

Here 
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—a?  m     —2 

Here  p  =  «,  n  sb  — = — a'  *x,  and  —  «— ^-aa  -ii.2  •  theref. 

a  n        1 

^  I 

'  ^  =(«)"*=—•  =  A»  the  Ut  term  of  the  series. 

— Aq  =  -2  X  -  X  —  =  -  =8  2ars  jp  =  D,  the  2d  term, 
n  a*      a  a^ 

B<^  »»  *|  X  — X =»  -^-  «  Sa-*X«  =ac,  the  M. 

2n  a*         a         a* 

m— te  3a?^      —X      40?* 

Hence  a^'+ja"**  +  3a'*'*x»  +  4a'"^x3+  8cc,  Ot 
1       2x      3x*      4x^      5x* 

— '  -f*  —  + #-  —  -j &c,  is  the  series  required. 

a*      4}S       04        n'f         ^« 

a* 

3.  To  find  the  value  of  — — ,  in  an  infinite  series. 

a— 47 

or'      x3      ar* 

Ans.  a  +  a? +  ~+ •» -f^g^c; 

a       a*      a*     / 

4.  To  expand  V^j^Cfl^Tj  ^'  ("iiqi^)  *  in  a  series. 

1       x»       3x*       5x« 

Ans.  — . J— .-^^ j^c.' 

a      2a3       8as        16a' 

26      36*       46  3       56« 
Ans.  1 +-.  +  _  +  —  +  —  ^^ 

a        a*         a*        a* 


6.  To  expand  ^/a*— jc*  or  (a*-.x*)i  in  a  series. 

Ans.  a  —  -^^ .-^— .        —  ..M  ^  Qc^,^ 
2a     8as     16a<     I28a7 

7.  Find  the  value  of  ^  (a«  -  6»)  or  (a»-.d3)i  in  a  seriet« 

Ans.  a .  fce. 

3a*     9a«     8ta^  ' 
a.  To  find  the  value  of  ^  (a«  +  x«)  or  (a*+  x<  )i  in  a  series. 

X*      ix«^        6x" 

Ans.a  +  ..^-u_.4. kc. 

.-       ^  5a*       25a»       125a»* 

Vol.  >.  F  f  5  To 


I 
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9.  To  find  the  square  root  oJ  — —  in  an  infinite  series. 

b        X*      x^ 
Alls.  I (- .^_  &€• 

a       3a<      2a3 

10,  Find  the  cube  root  of ,  in  a  series. 

b^        53«       146* 
Ans.  I  —  —— +  — — — —  85c. 
3a»      9ft«      81a« 


ARITHMETICAL  PROPORTION. 

AAZTHMBTiCAt  Proportxok  IS  the  relation  between  tw» 
numbers  with  respect  to  their  difference. 

Four  quantities  are  in  Arithmetical  Proportions  when  the. 
difference  between  the  first  and  second  is  equal  to  the  dif- 
ference, between  the  third  and  fourth.  Thus,  4)  6,  7,  9,  an€ 
Ci  4  ^  fi^  b^b  X  </  are  in  arithmetical  proportion. 

Arithmetical  Progression  is  when  a  series  of  quantities 
have  all  the  same  common  difference,  or  when  thej  either 
increase  or  decrease  bf  the  same  conanon  difference.  Thtts, 
2,4,  6,  8,  10,  12,  Sec,  are  in  arithmetical  progression,  having 
the  common  difference  2  ;  and  a,  a  -f  </,  a  +  2^,  c  4.  3tf , 
a  +  4,d^a  +  sd,  &c,  are  series  in  arithmetical  progression^ 
the  common  difference  being  d'. 

The  most  useful  part  of  arithmedcal  proportion  is  containet 
in  the  following  theorems : 

1.  When  four  quantities  are  in  Arithmetical  Proportion^ 
the  sum  of  the  two  extremes  b  equal  to  the  sum  of  the  twe 
means.  Thus,  in  the  arithmetical  4)  6,  7,  9,  the  sum  4  -f- 
0  ^=  6  +  7  =s  13  :  and  in  the  arithmeticals  a,  a  +dfbyb  +  d, 
the  sum  a-^b  +  dzsza  +  b+d. 

2.  lU'  any  continued  arithmetical  progression,  the  sum  of 
the  two  extremes  is  equal  to  the  sum  of  any  two  terms  at  an 
equal  distance  from  them. 

Thus, 


ARITHMETICAL  PROPORTION.  219 

Thus,  if  tK«  series  be  1, 3, 5,  7$  9, 1 1,  Sec. 
then  I  +  1 1  =5  3  +  9  5=  5  +  r  s=  12. 

;3.  The  last  term  of  any  increasing  arithmetical  aeries,  is 
equal  to  the  first  term  increased  by  the  product  of  the  com- 
inon  difference  multiplied  by  the  number  of  terms  less  one  ; 
but  in  a  decreasing  series,  the  last  term  is  equal  to  the  first 
term  lessened  by  the  said  product. 

Thus,  the  iOih  term  of  the  series,  1,  3,  5,  7,  9,  &c,  ia  =» 
1+  2  (20— i)=  1  +2  X    19=1+38  =  39. 

And  the  nth  term  of  o,  a^d,  a^2d»  a^Zd^  a^4dy  ScCj  is 
:=a  --(n— I)  X  <^=  a— (n— l)d. 

4.  The  sum  of  all  the  terms  in  any  series  in  arithmetical 
progression,  is  equal  to  half  the  sum  of  the  two  extremes 
niuitiplied  by  the  number  of  terms. 

Thus,  the  sum  of  1,  3,  5,  7,  9, 5cc,  continued  to  the  1 0th 
(1  +  19)  X  10      20  X  10 

^rm,ifla=: 1^ = r— :?:  10  X  IO,=s  100. 

2  2 

And  thasum  of  n  terms  of  a,  a  +  ^,  a  +  2dja  +  Sd,  to 

n 
m  +  mdy  is  .ss  (a  +  a  +  md) .  ^^  =3  (a  +  j  md)  n, 

2 


EXAMPLES  FOB  PRACTIGE. 

i.  The  first  term  of  an  increasing  arithmetical  series  is  1, 
tbe  common  difference  2,  and  the  number  of  terms  21 ;  r^^ 
quired  the  sum  of  the  series  ? 

First,  1  +  2  X  90  s  1  +  40  ==  41,  is  the  last  term. 

1  +  41 
Then    '  x  20  =  21  x  20  =  420,  t)ie  sum  required. 

2 

2.  The  first  term  of  a  decreasing  arithmetical  series  is  199, 
the  common  difference  3,  and  the  number  of  terms  67. ;  re* 
.quired  the  sum  of  the  series  ? 

First,  199—  3  .  66  =  199  —  198  s=  1,  is  the  last  term. 
199+  1 

Then X  67  =  100  x  67  =i  6700,  the  sum  rc- 

2 
quired. 

3  To  find  the  sum  of  100  terms  of  the  natural  numbers 

X,  2,  3,  4,  5,  6,  fcc.  Ans.  5050. 

4.  Required 
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4.  •  Required  fte  sum  of  99  terms  of  the  odd  numbeif 
|,S,5,7,9  &c.  Ans.98;i. 

5.  the  first  term  of  a  decreasing  arithmetical  series  is  10, 
the  common  difference  i,  and  the  number  of  terms  2 1  ; 
required  the  sum  of  ihc  series  ?  Ans.  140. 

6.  One  hundred  stones  being  placed  on  the  ground,  in  a 
ftiaigbt  line,  at  the  disumce  of  3  yards  from  each  other  ;  hpw 
far  will  a  person  travel,  who  shall  bring  them  one  by  one  to 
a  basket,  which  is  placed  2  yards  from  the  first  stone  ? 

Ans  1 1  ni}BS  and  840  yards. 


APPLICATION  OF  ARITHMETICAL  PROGRESSION 
•  TO  MILITARY  AFFAIRS. 

QUESTIOK  I. 

A  TuANGULAR  Battation,t    eonsistiitg  of  thirty  ranks^ 
m  which  the  first  rank  is  formed  of  one  man  only,    the 

second 


•  The  sum  of  aoy  number  (n)  of  terms  of  the  arithmetical  tenes  of 
•dd  number  1, 3, 5»  7, 9,  &c,  is  equal  to  the  square  (aS;  of  that  num- 
ber.   That  is, 
Ifl.    3,   5»    JV   9,   &c.  be  the  numbers,  then  will 

!•,  2»,  3»,4«,  5*,«cc,  bcibe  sums  of  l.-S,  3»  &c^  terms. 

Thus,  0  -f  1  ■»     1  or  1<,  the  sum  of  1  term, 

1  4-  3  »    4  or  3*,  the  sum  of  2  terms* 

44.5SS    9  or  3',  the  sum  of  3  terms, 

9  4.  7a»  16  or  4*,  the  sum  of  4  terms,  &c. 
For,  by  the  3d  theorem,  1  +  2  (»— 1)  =e  1  +  2n— 2  «=  2n-l  is  the 
last  term,  when  the  number  of  terms  is  n ;  to  this  last  term  2»  —  1, 
add  the  firtft  term  1,  gives  28  the  sum  of  the  extremes,  or  »  half  the 
sum  of  the  extremes  \  then,  by  the  4th  theorem,  nXn =»*»  the  sum 
ofall  the  ten%^.  Henee  it  appears  in  general,  that  half  the  sum 
of  the  extremes,  is' always  the  same  as  the  number  of  the  terms  n  ; 
and  that  die  sun  of  all  the  terns,  is  the  same  as  the  square  of  the  same 
number,  ns,  « 

See  more  on  Arithmetieal  Proportion  in  the  Arithmetic  p.  Ill* 

t  By  triangular  battalion*  is  to  be  understood,  a  body  of  troops, 
ysoged  ia  the  form  of  •  triangle,  in  which  the  ranks  exceed  each 

-  other 
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second  of  3  the  third  of  5  and  so  on;  What  is  th«  strength 
of  such  a  triangolar  battalion  ?  Answerj  900  men. 


QUESTION  It 

A  detachment  having  13  successive  days  to  march^  with 
orders  to  e^dvance  the  first  day  only  3  leagues,  the  second  3^t 
and  so  on  increasing  1  i  league  each  day's  iharch  ?  What  is 
the  length  of  the  whole  march,  and  what  is  the  last  day's 
msArch  ? 

Answer  th^  last  day's  march  Is  I8j  leagues,  and  133 
leagues  is  the  length  of  the  whole  march. 

QUESTION  lit 

A  brigade  of  sappers,*  having  carried  on  15  yards  of  sap 
the  first  night,  the  ^second  only  1 3  yards,  and  so  on,  decreasing 
d  yards  every  night,  tili  at  last  they  carried  on  iti  one  night 
•nly  3  yards :  What  is  the  number  of  nights  they  were  em- 
ployed ;  and  what  is  the  whole  length  of  the  sap  I 

Answer,  they  were  employed  7  nights»  and  the  length  of 
the  whole  sap  was  63  yards. 


other  by  an  equal  number  of  men:  if  the  first  rtak  consist  of  oae 
man,  only,  and  the  diiierence  between  the  ranks  be  also  I,  then  ha 
form  is  that  of  an  equilateral  triangle  ^  and  when  the'  difference  be- 
tween the  ranks  is  more  than  1,  its  form  may  then  be  an  isosceles  or 
scalene  triangle.  The  practice  of  forming  troops  in  this  order,  which 
is  now  laid  aside,  was  formerly  held  in  greater  esteem  than  forming 
them  in  a  solid  square  as  admitting  of  a  greater  front,  especially  when 
the  troops  were  to  make  simply  a  stand  on  all  sides. 

*  A  brigade  of  sappers,  consists  generally  of  8  men  divided  equally 
lOto  two  parties.  While  one  of  these  parties  is  advancing  the  sap,  the 
other  is  mmishing  the  gabions  &scines,  and  other  necessary  imple- 
ments, and  when  the  first  party  is  tired,  the  second  Cakes  its  plaoa 
and  so  on,  till  each  man  in  turn  has  been  at  the  head  of  the  sap.  A  sap 
is  a  small  ditch,  between  3  and  4  feet  in  breadth  and  depth  ;  and  is 
distinguished  from  th^trench  by  its  breadth  only»  the  trench  having 
between  10  and  15  feet  breadth.  As  an  encouragement  to  sappers* 
the  pay  foridl  the  work  carried  on  by  the  whele  briga^,  is  given  to 
the  survivors. 

qUESTION 
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QUESTION  IV. 

• 

A  number  of  gabions  *  being  given  to  be  placed  in  six 
lankst  one  above  the  other,  in  such  a  manner  as  that  each 
rank  exceeding  one  another  equally,  the  first  may  consrst  of 

4  gabions,  and  the  last  of  9  :  What  is  the  number  of  gabions 
in  the  six  ranks  i  and  what  is  the  difference  between  each 
VBnk? 

Answer,  the  difference  between  the  ranks  will J>e  l,and 
the  number  of  gabions  in  the  six  ranks  will  be  39. 

QUESTION  V.  • 

Two  detachments,  distant  from  each  other  37  leagues,  and 
boih  designing  to  occupy  an  advantageous  post  equi-distaot 
from  each  other's  camp,  set  out  at  different  times;  the  first 
detachment  increasing  every  day's  march  I  league  and  a 
half,  and  the  second  detachment  increasing 'each  day's  march 
d  leagues :  both  the  detachments  arrive  at  the  same  time  ; 
the  first  after  5  days*  march,  and  the  second  after  4  days' 
inarch  *•  What  is  the  number  of  leagues  marched  by  each 
detachment  each  day  ? 

The  progression  ^j^^  2^^^,  3/^,  5^^,  6/^,  answers  the  con- 
ditions of  the  first  detachment:  and  the  progression  If, 3|.y 
5|,  r|,  answers  the  conditions  of  ihe  second  detachment. 

QUESTION  VI. 

A  deserter,  in  his  flight,  travelling  at  the  rate  of  8  leBgues 
a  day  ;  and  a  detachment  of  dragoons  being  sent  after  him, 
with  orders  to  march  the  first  day  only  3  leagues^  the  second 

5  leagues,  the  third  8  leagues,  and  so  on  <  What  is  the  num-< 
l>er  of  days  necessary  for  the  detachment  to  overtake  the 
deserter,  and  what  will  be  the  number  of  leagues  marched 
before  he  is  overtaken  ? 

Answer,  5  days  are  necessary  to  overtake  him  ;  and  con* 
sequenily  40  leagues  will  be  the  extent  of  the  march. 


*  Gabions  are  baBkets,  open  at  both  ends,  made  of  ozier  twij^s,  and 
of  a  cylindrical  form  \  those  made  use  of  at  th^  trenches  are  2  feet 
wide,  and  about  3  feet  high  ;  which,  being  filled  with  earth,  aenre  as 
a  shelter  from  the  enemy  s  fire  ;  and  those  made  use  of  to  construct 
batteries,  are  generally  higher  and  broader.  There  is  another  sort  of 
jrabion,  made  use  of  to  raise  a  low  parapet;  its  height  is  from  1  to  2 
feet,  and  1  foot  wide  at  top,  but  somewhat  less  at  bottom^to  give  toova. 
for  placing  the  muzzel  of  a  firelock  between  them  ;  these  gabions 
serve  instead  of  sand  bags.  A  sand  bag  is  generally  made  to  contain 
about  a  cabical  foot  of  eartJtu 

QUESTION 


wlinG  of  balls.  p$ 

QUESTION  Vn. 

A  cravojr  *  distant  35  leagues,  having  orders  to  join  il& 
camp,  and  to  march  nt  the  rate  of  5  leagues  per  day  ;  its 
escort  departing  at  the  same  time,  with  orders  to  march  the 
first  day  only  half  a  league,  and  the  last  day  9}  leagues;  and 
both  the  escort  and  convoy  arriving  at  the  same  time :  At 
what  distance  is  the  escort  from  the  convoy  at  the  end  of  each 
march? 

OP  COUPUTING  SHOT  OR  SHEIXS  IN  A  FINISHED  PILE. 

Shot   ahd  Shells  are  generally  piled  in  three  diffct-e&t 
forms,  called  triangular,  square,  or  oblong  piles,  according 
as  their  base  la  either  a  triangle,  a  square,  or  a  rectangle. 
Fis.\.C  O  Fig.  3- 


ABCD,  fig.  I ,  is  a  triangular  pile,- 
e^GBi  fig.  3,  is  a  square  pile. 


J?  D 

ABCDKv,  fig,  5,  is  an  oblong  pile 


•  By  convoy  ii  generally  raesot  a  lupply  of  amnunitioii  or  provi- 
Bioni,  conveyed  to  ■  town  or  army.  The  body  of  men  thstr'*'* 
t)iis  supply  i»  called  escwt. 

Atriangulu- 
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A  triangular  pile  U  formed  by  the  continual  laying  of  triait- 
gular  horizontal  courses  of  aliot  one  above  another,  in  such  a 
manner,  aa  that  the  aides  of  these  courses,  called  rows, 
decrease  by  unity  from  the  bottom  ro^r  to  the  top  row,  which 
ends  always  in  1  shot. 

A  square  pile  is  formed  by  the  continual  laying  pf  square 
hori£ontal  courses  of  shot  one  above  another,  in  such  a  man* 
ner,  as  that  the  sides  of  these  courses  decrease  by  unity  from' 
'the  bottom  to  the  top  row,  which  ends  also  in  1  shot. 

In  the  triangular  and  the  square  piles,  the  aides  or  &ces 
being  equilateral  triangles,  the  shot  contained  in  those  hces 
form  an  arithmetical  progression,  having  for  first  term  unity, 
and  for  last  term  and  number  of  terms,  the  shot  contained 
in  the  bottom  row  ;  for  the  number  of  horizontal  rows,  or 
the  number  counted  on  one  of  the  angles  from  the  bottom  to 
the  top,  is  always  equal  to  those  counted  on  one  side  in  the 
bottom :  the  sides  or  faces  in  either  the  triangular  or  square 
piles,  are  called  arithmetical  triangles ;  and  the  numbers 
contained  in  these,  are  called  triangular  numbers :  JlBC)  fig  1, 
Bjro,  fig.  2,  are  arithmetical  triangles. 

The  oblong  pile  may  be  conceived  as  formed  from  the 
square  pile  abcd  :  to  one  side  or  &ce  of  which,  as  ad,  a 
number  of  arithmetical  triangles  equal  to  the  face  hav»  been 
added  :  and  the  number  of  arithmetical  triangles  added  to  the 
square  pile,  by  means  of  which  the  oblong  pile  is  formed,  is 
always  one  leas  than  the  shot  in  the  top  row ;  or,  which  is  the 
same,  equal  to  the  difference  between  the  bottom  row  of  the 
greater  side  and  that  of  the  lesser. 


To  find  the  shot  in  the  triangular  pile  abco>  fig.  1|  the 
bottom  row  ab  consisting  of  8  shot. 


flOLUnON. 

The  proposed  pile  consisting  of  8  horizontal  courses,  each 
of  which  forms  an  equilateral  triangle  ;  that  is,  the  shot  con* 
tained  in  these  being  in  an  arithmetical  progression >  of  which 
the  first  and  last  term,  as  also  the  number  of  terms,  are 
known  ;  it  follows,  that  the  sum  of  these  particular  courbes, 
or  of  the  8  progressions,  will  be  the  shot  contamed  in  the 
proposed  pile  i  then 

The 

^^: 

« 

.1 


8  +    I 

■       ^!     ■ 

r  +  1 

X  3i  a  28 

6  +   I 

X  3    c=.2l 

5  +   1 

X  24«=  15 

4  +    I 

X  2    »s  10 

3   +    I 

X   IJ  =    6 

2   +    1 

X    I      ea      3 

I   +   1 

X     {=    1 

PILING  OP  BALLS.  ^^ 

The  shot  of  the  first  or  lower  ? 
triangular  course  will  be     5 

the  second  .  •  *  . 

theihird  .  -  -  . 

Ifaeiburth  .  •  -  • 

the  fifth  .  .  -  - 

tlic  sixth  -  -  -  - 

the  seTenth  •  .  .  - 

^e  eighth  ..  -  .  - 

"  9 

Total      -       120  shot 
in  the  pile  proposed. 

QTJESTION  IX. 

To  find  the  shot  of  the  square  pile  efgii,  fig.  2,  the  bottom^ 
row  £7  consisting  of  8  shot. 

SOLUTION. 

The  bottom  mw  containing  8  shot,  the  second  only  7  5 
that  is,  the  rows  forming  the  progression,  8,  7,  6.  5,  4,  8,  2,  1, 
in  which  each  of  the  terms  being  the  square  root  ol  the  shot 
contained  m  each  separate  square  course  empioyed  in  forming 
the  square  pile  ;  it  follows,  that  the  sum  of  the  squares  of 
these  roots  wjiU  be  ihe  shot  required:  and  the  sum  of  the 
squares  of  8,  7,  6,  5,  4,  3,  2,  1,  being  204,  expresses  the  shot 
i&  the  proposed  pile,   (r,^ 

QUESTIOTf  X. 

To  find  the  shot  of  the  oblong  pile  abci>ef>  fig.  3  ;  In 
which  BV  aa  16,  and  bc  s  r 

SOLUTION. 
The  oblong  pile  proposed,  consisting  of  the  square  pile 
ABCD,  whose  bottom  row  is  7  shot ;  besides  9  aritnmetical 
triangles  or  progressions,  in  which  the  first  and  last  tcrni}  as 
also  the  number  of  terms, «re  known ;  it  follows,  that) 
if  to  the  contents  of  the  6quare  pile  -         HO 

we  add  the  sum  of  the  0  th  progression       *        352 

Aeir  total  giYes  the  eontenteTequired        •        ^92  sfaoU' 

HBMAKK  I. 
The  shot  in  the  trlanguhir  and  the  square  piles,  as  alse 
(he  shot  in  eaoh  horizontal  coursei  jn^j  at  once  be  ascer- 
To;..  I.  K  Og  taincd 
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tained  by  the  following  table  :  the  vertical  column  a,  coft- 
tains  the  shot  in  the  bottom  row,  from  I  to  20  inclusive ; 
the  column  b  contains  the  triangular  numbers,  or  number 
of  each  course  ;  the  column  c  contains  the  sum  of  the 
triangular  numbers,  that  is,  the  shot  contained  in  a  triang^ular 
pile,  commonly  called  pjrramidal  numbers ;  the  ctolunui  d 
contains  the  square  of  the  numbers  of  the  column  a,  that. is, 
the  shot  contained  in  each  square  horizontal  course  ;  and  ij^e 
column  £  contains  the  sum  of  these  squares  or  shot  in  a 
square  pile. 


c 

B 

A 

D 

E 

Pyramidal 
numbers. 

Triangular 
numbers. 

Natural 
numbers. 

Square  of 

the  natural 

numbers. 

Sum  of 
these 
square 
numbets. 

1 

1 

1 

1 

1 

4 

3 

2 

4 

5 

10 

6 

3 

9 

1*    . 
SO    1 

20 

10 

4 

16 

35 

15 

5 

25 

55 

56 

21 

6 

36 

91 

84 

28 

7 

49 

140 

120 

36 

8 

64 

204 

165 

45 

9 

81 

^85 

220 

55 

10 

100 

385 

286 

66 

1  1 

122 

506 

364 

78 

12 

144 

650 

455 

91 

13 

169 

819 

560 

105 

14 

196           1015 

680 

120 

15 

225           1 240 

816 

136 

16 

256 

1496 

969 

153 

17 

289 

1785 

1140 

171 

18 

324 

2109 

1330 

190 

19 

361 

2470 

1540 

210 

20 

400 

2870 

I 


Thus,  the  bottom  row  in  a  triangular  pile,  consisting  of 
9  shot,  the  contents  will  be  165  ;  and  when  of  9  in  the  square 
pile,  285.-«In  the  same  manner,  the  contents  either  of  a 
square  or  triangular  pile  being  given,  the  shot  in  the  bottom 
row  may  be  easily  ascertained. 

The  contents  of  any  oblong  pile  by  the  precedisg  table 
may  be  ulso  with  little  trouble  ascertained,  the  less  side  not 
exceeding  20  shot,  nor  the  difierence  between  (be  less  and 
the  greater  side  20.    Thus,  to  find  the  shot  in  an  oblong  pile, 

the 
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the  less  side  bebg^  15,  and  the  greater  35.  we  are  first  to 
find  the  comems  of  the  square  pile,  by  means  of  which  the 
oblong  pile  may  he  conceived  to.be  lornwd  ;  that  is,  we  are 
to  find  the  con  tents  ^f  a  square  pi'e,  whose  botiom  row  is 
15  shot;  which  being  1240,  we  are,  secondly,  to  add  these 
1240  to  the  product  2400  of  the  triangular  number  120, 
aOftwering  to  15>  the  number  expressing  the  bottom  row  of 
the  arithmetical  triangle,  muliipiied  by  2  ),  the  number  of 
those  triangles  \  and  their  sum,  beini(  3640,  expresses  the 
number  of  shot  in  the  proposed  oblong  pile. 


RBMARR  II. 

The  followiag  algebraical  expressions,  deduced  from  the 
investigations  of  the  sums  of  the  powers  of  nunw^ers  in 
arithmetical  progression,  "which  are  seen  upon  many  gunners* 
callipers*,  serve  to  compute  with  ease  and  expedition  the  shot 

pr  shells  in  any  pile.  

That  •crying  to  compute  any  triangular  >  n  ■4.  u  x  ^  4-  i  X  n 

pHc,  is  represented  by  j  ^ 

That  acrving  to  compute  any  square  ?  n  -f-  l  x  2/i  -f  1  X  n 
pile,  is  represented  by  '^  6 

In  each  of  these,  the  letter  n  represents  the  number  in  the 
bottom  row :  hence,  in  a  trianguiai-  pile,  the  number  in  the 

bottom  row  being  3C  ;  then  this  pile  will  be  30  +  2  X  30  +  1 
X  V^  3s  4960  shot  or  shells.  In  a  square  pile,  the  number 
in  the  bottoip  row  being  also   30  ;  then  this  pile  will  be 

30  +  I  X  60  -f  I  X  V  =  ^455  shot  or  shells. 
Tuat  serving  to  compuie  any  oblong  pile,  is  represented  by 

9fi  +  I  +  3i»  X  ^+  I  Xn 
■    ■      ■■■    ■ — p— ,  in  which  the  letter  n  denotes 


» 


t 


*  Callipers  are  targe  comoassea,  with  bowed  shanks,  serving  to  take 
the  diametersi  of  convex  and  ooficave  bodies  Th-  -gunners'  callipers 
consisCoftwothdn  rules  or  plates,  wbih  are  moveable  quite  round 
a  joint,  by  tbe  plates  folding  one  over  the  other  -.  tUe  length  of  e..ch 
ride  or  plate  is  6  inches,  the  breadth  about  1  inch.  It  is  usual  to  re- 
present, on  the  plates,  a  vuHery  of  scales,  tables,  proportions,  &eL 
auch  as  are  esteemed  useful  to  be  known  by  persons  employed  about 
artillery  ;  but,  except  the  measarin^  of,  the  caliber  of  shot  and  cannon, 
and  the  measuring  of  saltan^  and  r^-entering  angles,  none  of  tlie  arti- 
cles,, with  yfhxoh,  the  ealiipers  are  usually  i^Ued,  are  essential  to  that 

hvtrument^  '   , 

th^ 
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the  number  of  c6ui1ies»  and  the  letter  m  the  nimber  of  ^lee, 
less  one,  in  the  top  row  :  hence*  in  an  oblong  pile  the  num* 
her  of  courses  being  30,  and  the  top  row  3 1  ;  this  pile  will 

be  60+1  +  90  X  30+  I  X  V  «*  23405  shot  or  shells. 


GEOMETRICAL  PROPORTION. 

Geometrical  PROPORTioif  contemplates  the  relation  of 
quantities  considered  ab  to  whad  part  or  what  muliiple  ono 
is  of  another,  or  how  often  one  contains,  or  is  contained 
in,  another. — Of  two  quantities  compared  together,  the  first 
is  called  the  Antecedent,  and  the  second  the  Conseouent* 
Their  ratio  is  the  quotient  which  arises  from  dividing  the 
one  by  the  other. 

Four  Quantities  are  proportional,  when  the  two  couplets 
have  equal  ratios^  or  when  the  first  is  the  same  part  or  muW 
tiple  of  the  second,  ai  the  third  is  of  the  fourth.  ThuSf 
if  6,  4,  8,  and  a,  ar^  6,  dr,  are  geometrical  proportionals* 

ar       br 
For  4  es  1 8SB  2,  and  —  =:  —  »  r.     And  they  are  stated  thus, 

a        b 

3  :  6  :  :  4  :  8;  8cc. 

Direct  Proportion  is  when  the  same  relation  subsists  be- 
tween the  first  tero)  aiid  the  second,  as  between  the  third  and 
the  fourth  :  As  in  the  terms  above.  But  Reciprocal,  or 
Inverne  Proportion,  is  when  one  quantity  increases  id  the 
same  proportion,  as  another  diminishes :  As  in  these,  3,  6,  8j 

4  3  and  these,  a,  ar^  bvy  b. 

The  Quantities  are  in  geometrical  progression,  or  con- 
tinuous proportion,  when  every  two  terms  have  always  the 
aame  ratio,  or  when  the  first  has  the  same  ratio  to  the 
second,  as  the  second  to  the  third,  and  the  third  to  the 
fourth.  Sec  Thus,  3,  4,  8,  16,  S3,  64,  8cc,  and  a,  ar,  or', 
fir',ar*,ar*,  Sccare  series  in  geometrical  progression. 

The  most  useful  part  of  geometrical  proportion  is  con-* 
tained  in  the  following  theorems ;  which  are  similar  to  those 
in  Arithmetical  Proportion^  using  muhipiication  ior  addi- 
tioni  8cc. 

l.Wh^ 
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i.  When  four  quantities  are  in  geotttetncal  proportion, 
I  the  product  of  the  two  exlremes  is  equal  to  the  product  of 

the  two  n)caD9.  As  in  these,  S,  6,  4,  8,  where  3  X  8  as  6 
I  >C  4  =  Si  ;  and  in  these,  a,  ar^  bj  dr,  where  a  x  br  =»  ar  x. 

b  =  abr. 

2.  When  four  quantities  are  in  geometrical  proportion, 
the  product  of  aie  nirana  divided  by  either  of  the  extremes 
gives  the   other    txtreme-      Thus,  if  3  -   6  : :  4  ;  8,  then 

[.'  6X4  6X4 

=  8,  and ==»  3 ;    also  M  a  i  ar  n  b  x  br^  then 

3  8 

abr  abr 

— -  =  dr,  or =:  a.     And  this  is  the  fbundaUon  of  the 

a  br 

Hale  of  Three. 

3.  If  any  continued  geometrical  progression,  the  product 
of  the  two  extremes,  and  that  of  any  other  two  terms,  equally 
distant  Irom  iheni,  are  equal  to  each  other,  or  equal  to  the 
squall  of  the  middle  JHerm  when  there   is  an  odd  number 

*of  them.     So  in  the  scries  1,  2,  4,  8, 16,  32,  64,  &c.  it  is 
1  X   64  =s  2  X  32  »  4  X  16  :^  8  X  8  =  64. 

4.  In  any  continued  geometrical  series,  the  last  term  is 
equal  to  the  first  multiplied  by  such  a  power  of  the  ratio  as 
ia  denoted  by  I  leas  thtin  the  number  of  terms.  Thus,  in  the 
aeries,  3,  6,  12, 24,  48>  96,  &c.  it  is  3  X  2«  »=  96. 

5.  The  sum  of  any  series  in  geometrical  pro|^ession,  U 
found  \yy  multiplying  the  last  term  by  the  ratio,  and  dividing 
the  diife pence  of  this  product  and  the  first  term  by  the  diu 
ference  between   I  and  the  ratio.     Thus,  the  sum  of  3,  6, 

192  X  2-3 

[  12,  24,  48,  96,  192,  Is =  384  ^  3  =  381.  And 

*•  2,^1 

the  sum  of  n  terms  of  the  series,  a,  ar,  ar*^  ar^,  ar*^  &c.  to 

ar^"^  XT  —  a      ar"—  a      t^  —  1 
«r"**,  is       '  = =s  ■■  a. 

6.  When  four  quantities,  n,  ar,  6,  dr,  or  2,  6,  4,  12,  are 
proportional ;  then  any  of  the  following  forms  of  those  quan- 
tities are  also  proportional »  viz. 

'  1,  Directly,      a  <  ar  i :  6  :  ^r ;  or  2  ;  6  ::    4  8  12. 

i}  Sh  Inversely,  an  a  : ;  6r :  6  ;  or  6  :  2  :  s  12  :   4. 

Ij  ^.  Alternately,  a  i  b  ::  ar :  dr ;  or  2  :  4  : :   6:1^* 

4..  Com^ 


I 
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4.  Compoundedijr, « :  a+ar  : :  5 :  6  +  *r ;  op  J :  8  : :  4:  16. 

5.  Dividediy,  a :  ar^a  ;  :  A  i  *r  —  6  ;  or  2  ;  4  :  :  4  ;  8. 

6.  Mixed, ar  +  a  :  «r— c: :  6r+d  :  6r— 6  ;  or  8  :  4  : :  16:0. 

7.  Multiptication,  ac- arc  -  -  be  i  brc ;  or  2  3  •  6.S  «  s  4  J  12. 

a    ar 

8.  Division,  — :  —  :  -  *  •  ^r  ;  or  1  s  3  •  •  4  =  12. 

c     c 

9.  The  numbers  a,  d,  Cf  cf^  are  in  harmonical  proportion, 
when  a  '  d  '- :  ath  b  :  c  (n  d;    or  wiien  their  reciprocals 

1111 

•«i.)  — )  — I  — y  are  in  arithmetical  proportion* 
a    6    c    d 


EXAMPLES. 

1.  Given  the  first  term  of  a  geometric  series  I,  the  rati^ 
2,  and  the  number  of  terms  12  ;  to  find  the  sum  of  the  series  i 
First,  1  X  2^^  ss  1  X  2048,  is  the  last  term. 

2048  X  2  —  1       4096  —  1  ^ 

Then  -       s??  ■     =  4095>  the  sum  reqmred. 

8-1  I      . 

3.  Given  the  first  term  of  a  geometrical  series  ^  the  ratio 
^  and  the  number  of  terms  8  ;  to  find  the  sum  of  the  series  ? 
Rrst,  I  X  ay  =1  ^  X  f  4,  =»  -jfj,  is  the  last  term* 
Then, (4-^f5  X  4)  ^  CI  ^  4)  =  <|-  ^)  -r-  i «:  fH  X  * 
ss  If  |,  the  sum  required. 

3.  Required  the  sum  of  12  terms  of  the  series  1,  3,  9,  27, 
31, 8cc.      ^  Ans.  265r20, 

4.  Required  the  sum  of  12  terms  of  the  series  1,  79  7^  ?V» 
3V  &c.  Ans.|{f«f. 

5.  Required  the  sum  of  100  terms  of  the  series  h  3,  4»  8| 
16,  32,  5cc.  Ans.  1267650600228229401496703205374, 

See  more  of  Geometrical  Proportion  in  the  Arithmetic, 


SIMPLE  EQUATIONS. 

Av  Equation  in  the  expression  of  two  equal  quantities, 
with  the  sign  di  equality  («)  plac^  between  them.  Thus, 
10  -  -  4  =s  6  IS  an  equation!  denoting  the  equality  cStbt  quan- 
tities 10  —  4  and  6. 

Equation^ 
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Equations  &fe  either  simple  or  comixmnd.  A  Simple 
EquattoDy  b  that  which  contains  only  one  power  of  the  uq- 
known  quantity,  without  including  different  powers.  Thua^ 
a:  —  fl  =  ^  +  c,  or  ax*  sa  6  is  a  simple  equation^  eentuining 
only  one  power  of  the  unknown  quantitj  x.  But  .r*  .^  Sg^er 
sai»  h%  compound  one. 

•     GENERAL  RUUE. 

Reduction  of  Equations,  is  the    finding  the  Talue  of  the 
Unknown  quantity.     And  this  consists  in  disengaging  that 
quantity  from  the  known  ones;  or  in  ordering  the  equa- 
tion  8O9  that  the    unknown    letter  or  quantity  may  stand 
-adofie  on  one  side  of  the  equation,  or  of  the  mark  of  equality, 
without  a  co-efficient :  and  all  the  rest,  or  the  known  quan- 
tities, on  the  other  side.— In  general,  the  unknown  quantity 
is  disengaged  from  the   known  ones,  by  performing  always 
the  reverse  operations.     So  if  the  known  quantities  are  con* 
nected  with  it  by  +  or  addition,  they  must  be  subtracted  ;  if 
by  minus  (— },  or  subtraction,  they  must  be  added;  if  by 
multiplication,  we  must  divide  by  them  ;  if  by  division,  we 
must  multiply ;  when  it  is  in  any  power,  we  must  extract 
the  root ;  and  when  in  any  radical,  we  must  raiae  it  to  the 
power.    As  In  the  following  particular  rules;   which  are 
founded  on  the  general  principle  of  performing  equal  opera- 
tions on  equal  quantities ;  in  which   case  it  is  evident   that 
the  results  must  still  be  equal*  whether  by  equal  additions, 
or  subtractions)  or  multiplications,  or  divittons,  or  roots^  or 
powers. 

PABTICUIJIR  RULE  t  ^ 

When  known  quantities  are  connected  with  the  unknown 
by  +  or  —  ;  transpose  them  to  the  other  side  of  the  equa- 
tion, and  change  their  signs.  Which  is  only  adding  or  sub- 
tracting the  same  quantities  on  both  sides,  in  order  to  get 
all  the  unknown  terms  on  one  side  of  the  eqtiatioBi  and  all 
the  known  ones  on  the  other  side*. 

'  Thus, 


•  Here  it  is  earnestly  recommended  that  the  pupil  be  ac- 
customed, at  every  line  or  step  in  tlie  reduction  of  the  equations* 
to  name  the  paiticuUr  opertaion  to  be  performed  on  the  equation 
in  tlie  line»  in  order  to  produce  the  next  fonft  or  sUte  of  the 
equation^  in  applying  each  of  these  rules,  according  as  the  particular 
lonns  of  the  equation  ttay  require  ^  applying  them  aecording  to  the 
*  order 
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Thus,  if  JP+5  ss  e  ;  Ibcti  transposing  5  giv*l  «  •»  8—  5  «i  8^ 
And,  if  X  — 3  +  r  «  9 ;  then  transposing  the  S  and  7,  gives 
jt=s9  +  3  —  7«5. 

Also,  if  jr O'^'dsacd:  then  by  traospositig   a  and  ^, 

it  is  OP  a*  o  —  5  +  erf. 
In  lilic  manner,  if  5x  —  6  =  4*  +  10,  then  by  transposing 
6  and  4x.  it  is  5x— 4jf  «  lo  +  6,  or  jf  «»  16. 

Wbbit  the  tttiknown  term  is  multiplied  by  any  quantity ; 
^iTide  all  the  terma  of 'the  equMion  by  it. 
Thus,  if  fljF  ««*  — 4<i ;  then  dividing  by  c, gives  a?  «■  4—  4, 
And,  if  3jc  +  5  «i  20  j  then  first  transposing  5  gives  Sr 
a>  15  ;  and  then  by  dividing  by  3,  it  is  x  =  5. 
In  like  manner,  if  tf  jr  +  3aA  =  4c«  ;  then  by  dividii^  by  a,  it 
4c»  *^' 

-ia  x+36ste  -— ;  and  then  transposing  3*,  gives  Jf  ss  -—  —3*. 


KUL£  m. 

Whbh  the  unknown  term  is  divided  by  any  quantity;  we 
must  then  multiply  all  the  terms  of  the  equation  by  that  di- 
visor s  which  takes  it  away. 

Thus, if—  :s:  3  +  3:  then  mult. by  4,glvcs*«il%+:8=2a 

X 

And,  if  —  =  3*  +  3e  —  c/  .- 
a 
flien  by  mult,  a,  it  gives  x  =«  3«d  +  Sac  —  ad* 
3x 

Also, if— -  3:«5  +  2! 

5 
Then  by  transposing  3,  it  is  ^x  =  10- 
And  multiplying  by  5,  it  is  Sx  =  50. 
Lastly  dividing  by  3  gives     x  =  16|. 


order  in  which  they  are  here  placed;  and  beginning  every  hne 
with  the  words  Then  byy  as  in  the  following  specimens  of  Ex- 
amples; which  two  words  will  always  bring  to  his  recolltction, 
that  he  is  to  pronounce  what  particular  operation  he  is  to  perform 
on  the  last  Une,  in  order  to  give  the  next ;  aUotting  alyys  » 
single  line  for  each  operation,  and  ranging  the  equatioMPhtaify 
just  under  each  other»  ia  the  several  linesj  as  Ihey  are  sucocssively 
produgei.  ^^^^ 
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nWE  TV,  ♦ 

Wh»w  the  unknown  quantity  is  included  in  any  root  oi 
•auru  ;  iransposts  k^e  rest  of  tlvQ  terms>  if  there  be  any,  by 
Rait;  J  f  then  raise  each  side  lo  such  »  power  as  is  denoted  by 
thj6  iodM  of  the  surd  viz.  square  eacii  side  when  tt  is  the 
Sqtiare  root ;  cube  each  side  when  it  is  the  cube  root ;  &c« 
trhich  clcurs  that  radtcuL 

Thus,  if  V  J^  —  3  a=  4- ;  tbfen  transposing  3,  gives  ^x^7i 

And  squaring  both  sides  gives  j?  «  49. 


Aniif  ^2x  +  JO«i  8: 
*rheii  by  squiiiin^:*  ii  becomes  2x  +  10  ea  64^ 
And  by  iiMiibpoaing  10  it  is  2x  ss  ^4; 
J^astly,  dividing  by  2,  gives  x  »  37» 


Also,  if  ^-Sx  +  4  +  3  «  6  t  . 


Then  by  transposing  3,  it  is  3^  3x  +  4  e:  S  J 
And  by  cubing^  it  is  ar  -f  4  as  27  ; 
Al*Ui«  by  trai«posinj?  4>  it  i?  3jr  a=  23  ; 
Lastly,  dividing  by  3,  gives  *■  =  r|. 


BULK  V. 


When  that  aide  of  the  equation  which  contains  the  un? 
known  q«aniiiy  is  a  co.iipkte  power,  or  can  easity  be  reduced 
to  one,  by  rule  1  2,  or  3  :  ihen  extract  the  root  of  the  said 
power  on  both  sides  of  the  equation;  that  is,  extract- the 
square  root  when  it  is  a  square  power,  or  the  cube  root  tfHtu 
it  is  a  cube,  &c. 

Thus,  if  j:«  +  8x  +  16  =  36,  or  fjr  +  4)*  =*  36 1 
Then  by  extracting  the  roots,  it  is  jp  +  4  =  6  j 
And  by  transposing  4,  it  is  j;  =3  6  —  4  «c  2. 

Andif3x^—  19  »i=  21  +35. 
Then*  by  transposing  1 9,  it  is  3x*  s:  75  ; 
And  dividing  by  3,  gives  x*  =  25  ; 
And  extracting  the  root,  give&  j?  a  5. 

Also,if|j:^^_6»  24. 
Then  transposutg  6,  gives  \ob*  =  30  ; 
And  multiplying  by  4.  gives  3jr»  =;  I2p.; 
Tbed  dividing  by  3,  gives  a:*  =  40 ; 
lAstly,^tracUng  the  rgpt,  gives  x  »  ^  40  «t  6*324555. 

ToL.I.  Hh 
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RUI£  VL 

Whew  there  is  any  analogy  or  proport'oni  it  i»  to  hm 
changed  into  an  equation,  by  multiplying  (he  .wo  extrenne 
terms  tog;ether,  and  the  iwo  means  togelbery  ana  nitJkuig  thp. 
one  product  equal  to  the  other. 
Thus,  if  2jr  «  9  :  :  3  :  5. 

Then,  mult,  the  extremes  and  meansi  gives  lOr  »  27; 

And  dividuig  by  10,  gives  x  as  3^,. 

And  if  \x  i  a  i '  56  i  2c. 
Then  mult  extremes  and  means  gives  fcx  sm  Bab  ; 
And  multiplying  by  2,  gives  3rx  s  \Oab  i 

}0a6 
Lttstly»  dividing  by  3c^  gives  »  tea  -**—. 

3e 

Also,  if  10  -  X  :  §jr : :  3  :  1. 
Then  mult  extremes  and  means,  gives  10  «•  ir  «  Sir  f 
And  transposing  x.  givea  10  »  3jr  ; 
Lastlyi  dividing  by  3,  gives  S-^ssx, 

RULEVn. 

t 
When  the  same  quantity  is  found  on  4x>th  sides  of  air  ^ 

equation,  with  the  same  sign,  either  plus  or  minus,  it  may  be 
left  out  of  both  '-  and  when  every  term  in  an  equation  is  either 
multiplied  or  divided  by  the  same  quantity  it  may  be  struck 
out  of  them  all. 

Thus,  if  Sx  +  2<z  a  3a 4-6: 
Then  by  taking  away  3a,  It  is  Sx  «»  6. 
^od,  dividing  by  3,  it  is  j?  ssa  ^0, 

Also  if  there  be  4ax  +  6a6  cb  7ac.  1 

Then  striking  out  or  dividing  by  a,  gives  4ix+  ^  t^Tc.  I 

Then,  by  transposing  66,  it  becomes  4x  =  7c  —  66 ;  4 
And  then  dividing  by  4  gives  x  n  |c  —  s^. 

Agam,iffx-f«y--J. 
Then,  taking  away  the  |,  it  becomes  |:r  =  t^  ; 
And  taking  away  the  3\  it  is  3X8  10 » 
Lastly,  dividing  by  3  gives  jp  «■  5. 

MISCELLANBOUS  EXAMPLBa 

U  Given  Tjt  —  18  rs  4x  -f  6 ;  to  find  the  value  of  X". 
First,  transposing  18  and  5x  gives  te  cs%  34 ; 
Then  dividing  by  3,  gives  «  as  8. 


SlMPhE  EQVA.TIONS.  %¥ 

S.  GWcn  JO  —  4r  —  12  =5  92  ^  IOjp}  to  findx. 
First  tranbposing  30  and  12  and  lOj?,  gives  6a:  s  84 ; 
TlicD  dividing  by  i6,  gives  j?  =  1 4. 

3t  Let  4ax  —  5d  ■■  S^/a;  +  2c  be  given ;  to  find  x. 
First,'  by  trans.  5^  and  3rfar,  it  is  4ax  — •  3<te  s=  5^  -f  ^^  ) 

56  +  2c 
IThcn  dividing  by  4a  —  3d,  gives  x  «= ^— , 

4a~3d 

4.  Let  5a?*  —  12a;  =b  9x  -f  2a:«  be  given  ;  to  find  x. 
Firat»  by  dividbg  by  of,  it  is  5x  —  12  s?  9  -f  2x  $ 
Then  transposing  12  and  2ar,  gives  3x  cs  21  ; 
Labtly,  dividing  by  3,  givcb  x  =  7. 

9.  Given  9£ix»  —  iSa^x*  «  6aa,»  +  12ax»  ;  to  find  x. 
First,  dividing  by  3ax^  gives  3x  —  56  =  2a?  +  4  ; 
Then  transposing  $b  and  2a7,  gives  a?  as  56  -f-  4. 

X         X        x  ' 

#.Let —  — 1 — ==?  be  given,  to  find  ,0?. 

3        4       5 
First,  multiplying  by  3,  gives  x  —  Jx  +  |r  se  6  ; 
Then  multiplying  by  4,  gives  a:  4-  y  a?  ca  24t 
Also  multiplying  by  5  gives  ITx  s=  120« 
Lastly,  dividing  by  1 7,  gives  x  s=s  7^^. 

y.  Given  .—— +  — S3  12  —  .  ;tofinda?. 

3         2  9       . 

First,  molt,  by  3,  gives  x  —  5  +  4^  s=  36  —  or  +  IQ, 
Then  transposiftg  5  and  x,  gives  2x  -f  |x  =?  5  i ; 
And  multiplying  by  2,  gives  7a:  r=r  102. 
Lastly,  dividing  by  7,  j^es  j?  =s  1 4^  ^ 

3jp 
%•  Let  '/— -  +  7  =s  10,  be  given ;  to  find  x* 
4 
First,  transposing  7,  gives  \/|  x  =:  3 ; 
Then  squaring  the  equation,  gives  ^  sb  9  ; 
Then  dividing  by  3,  gives  Jo:  =  3  ; 
Lastly,  multiplying  by  4,  gives  x  =3  12,» 


Sa^ 


9.  Let  2x  +  2\/a»  +  x«  =  — -=r=.,  be  g^ven ;  to  find  x. 

V  a*  4-  or* 

First,  mult,  by  v^a«  +  x«,  gives  2x-/  a»  +  x«+2a»  +2x* 

=  5a*.  

Then  transp.  2a*  and  2x»,  gives  2x  v'a*+x*=3a»— 2x«  j 
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Then  by  tquarini^,  it  is  4a'«  x u*  +-t «  ss  3a»  -2x«     ; 

That  i»,  4a*  '•^  -f-  4JP*  =  9a*  -   I2u^x^  r  4^^  i 

By  ittking  4-r*  trom  boih  side*  it  is  4u»a7*^9a*  -    12fl*«*j 

Thtn  trttiibposjiig  i2a*x*,  ^ivesi  I6a«x*,  =  40*  j 

Pividingby  a*,  ijivcs  i  x*  ==  4a*  ; 

And  dividing  by  16,  ijivc!»  x*  =s  ^*j<i«  ; 

Lastly  extracun^  the  root,  gives  x  =  >a.« 


EXAMPLES  FOR  PRACTICE. 

1.  Given  2x— 5  +  16  •=  2 1 ;  to  find  jr.  An«.  :r  =  5. 

3  Given  9x  —  15  =  a:  +  6 ;  to  find  jc.  Aiih  Jt  =  4j. 

3  Given  a— 3x4  12«30— 5x  +  4;  ic>  find  x.  Ans.  x  =  7. 
4*  Given  J7  -f  fr—ia  =  13  j  to  find  Jr.         An».  x  —  12. 

5.  Given  3x4-  tx+ 2=  5x-4  j  to  findx.    Ans.  x«==4« 

6.  Given  4ax  +  ^—2  =s  ax— ^x ;  to  find  x. 

6  — •  a  V 

Ans.  X  =  • 

9a +  36- 
y.  Given  fr  -  }x  +  |x  =  j  ;  to  find  x.  Ans.  x  J^^ 
8.  Given  •T^-  J?  =«  4  -  v'x  ;  to  find  x.         Ans.  x  =  2^.' 


^.  Given  4a  -f-  x  ss 


4a  4"  J? 


;  to  deter,  x.     Ans.  x  a=  —  2a. 


10,  Given  i/4a«  ^^  x«  =  y^  46*  +  x* ;  to  find  x. 


Ans.  x=,  ^ 


A* -4a* 


2c« 


4a 


II.  Given  ^x  +  i/Sa+x^  -7^==r  5  to  find  x. 

V2a^x 


Ana*  X  3=  |a. 


12.  Given 


1  +  2x      I  —  2x 


ss  26  i  to  fijid  X. 


6^a 
Ans.  X  =  ^  y'  — . 

6 


13.  Given  a  +  x  s=  ^^  a*  +  x  V  46«  +  x«  ;  to  find  x. 

Ans.  X  =  —  —  a. 

a 


\ 


SIMPLE  EQUATIONS,  asjr 


#P  BEIXJCING  DOUBLE^  TRIPWi,  &c  EQUATIONS,  CONTAINING 
TWO,  TOBEE,  on  MORE  UNKNOWN  QUANTITIES. 

PROBLEM  I. 

To  Exterminate  Two  Unknown  Quantities  ;  t)rj  to  Reduce  the 
Two  Simjuc  iLquutiona  containing  themy  to  a  Single  one. 


"Find  the  value  of  one  of  the  unknown  letters,  'n  terras  of 
the:  other  quantities,  in  each  of  the  equations,  by  the  methods 
all  e^d^.  explained.  Tht.u  put  tho&e  tvio  values  equal  to  each 
other  for  a  new  equation,  with  only  one  tmknowD  quantity  in 
it^ 'whose  value  is  to  be  found  as  before. 

Mte.  It  is  evident  ttiat  we  must  first  begin  to  find  the 
values  of  that  letter  which  are  easiest  to  be  found  in  the  two 
pii>po^ed  equations* 

EXAMPLES. 

ir-3y 
|d  the  1st  equat  transp.  3y  and  div.  by  2,  gives  x  aa  »  ; 

2 
U+2y 
In  the  2d  transp.  2y  and  div.  by  5,  gives  x  ^  ■  ; 

5 
14  +  2y        17— 3y 

Putting  these  two  values  equal,' gives  ■  »  ■; 

5  2 

Then  mult,  by  5  and  2,  gives  28  +  4y  «  85  «-  15y  ; 
Transposing  28  and  15y,  gives  \9y  a  57 ; 
And  dividing  by  19,  gives  y  ss  3. 
And  hence  jt  »  4. 
Or,  to  do  the  same  by  finding  two  values  of  y,  thus : 

17-2X 
In  the  1st  equat.  tr.  2x  and  div.  by  3,  gives  y  sss  - ; 


3 
5j?-.|4 
In  the  2d  tr.  2y  and  14,  and  £v.  by  2,  gives  y  »  ■  ; 

2 
5x-  14       17— 2j? 

Putting  these  two  values  equal,  gives es  .  . ; 

2  3 

Mult  by  2  and  by  3;  gives  15;?^  42  63  34  ^  4x  i 

Transp; 
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Transp.  49  ftnd  4x.  gives  \9x  ^  7$t 
Dividing  by  19»  gives  x  «  4. 
Hence  y  a  3,  a»  before. 

^-  Given  ^J^  t  ^  ^^J  5  tofindr  andy. 

Ana.  Ji^  a  a  +  ^.  and  y  w  |a  —  ii, 
9,  Given  3x  4-  y  ca  33,  and  3y  -f  x  ss  1 8 ;  to  6n<i  x  unci  y* 

Ans.  X  aas  6,  and  y  ss  4. 

4.    Givcn^>J+|j^3^^;tofindxandy. 

Ans-  X  ce  6,  and  y  si  S^ 
3x      3y      33  3x     3y      67 

i.  Given  —  H »  — ,  and  — +  —  ss-^,  to  find  x  andy* 

3       5         5  5        3        15 

Ans  X  »  3«  and  y  ^^  4. 
6.  Given  X  +  2y  sa  t,  and  x«  —  4y«  =  d«  ;  lo  find  x  anci  y. 

Ans.  X  s=     ■■     — ,  and  y  =  ■    ■ 

3«  4t 

f .  Given  «  —  3y  as  tf,  and  x  :  y :  :  a  :  6  ;  to  find  x  and  y. 

Ans.  X  =s — >  and  y  a=  ?  .  ■  ■.■  > 

a  -.-  33  a  —  3A 


BCLEa 

Pi»i>  the  value  of  one  of  the  unknowp  letters,  in  only  one 
•fthc  equations,  as  in  the  former  ruUt;  and  substiuiic  this 
value  instead  of  that  unknown  quantity  in  the  other  equation^ 
and  there  virill  arise  a  new  equation,  with  only  one  unknown 
quantity,  whose  value  is  to  be  faundas  before. 

Mte.  It  is  evident  that  it  is  best  to  begm  first  with  that 
letter  whose  value  is  easiest  found  in  the  given  cquationa. 

'      BXAMPLBS. 

1.  Given  JJ^tsy^lI^^^^^^^^J'-  ' 

This  will  admit  of  four  ways  of  solution  ;  thus :  First, 

lT-3y 

Ki  the  1st  eq.  trans.  3y  and  div,  by  3,  gives  x  «      ■        ; 

3 

85  —  15y 

This  val.  subs,  for  x  in  the  3d,  gives, ^ye  14  | 

3 
Mult,  by  3,  this  becomes  85  —  I5y  —  4y=:a8s 
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Trantp  \$y  and  4y  and  38,  gives  S7  »  I9y  $ 
And  dividing  by  19,  gives  3  «»  y« 

17-3y 
Then  x  ■■  — —  ca  4. 

14+ Sy 
^'7,  in  the  3d  trans.  3y  nd  dir.  by  S,  gives  9  as         ■  ■ ; 

5 

3844y 

This  subsu  for  a:  in  theJst,  glyea ■  +  $y  mm  IT; 

5 
I^alt.  by  5,  gives  28  4.  4y  4-  ISy  «>  gi( ; 
Traftspos.  28,  gives  19y  =«  57  ; 
And  dividing  t^  19,  gives  y  «■  3* 

14+2y 
Then  x  e      '     ■"  as  4|  as  before* 

5 

,3dly«  in  the  1st  trans.  2x  and  div«  by  3,  gives  y  n  |    - 

3 
'     '  34*.4x 

Tins  subst.  for  y  in  the  3d,  g^ves,  Sx  —  — — —  m  U } 

3 
Multiplying  by  3  gives      1  5jp  —  34  +  4jp  «b  43  $ 
Transposing  34,  gives        \9x  =»  76  ; 
Aiid  dividing  by  19,  gives      j?  as    4. 
lt-2x 

Hence  y  •■ cae  3»  as  before. 

3 

%x^l4 

4th\yi  in  the  3d  tr.  3y  and  14  and  div.  by  3|  gives  y  mm | 

3 
ISx  —  43 
This  substituted  in  the  1st,  gives  Sx+  -.—..»  ea  17; 

2 
Multiplying  by  3,  gives  ]9jr  —  42  =  34  ; 
Transposing  42,  gives  I9:r  as  76  * 
And  dividing  by  19,  gives  x  tn  4» 

5x— 14 
Hence  y  «■  ■  ca  3,  as  before. 

3 

d.  Given  2x  4. 3y  »  29,  and  3x  —  3y  »  U  ;  to  find  jt  and  9^ 

Ans.  J?  «i  7,  and  y  at  5. 

3.eiven  J^iJ^*5j}tofind*andy. 

Ans.  xm^Bf  and  y  a  $, 

4.  Given 


I 


L 


I 
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.  4.  Given  ^^.'lylL'sol^^''"^^'"^^- 

Ans.  X  OB  6)  and  y  ^  4. 

X         '  y 

5.  Given -«-+  3y  «»  2l,Mid  — .+  3rBi3f  ;  tofindxandy. 
.3  3 

Ana.  X  ss  9,  and  y  tt  6. 

X       y  X— y       X 

6.  Ghren  10 sa  —  +  4j  and  *— ^  «f.  -i.  *^  3  «s 

3        3  2  4 

3y-^' 

*-  —  1 ;  to  find  xand  y.  Ans.  x  a  8^  and  y  ^6. 

5 

7.  Givenx  :  y  ::  4  :  S^andx^—  y*a37;  tofimlxandy. 

Ans.  X  as  4|  and  y  ss  5. 


RUIEin. 

Let  tiie  fjlven  equations  be  so  mnltfplied.  or  divided,  Sec. 
and  by  such  nonibers  or  quuntities,  as  m  U  make  the  terms 
which  contain  one  of  the  unknown  quantities  the  same  in 
both  eqtiktions ;.  if  the]r  are  not  the  same  when  first  pro* 
posed.  9 

Then  by  adding^  or  subtracting  the  equations,  according 
as  ttie  signs  may  require,  there  will  remain  a  new  eqaationi 
with  only  one  unknown  quantity,  as  before.  That  is,  add  the 
two  equations,  when  the  signs  are  unlike,  but  subtract  theu 
When  the  signs  are  alike,  to  cancel  that  common  term. 

Mte  To  make  two  unequal  terms  become  equaly  as  above^ 
multiply  each  term  by  the  co-efficient  of  the  other. 


EXAMPLES. 


^^^*"  i 2x  +  sj  =  16^  ^'^  findxand  y. 


Here  we  may  either  make  the  two  first  terms,  containing 
X,  equal,  or  the  two  2d  termS)  containing  y,  equal.  To  make 
the  two  fii*st  terms  equal,  we  must  multiply  the  Ist  equation 
by  2,  and  the  3d  by  5  )  but  to  make  the  two  3d  terras  equcd, 
we  must  multiply  the  1st  equation  by  5,  and  the  3d  by  3  ;  as 
follows. 

l.By 


I 
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\  By  makings  the  two  first  terms  equal : 

Mult  the  1st  equ.  by  2,  gives         lOx  —    6y  aes  18  ; 
And  mult  the  2d  by  5,  gives  lOo?  +  25y  »  80  ; 

Subtr.  the  upper  from  the  under,  gives  31y  a  63 ; 
Aod  dividing  by  ai,  gives  y  tm    i. 

9  +  3y 
Hence,  from  the  Ist  given  equ.  x  «»    '  »    5, 

-      5 
1.  By  making  the  two  2d  terms  equal : 

Mult,  the   ist  equat.  by  5,  gives  2Sx  —  15^  aa  45  } 
And  mult,  the  2d  by  3,  gives  6x  +  l5y  «■  49  ; 

Adding  these  two,  gives  3  U  «  93  ; 

And  dividing  by  3 1,  gives  x^    3  ; 

5x—  9 
Hence,  from  the  1st  equ.  y  « a    3# 


MISCELLANEOUS  EXAMPLEa 
j:  +  8  y-f  6 

1.  Given— — +<ya«2l,and +5j?=a23i  tofindiac 

4                               3 
and  y.                                                AnB«  or  an  4,  and  y  xs  3* 
3j?  —  y                              3y  +  ar 
3.  Given  >■  +  10  b»  13,  and +5  «  12 ;  to  find 

4  2 

r  and  y,  Ans.  j?  an  5,  and  y  «■  3* 

3j:  +  4y     ;r  6x  —  2y      y 

3.  Given +  —  =»  10,  and  +—  a  14  ;  to 

5  4  3  6 

find  X  and  y.  Ans.  x  bb  8  and  y  sa  4. 

4,  Given  3x  +  4y  ;:a  38,  and  4x—  Sy  a  9  .  to  find  a:  and  y« 

Ans.  J7  as  6,  and  y  ss  5« 

PROBLEM  a 

To  Exterminate  Three  or  More  Unknown  QuanHtieB  :  Or^  to 

Reduce  the  Simple  Eguatumsi  containing  thcm^  to  a  Single 

9ne, 

RULE. 

This  may  be  done  by  any  of  the  three  methods  in  the  last 
Ipreblem :  viz.  * 

1.  After  the  manner  of  the  first  rule  in  the  last  problemi 
find  the  value  of  one  of  the  unknown  letters  in  each  of  the 
given  equations :  next  put  two  of  these  values  equal  to  each 
ether,  and  then  one  of  these  and  a  third  value  equal,  and  so 
en  for  all  the  values  of  it ;  which  gires  a  new  set  of  equations« 

Vol.  I.  li  with 
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^ith  which  the  same  process  is  to  be  repeated,  end  w  o^  till 
Sere  is  only  one  equation,  to  be  reduced  by  the  rules  for  a 
single  equation.  ^  ^  .        , 

9  Or  as  in  the  2d  rule  of  the  same  problem,  And  the  raluc 
of  one  of  the  unknown  quantities  in  one  of  the  equations 
SiW;  then  substitute  this  yalue  instead  of  it  in  the  other 
^ualions  ;  which  gives  a  new  set  of  equauons  to  be  rcsolred 
as  before,  by  repeating  the  operation. 

3  Or,  as  in  the  3d  rule,  reduce  the  equations,  by  multi- 
idvine  or  dividing  them,  so  atf  to  mAe  some  of  the  terms  to 
J«ree :  then,  by  adding  or  subtracting  them,  as  the  signs  may 
require,  one  of  the  letter*  may  be  extermmated,  &€•  aa 
belore. 

EXAMPLES. 

!•  Given  J  a?  +  2y  +  3r  «  1 6  V  ;  to  find  r,  v,  and  z. 

I.  By  the  1st  method : 
f  ransp.  the  terms  containing  y  and  z  in  each  equa.  givea 

J*  as    9  —    y  —     Z, 

X  a  16  -^  ^y  —  3z, 
X  ^BzHl  ^  3y  —  4z ; 
Then  putting  the  1st  and  ^d  values  equal,  and  the  2d  and  34 

values  equal,  give 

9  -    y  —   z  Bs  16  —  9y  -  ^9 
16  —  3y  —  32  «  21  —  3y  -  4z  ; 
In  the  I  St  ti-ans.    9,    z,  and  2y,  gives  y  «  7  -  2z  ; 
In  the  2d  trans    16,  »z  and  3y,  gives  y  a^  5^    z  i 
Putting  these  two  equal,  gives  5  -  z  =  7  —  2z ; 
Trans.  5  and  2z,  gives  z  «  2. 
Hence  y=5-zbi3,andx«9-y-z  «  4. 

2dly.  By  the  2d  method  : 

From  the  1st  equa.  x  tm9  -y— z; 
This  value  of  x  substit.  in  the  2d  and  3d,  give* 
9  +   y  +  2za=  16, 
•  +2y  +3z«2l  ; 
In  the  1  St  trans.  9  and  2z,  gives  y  ^f-^^zi 
This  substit.  in  the  last,  gives  23  —  z  «  2  i ; 
Trans,  z  and  21,  gives  2  :»  z. 
Henceagainy«r  -2zB»3,aodj?  =  9  ^y  — z=^4. 

Sdly.By 


/ 
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Sdly.    By  the  3d  method  ;  aubtracting  the  Ut  equ.  firopi 
the  ddy  and  the  3d  from  the  3d,  gives 

y  -f-  2z  aa  7, 

y  +    2«=95; 
Subtr.  the  latter  from  the  former,  gives  z  ss  3. 
Hence  v  ==  5  *-  '  "»  3,  and  x=s9«»y  —  z  =  4« 

f  :r+   y+    z«l8y 
JJ.  Given  <  X  +  3y  +  2z  aa  38  I  ;  to  find  ar,  y,  and  z. 

AnS.  X  an  4>  y  ep  6,  Z  BS:  8.   "^ 

3.  Given  -J  x  4-  Jy  +  *z  =  20  J. ;  to findx, y,  and z. 
(.  J?  +  iy  +  J^=  ifij  ,rj^ 

Ans.  X  =  1,  y  ='a^  z  =  &O4   ^ 

4.^Given  x—  yss2,  x  —  zss3»  and  y  —   z  a  1  ;  to    / 
findx,  y,  andz.  Ans.x  »  7;y  ns  ;ze8  4»     *" 


T         C2x  +  3y  +  4z  8BS  34l 
5.  Given  4  Sx  +  4y  +  ^z  »  46  V  ;  to  find  a?i  y^ 
14J?  +  5y  +6za  5.8  J 


and  z. 


A  COLLECTION  OF  QUESTIONS  PRODUCING  9IMFLB 

EQUATIONS. 


QussT  I.  To  find  two  numbers,  snch,  that  their  sam  sha^i 
be  10,  .and  their  difference  6. 

Let  X  denote  the  greater  number^  and  ^  the  las^*. 
Then,  by  the  1st  condition  x  +    y  s  10, 
And  by  the  2d  -         -     or  —    y  ss    6,  '^^  ^ 

Transp.  y  in  each,  gives       x  =  10  -~    y, 

and  JT  =    6  -f-     y  ; 
Put  these  two  values  equal,  gives  6-f-    y  sz    xo  ^  y  i 
Transpos  6  and  — *  y,  gives    -    2y  =  4  ; 
Dividing  by  2,  gives     •        •      y  =  2. 
And  hence  -        •        -      x  ss  6  +  y  ss  B^ 


*  In  ill  these  solutions,  as  many  unknown  letters  ave  always  used 
as  there  are  unknown  numbers  to  be  found*  purposely  the  better  to 
exercise  the  modes  of  reducing  the  equations :  avoiding  the  short 
ways  of  notAtion^  which  though  giving  a  shorter  solution,  are  for  that 
reason  less  useful  to  the  pupil,  as  affording  less  ezerpise  in  practising 
the  several  rule* ia  reducing  equations** 

Quest.  2, 


} 
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Qcsst.  2.    Divide    100/.  among  Ay  B^  c,  so  that  ▲  ^f^ 
have  30/.  more  than  b,  and  b  10/.  more  than  c. 

Let  JT  s=  a's  share,  y  s  b's,  and  z  =s  c*s. 
Then  a?  +  y  +    z  =  100, 
X  =  y  4-  20, 

In  the  Ut  substit.  y  -f  20  for  jr,  gives  3y  +  2  «f  30  cs  100  ; 
In  this  substituting  z  -^  10  for  y,  gives  3r  -f  40  =  100 ; 
By  transposing  40,  gives    -        -        3z  b=  60 ; 
And  dividing  by  3,  gives    -        *  z  as?  30. 

Hence  y  =  z  ^  10  s  30,  and  jr  =  y  -f-  20  =  50. 

Quest.  3.  A  prize  of  500/.  is  to  be  drvided  between  tw« 
persons,  so  as  their  shares  may  be  in  proportion  as  7  to  8  ; 
required  the  share  of  each. 

Put  X  and  y  for  the  two  shares ;  then  by  the  question, 

7  :  8  : ;  X  :  y,  or  mult,  the  extremes 
and  tb^  means,  7y  «=  8jr, 

and  x-j-  y  ^  500 ; 
Transposing  y,  gives  x  s=s  500  *-  y  ; 
This  substituted  in  the  Lst,  gives  7y  33  4000  -^  8y ; 
By  transposing  8y,  it  is  15y  »  4000  ; 
By  dividing  by  15vit  gives  y  es  266}  ; 
And  hence  x  ss  500  —  y  ss  233 j. 

Quest.  4.  What  number  is  that  whose  4th  part  exceeds 
its  5th  part  by  10  ? 

Let  X  denote  the  number  sought. 
Then  by  the  question  Jj:  —  ^  =  10 ; 
By  mult,  by  4,  it  becomes  x  —  |x  a  40 ; 
By  mult,  by  5  it  gives  x  «s  300,  the  number  sought 

Quest.  5.  What  fraction  is  that  to  the  numerator  ^f 
which  if  1  be  added,  the  value  will  be  i ;  but  if  one  be  added 
to  the  denominator,  its  value  will  be  j-  ? 

X 

Let  •—  denote  the  fraction. 

y 

X  +  1  X 

Then  by  the  quest.  — »^  »  },  and  •— - —  «  ^. 

^,  y  y  +  I 

The  lst  mult,  by  3  and  y,  gives  3x  -f  3  «  y  ; 

The  3d  mult,  by  3  and  y  +  1  is  3x  »:  y  4- 1 ; 

The  upper  taken  from  the  under  leaver  x  —  3  n  I ; 

By  transpos.  3,  it  gives  x  ns  3, 

And  hence  y  «  3x  +  3  as  8 ;  and  the  fraction  is  |. 

Quest.  6: 
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Quest.  6.  A  labourer  engaged  to  serve  for  30  days  on 
these  conditions :  that  for  every  day  he  worked,  he  was  to 
receive  20d,  but  for  every  day  he  played,  or  was  absent,  he 
^as  to  forfeit  lOcf.  Now  at  the  end  of  the  time  he  had  to 
receive  just  30  shillings,  or  240  pence.  It  is  required  to 
find  how  many  days  he  worked,  and  how  many  he  was  idle  i 

Let  X  be  the  days  worked,  and  y  the  days  idle. 
Then  20x  is  the  pence  earned)  and  lOy  the  forfeits  ^ 
Hence,  by  the  question    -    x  +  y  ss  30^ 

and  20j7  —  lOy  »  240  ; 
The  I  St  mult,  by  10,  gives  10j:+  \0y  =  300$ 
These  two  added  give   -  30j?  =»  540 « 
This  div.  by  30,  gives    -      x  =  1 8,  the  days  worked ; 
Hence        -        ^  e=  30  '—  x  =s  12,  the  days  idled. 

Quest.  7.  Out  of  a  cask  of  wine,  which  had  leaked  away  |, 
30  gallons  were  drawn  ;  and  then,  being  gagedt  it  appeared 
to  be  half  full ;  how  much  did  it  hold  ? 

Let  it  be  supposed  to  have  held  x  gallons^ 

Then  it  would  have  leaked  ix  gallons, 

Conseq.  there  had  been  taken  away  ^-i*  30  gaUonsi 

Hence  ix  s^  ix  +  30  by  the  question. 

Then  mult,  by  4,  gives  2j:  =  a?  4-  120  ; 

And  transposing  x,  gives  x  t=  120  the  contents. 

Quest.  8.  To  divide  20  into  two  such  parts,  that  3  times 
the  one  part  added  to  S  times  the  other  may  make  76« 

Let  X  and  y  denote  the  two  parts. 
Then  by  the  question        -        -        ^  -f   |/  =  20» 

and  3x+  Sy  sss  76. 
Mult,  the  1st  by  3,  gives  -        -      3j:  -f  3^  =  60  ^ 
Subtr.  the  latter  from  the  former,  gives     2y  =s  16; 
And  dividing  by  2,  gives  •        -        -  y  =s    8. 

Hence,  from  the  ist|        -        jt  as  20  «»  y  s=  12. 

Quest  9*  A  market  woman  bought  in  a  certain  number 
of  eggs  at  2  ^  penny,  and  aa  many  more  at  3  a  penny,  and 
sold  them  all  out  agsdn  at  the  rate  of  $  for  two-pence,  and  by 
so  doing,  contrary  to  expectation,  found  she  lost  3(/. ;  wh$it 
number  of  eggs  had  she  ? 

Let  X  s=  number  of  eggs  of  each  solt* 
Then  will  |x  ss  cost  of  the  first  sort^ 
And  j^  rsz  cost  of  the  second  sort ; 

But 
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But  5  :  2  :  :  2jr  (the  whole  number  of  ^g^rs)  :  fx  . 
H-ixe  ^T  e»  price  of  both  sons,  ai  5  I'M  2  pence  j 
Then  by  the  question  ir-f  ^x—  |rt=3i 
Mult,  by  3,  gives      -     .r  4  |jc  —  ^x  =  6; 
And  muh  by  3,  ^ivos  5x  —  yx  =  18  ; 
Albo  mult,  by  5,  gives  x  a*  90,  the  number  of  tggB  of 
each  sort. 

Quest.  10.  Two  persons,  a  and  b,  cnp^age  at  play.  Before 
they  oegin^  A  has  81  guineas,  and  b  has  60.  Aftei  a  certain 
number  oi  games  won  and  lost  between  them,  a  rises  with 
three  times  as  many  guineas  as  b.  Query,  how  many  guineas 
did  A  win  of  b  ? 

Let  X  denote  the  number  of  guineas  a  won. 
Then  a  rises  with  80  4.  x, 
And  B  rises  with  60  —  «r  ; 
Tticrcf.  by  the  qucsL  80  +  x  ss  180  —  3x  ; 
Transp.  80  and  Sx,  gives  4x  s  loO  ; 
And  dividing  by  4,  gives  x  «    25,  the  guineas  won. 

QUESTIONS  FOR  PRACTICE. 

1  To  determine  two  nuntbers  such,  that  their  difference 
may  be  4,  and  the  difference  of  their  squares  64. 

Ans.  6  and  lo. 

2.  To  find  two  numbers  with  these  conditions,  viz.  that 
half  the  first  with  a  3d  part  of  the  second  may  make  9,  and 
that  a  4th  part  of  the  first  with  a  5th  part  of  the  second  may 
znake  5.  Ans.  8  and  15. 

3.  To  divide  the  number  20  into  two  such  parts,  that  a 
od  of  the  one  part  added  to  a  fifth  of  the  other,  may  make  6. 

Ans.  feS  and  5. 

4.  To  find  three  numbers  such,  that  the  sum  of  the  Ist 
and  2d  shall  l>e  7,  the  sum  of  the  1st  and  3d  8,  and  the  sum  of 
the  2d  and  3d  9.  Ans.  3,  4, 5. 

5.  A  father,  dying,  bequeathed  his  fortune,  which  was 
2800/.  to  his  son  and  daughter,  in  this  manner  $  that  tor  every 
half  crown  the  son  might  have,  the  daughter  was  to  have  a 
shilling.     What  then  were  their  two  shares  ? 

Ans.  The  son  2000/.  and  the  daughter  800/. 

6.  Three  persons,  a,  b,  c,  make  a  joint  contribution^ 
-y^bi^h  in  the  whole  amounts  to  400/. :  of  which  sum  b  con- 
tribute 
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Irtbutes  twice  as  much  as  a  and  20/.  more  ;  and  c  as  muck 
as  A  and  b  together.     What  sum  did  each  contribute  ? 
p  Ausi  A  60/.  B  140/.  and  c  300/. 

7   A  person  paid  a  bill  of  100/.  with  half  guineas  and 

[         '       ,crown8i  using  in  ail  202  pieces;  how  many  pieces  were  there 

of  each  son  f  •  Ans.  iSO  half  guineas,  and  22  crowns* 

■■  8.  Says  A  to  B>  if  you  give  me   10  guineas  of  your  money, 

I  shall  then  have  twice  as  much  as  you  will  have  left :  but 
says  B  to  Ai  give  me  10  of  your  guineas,  and  then  I  shall  have 
3  times  as  many  as  you.    How  maaay  had  each  ? 

Ans.  A  22,  B  25. 

9  A  person  goes  to  a  tavern  with  a  certaiix  qu^uiity  of 
money  in  his  pocket,  where  he  spends  2  shiUngSj  he  then 
borrows  as  much  money  as  he  had  left,  and  going  to  anotiier 
tavern,  he  there  spt'nds  2  shillings  also  ;  then  borrowing 
again  as  much  money  us  was  left,  be  went  to  a  third  tavern, 
where  likewise  he  spent  2  sbilHngs ;  irtd  thus  repeating  tho 
same  at  a  fourth  tavern,  he  then  had  nothing  remaining. 
What  sum  had  he  at  first  ?  Ans.  3a.  9d. 

10.  A  man  with  his  wife  and  child  dine  together  at  an  ion. 
The  landlord  charged  1  shilling  for  the  child ;  and  fur  the 
woman  he  charged  as  much  as  for  the  child  and  i  as  much  as 
for  the  man  ;  and  for  the  man  he  charged  as  much  as  for  the 
woman  and  child  together.     How  much  was  that  for  each  I 

Ans.  The  woman  20d.  and  the  man  32i. 

11.  A  cask,  which  held  60  gallons,  was  filled  with>  a 
xnixture  of  brandy,  wine,  and  cyder,  in  this  manner,  yi:S. 
the  cyder  was  6  gallons  more  than  the  brandy,  and  the 
wine  was  as  much  as  the  cyder  and  ^  of  the  brandy.  How 
much  was  there  of  eaoh. 

Ans.  Brandy  15,  cyder  21,  wine  24. 

12.  A  general,  disposing  his  army  into  a  square  form^  finds 
that  he  has  284  men  more  than  a  perfect  square  ;  but  increas* 
ing  the  side  by  1  man,  he  then  wants  25  men  to  be  a  conipI<;te 
square.    Then  how  many  men  had  he  under  his  commaiid  ? 

Ans.  24000. 

13.  What  number  is  that,  to  which  if  3,  5,  and  8,  be 
severally  added,  the  three  sums  shall  be  in  geometrical  pro-» 
gression  ?  Ans.  I. 

14.  The  stock  of  three  traders  amounted  to  S60L  the 
jlhares  •£  the  first  and  second  exceeded  that  of  the  third 
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by  240  ;  and  the  lam  of  the  2d  and  3d  exceeded  die  first 
S60*    What  ^as  the  share  of  each  ? 

Ana.  The  1st  200,  the  2d  300»  the  3d  360» 

15.  What  two  numbers  are  those,  which)  being  in  the  ratio, 
of  3  to  4,  their  product  is  equal  to  12  times  their  sum  ^ 

Ads.  21  and  28. 

16.  A  certain  company  at  a  tarem,  when  they  came  to 
settle  their  reckoning,  found  that  had  there  been  4  more  in' 
company,  they  might  have  paid  a  shilling  a-piece  less  than 
they  did  ;  but  that  if  there  had  been  3  fewer  in  compdny, 
they  mu«t  have  p«dd  a  shilling  a-piece  more  than  they  did. 
What  then  was  the  number  ot  persons  in  company,  what  each 
paid,  and  wliat  was  the  whole  reckoning  ? 

Ans.  24  persons,  each  paid  7«.  and  the  whole 
reckoning  8*guineas. 

17.  A  jocky  has  two  horses :  and  also  two  saddles,  the  one 
valued  at  18/  the  other  at  3/.  Now  when  he  sets  the  better 
saddle  on  the  Ist  horse,  and  the  worse  on  the  2d,  it  makes  the 
first  horse  worth  double  the  2d :  but  when  he  places  the 
better  saddle  on  the  2d  horse,  and  the  worse  on  the  first,  it 
makes  the  2d  horse  worth  three  times  the  1st.  What  then 
were  the  values  of  the  two  horses  ? 

Ans.  The  1st  6/.  and  the  2d  91, 

18.  What  two  numbers  are  as  3  to  3,  to  each  of  whicb 
if  6  be  added,  the  sums  will  be  as  4  to  5  ?  Ans.  6  and  9. 

19.  What  are  those  two  numbers,  of  which  the  greater  is 
to  tlie  less  as  their  sum  is  to  20,  and  as  their  difference  is  to 
10  ?  Ans.  15  and  45. 

20.  What  two  numbers  are  those,  whose  difference^  sum^ 
and  product,  are  to  each  other,  as  the  three  numbers  2, 3, 5  ? 

Ans.  2  and  10. 

2 1.  To  find  three  numbers  in  arithmetical  progression,  of 
which  the  first  is  to  the  third  as  5  to  9,  and  the  sum  of  all  three 
is  63  ?       <  Ans.  U,  2 1,27* 

22.  It  is  required  to  divide  the  number  34  into  two  such 
parts,  that  the  quotient  of  the  greater  part  divided  by  the  lessy 
may  be  to  the  quotient  of  the  less  part  divided  by  the  greateri 
as  4  to  1.  Ans.  16  and  8. 

23.  A  gentleman  bebg  asked  the  age  of  his  two  sons, 
aubwered,  that  if  to  the  sum  of  their  ages  18  be  added, 
the  result  will  be  double  the  age  of  the  elder  i  hut  if  6  be 

taken 
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tiken  from  %he  difference  of  their  a^es,  the  remainder  will 
|>e  equal  to  the  age  of  the  younger.  \^hat  then  were  their 
ages?  '  Ans.  3Candl3. 

34.  To  find  four  numbers  such,  that  the  sum  of  the  ist^ 
3d,  and  3d,4hall  be  13  ^  the  sum  of  the  1st,  3d,  and  4th,  If^i 
the  sum  of  the  1st.  3d,  and  4th,  18  >  and  lastly  the  sum  of  th^ 
3d,  3d,  and  4ih,  30  Ans.  3,  4.  7, 9. 

35.  To  divide  48  into  4  such  pans,  that  the  1st  increased 
^y  3,  the  second  diminished  by  3,  the  third  multiplied  by  3, 
and  the  4th  divided  by  3,  may  be  all  equal  to  each  other. 

Ana.  6^  13;  3^  37. 


QUADRATIC  EQUATIONS, 

QiTABRATic  Equations  are  either  simple  or  compound. 

A  simple  quadratic  equation,  is  that  which  involves  the 
square  of  the  unknown  quantity  only.  As  ax*  ai  5,  And 
the  solution  of  such  quadiaiics  has  been  already  given  in 
simple  equations. 

A  compound  quadratic  equation,  is  that  which  contains  the 
square  of  the  unknown  quantity  in  one  term,  and  the  first 
power  in  another  term.     As  ax*  ^6t  ^m  c 

All  compound  quadratic  equations,  after  being:  properly 
yeduced,  f<tll  under  the  three  following  forms,  to  which  they 
must  always  be  reduced  by  prepi^ring  them  for  solution. 

1 .  ar»  +  ox  as  6 
3.  x"  —  flx  =s  6 
3.     x'  —  ax  c=  —  d. 

The  genenil  method  of  solving  quadratic  equatioos,  is  by 
vhat  is  called  completing  the  square,  which  is  as  follows  : 

1.  Reduce  the  proposed  equation  to  a  proper  simple  form^ 
ss  usual,  such  as  the  forms  above ;  namely,  by  tratupoatng 
all  the  terms  which  contain  the  unknown  quuitity  to  one 
side  of  the  equation,  and  the  known  tenuis  to  the  other  ; 
placing  the  square  term  first,  and  the  single  power  second ; 
dividing  the  equation  by  the  co-efficient  of  the  square  or 
first  term,  if  it  has  one,  and  changing  the  signs  of  all  the 
terms,  when  that  term  happens  to  be  negative,  as  that  term 
.must  always  be  made  positive  before  the  solution.  Then 
the  proper  solution  is  by  completing  the  square  ss  followsf 
viz. 

Yq]^.  K  X^k  2.  Complete^ 
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2.  Complete  ihe  dhknown  side  to  a  s^uarCf  in  this  man- 
Der,  viz.  Take  half  the  ca-efficient  of  the  aecand  temit  and 
squart:  ii ;  wliicn  square  add  to  both  sides  of  the  equatioo^ 
then  that  side  which  contains  the  unkivowii  quantity  will  be  a 
complete  square. 

3.  Then  extract  the  square  root  on  both  sides  of  the 
equation*)  and  the  value  of  the  unknown  quantity  will  be 

determined^ 


*  As  the  iqaare  root  of  any  quantity  may  be  either  +  or  ^,  there- 
fore all  quadratic  equations  admit  of  two  solations.  Thus,  the  soosre 
root  of  -f  n^  is  either  -<(*nor-— n^  for-f-nX  +"  snd  ~  n  x  —  a 
are  each  equal  to  +  «'.  But  the  square  root  of  —  «*»  <*r  %/  —  »*# 
is  imaginaiy  or  impossible,  as  neither  +n  nor  —  n,  whensquared» 
gives  — n^.* 

So,  in  the  first  form,  x*  -{^  ax  s  b,  where  x  +  i«  i»  foni>«^  =  ^ 

*  +  <«*>  the  root  rasy  be  either  +  ^S  -f  J<i»,  or  -  ^/o  +7^ 
since  either  of  them  being  multiplied  by  itself  produces  6  -f  ^'« 
And  this  ambiguity  is  expressed  by  writing  the  uncertain  or  double 
sign  ±  before  v^6  +  Ja»  j  thus  x  »  ±  ^i  +  J«»  —  Jii. 

In  this  form,  where  x  ««  ^  ^^  +  icii  —  i<i.  the  first  value  of 
X,  VIZ.  «  a»  -f.  y/6  +  f .»  —  ia>  is  always  affirmative  j  for  since 
ia*  +  6  is  greater  than  Ja*.  the  greater  square  must  neces- 
sarily tiave  the  grater  root  ^  theLefore  v^  6  -f-  ia*  will  always 
be  greater  than  v^|a*,  or  its  equal  |a  ;  and  consequently  •{« 
^6  -|»   \a*  —  |a  will  always  be  affirmatiye. 

The  second  value,  viz.  x  bs  -.  ^d  -f.  ^u*  ^  ia  will  always  be 
negative,  because  it  is  composed  of  two  negative  terms.  Therefore 
when  xS  -f  ax  s  ^,  we  shall  have  x  ^  +  ^6  -^  jg*  —  ^  for  the 
affirmative  value  of  x,  and  m  =b  -f-  ^6  -f  ^a*  —  ^  for  the  nega- 
tive  value  of  X, 

In  the  second  form,  where  x  ea  ^  ^b  -f-  {a*  +  |if  the  first 
value,  viz.  or  es  4"  ^/^  +  ^aS  -f  i<>  is  always  affirmative,  since  it 
is  composed  of  two  affirmative  terms.  But  the  second  value,  vis. 
X  s9e  -.   ^b  -(•   |.4*   +   j^**  will  si  ways  be  negative ;   for  since 

*  +  Ja*  is  greater  than  {aS^  therefore  ^/Mh  1^*  will  be  greater 
than  ^ia^t  or  its  equal  ia;  and  conaofuently  —  ^b  -f-  1^  +  i^  is 
always  a  negative  quantity. 

Therefore^ 
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determined,  making  the  root  of  the  known  side  either  +  or 
— ,  which  will  give  two  roots  of  the  ecjuatioiii  or  two.  values 
of  the  unknown  quantity. 

MtCf  I.  The  root  of  the  first  side  of  the  equation,  ia 
alw<iv«  eqaal  to  the  root  of  the  first  term,  with  half  the 
co-efficient  of  the  second  term  joined  to  it^  with  its  sign, 
whether  +  or  — . 

3.  All  equations,  in  which  there  are  two  terms. including 
the  uuknown  quantity,  and  which  have  the  index  of  the  one 
just  double  that  of  the  other^  are  resolved  like  quadratics^ 
by  compleimg  the  square,  as  above. 

TKus,  jr*  4-  ajt*  ss  6,  or  x*»  +  ax^  «  6,  or  x  +  ax^  ss  6, 
'U3»  (he  same  as  .quadratics,  and  the  value  of  the  unknown 
quantity  may  be  dc^termined  accordingly* 


Therefore,  when  «f  —  ox  «s b,  we  shall  have  x  =vi  %^^  +  ia* 
+  Ja  fiT  tHc  uifinDative  vakie  of  x  ;  aiid  x  «  *  V'  ^  "f"  i**^  +  i^ 
for  the  negat  ve  value  of  j? ;  so  that  in  both  the  first  and^fecond 
forms,  the  unknown  quantrty  has  always  two  values,  ope  of  which  is- 
positive,  and  the  other  negative* 


B  ut  in  the  third  forni,  where  j?  es  ±  v^^aS  ^  ^  ^  ja,  both  the 
values  of  X  will  be  positive  when  ^a'  is  jrreater  than  b.  For  the 
first  value,  viz.  x  «■  -f-  v^  }i*  —  ^  +  Jfl  will  then  he  affiimative, 
beini^  composed  of  two  affirmative  terms* 


The  second  value,  viz.  »•  a^  «.  ^  ^^  ->  6  •!*  i^  is  affirma- 
tive also  'y  for  since  to*  is  greater  tiian  }d*  —  d,  iberefore  ^  (n'  or 
|d  is  g.  eater  than  ^  ^a*  —  b ;  and  consequently  —  x/  ^a*  —6+  ^ 
will  always  be  an  affii^mative  quan^ty.  So  that,  when  x^  ^  ax 
«B  -  b,  we  shaU  have  x  «=  +  %^  l*^  —  *  +  i^'t  and  also  j*  mi  «« 
^  ^ai  ^  b  +  if^^forthe  values  of  x,  both  positive. 

But  in  this  third  formv  if  6  be  greater  thaa  ^*,  the  solutkm  of 
the  proposed  question  wiH  be  impossible.  For  since  the  square  of 
any  quantity  (whether  that  quantity  be  affirmative  or  negative) 
is  always  affii-mative,  tfie  square  root  of  a  negative  quantity  is  im- 
possible, and  cannot  be  assigned.  But  when  b  is  greater  than 
^s ,  then  jdS  .  6  is  a  negative  quantity  ^  and  therefore  its  root 
^  (i<  ^  b  is  hnpn^^ible,  or  imaginary  ;  consequently,  in  that  case» 
X  «s^a  ±  s/i^^  —  6»  or  the  two  roots  or  values  of  xj  are  both  isa- 
ftMMble»  or  inaginary  quantities. 

BXAMFLBS. 


} 
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EXAMPLES. 


1.  Given  x*  +  4x  «  60 ;  to  find  x.  ^ 

First,  by  complctmg  the  square,  «*  +  4x  +  4  =r  64  j 
Theo,  by  extracting  the  root,  jf  +  3  «  ±  8  ; 
Then,  transpos.  2,  gives  x  se  6  pr  —  10,  ihe  two  roots.  > 

3.  Given  a?*  —  6x  +  lO  =  65  j  to  find  x. 

First  trans.  10  gives  a*  —  6x  =s  55  i 
Then  by  complei.  the  sq.  it  is  r*  -  6x  -|.  9  ■»  64 ; 
And  by  extr.  the  root,  j^ives  x  —  3  «■  ±  8 ; 
Then  trans.  3,  gives  x  =  1 1  or  —  5. 

3.  Given  2x*  +  8x  -  30  ■=  60 ;  lo  find  x. 
First  by  transpos.  20|  it  is  2x»  +  8x  «  90  ; 
Then  div.  b^  2,  gives  x«  +  4ar  «=  45  ; 
And  by  coinpl.  the  sq.  it  is  x*  +  4x  +  4  bb  49  ; 
Then  cxtr.  the  root,  it  is  x  +  2  =s  ±  7  ; 
And  uani^p  2,  gives  x  a  5  or  —  9. 

4.  Given  3x»  -  3x  +  9  =  8^  5  to  find  x. 
First  div  by  3,  gives  x*  —  x  +  3  «?  3J ; 
l4fcn  transpos.  3,  gives  x*  —  x  =  —  | ; 
And  compl.  the  sq.  gives  x*  -    x  +  ^  =  yj  > 
Then  extr.  the  root  gives  x  *-  ft  n  ±  | ; 
And  transp. },  gives  x  s:s  |  or  ^. 

5.  Given  Jx*  —  ^x  +  30j  :=  521 ;  to  find  x. 

Firbt  by  uanspos,  30  J,  it  is  4x»  —  ^  es  22|  ; 
Then  mult  by  2  gives  x«  —  |x  «  44| ; 
And  by  compL  the  sq.  it  is  x'  —  fr  +  ^  se  44| ; 
Then  extr.  the  root,  gives  x  —  ^  «  db  6| ; 
And  trao&p.  ^,  gives  x  =s  7  or  »  6|. 

,6.  Given  ox^  ~  Ax  1^  c  ;  to  find  x. 

d[  e 

First  by  div.  by  tfjit  is  x*  —  —  x  ■»  -^  j 

a  a 

Then  oonipl.  the  sq.  ^y^%x*  ^  — x>f-— «. — | — .; 

a         4a*      «        4a*' 
b  4ac  +  A* 

And  eztrac.  the root,givesx  —  —  pb  ±  ^ s 

2a  4a »  ^ 

b      ^  4ac  +  A*        A 

Then  transp.---,  gives  x  «  ±  y 4--— 

2a  4a^  2a 

y.  Given  x*  -•  2ax*  «  5  ;  to  find  x.  » 

^irst  by  compl.  the  sq.  gives  X^^  2ax^  -f  a*  »«  a*  -f  ^  ; 

An^ 


y 
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K"      '• 


And  e»ract  the  root,  gives  jf*  —  a  «=*  ±  -^/a*  -j-  d ; 
Then  transpos.  a,  gitcs  j?*  =  ±  i/a'  +  ^  +  o  » 


And  extract,  the  root,  gives  j:  =  ±  V^a  ±  ^a*  4-  *• 
And  thus,  by  always  using  similar  words  at  each  linoi  the 
pupii  will  resolve  the  following  examples. 

£XAMPL£S  IH)R  PRACTICEL 

1.  Given  JP*  —  6x  *-  7  5=  S3  ;  to  find  x,        Ahs.  x  »  10k 

3.  Given  x'  —  5 j?  —  10  a  14  ;  to  find  x.        Ans.  j?  «  8.  **p 
'3*  Given  5a?'  -f  4x  -»  90  =  1 14 ;  to  find  x»     Ans.  a;  as  6. 

4.  Given  ^jr>  —  jjr  4  3  «  9  ;  to  find  x.  Ans.  jr  s  4. 

5.  Given  3-p*  —  2j;«  a  40 ;  to  find  x.  Ans  x  »  2. 

6.  Given  far  **  |v^  x  ca  1|^ ;  to  find  x.  Ans.  x  a  9« 

7.  Given' ijc«  +  |x  aa  | ;  to  find  x.        Ans.  x  *■  •727766. 

8.  Given  x^  +  4a?'  es  13 ;  to  find  x» 

Ans.  Jc  «»  ^5^3  cas  l-359'92l. 

9.  Given x^  +  4x  ca a^  +  2 ;\o  find  X. 

Ans.  a:  «■  V«*  -f  6—2. 

QUESTIONS  FRQDUCmG  QUADBAlIC  EQUATION& 

i.  To  find  two  numbers  whose  ^fference  is  3^  and  pro- 
duct 80. 
Let  X  and  y  denote  the  two  required  numbers*. 

Then  the  first  condition  gives  x  —  y^ss  2f 

And  the  second  gives  xy  =  80. 

Then  transp.  y  in  the  ist  gives  jf  s  y  +  2 ; 

This  value  of  ar  substitut  in  the  2d,  is  y*+  2y^  80 

Then  comp.  the  square  g^ves  y*  +  2y  ^  I  at»  Bi  § 

And  eztrac.  the  root  gives  y  +  1  r=  9 ; 

And  transpos.'  1  gives  y  «b  8  ; 

And  thercSfore  jr  s  y  4-  2  «■  10. 


^  These  qiiestioDs,  like  those  in  simple  equatkms,  are  also  solved 
by  using  as.mimy  unknown  letters,  as  are  the  numbers  required,  for 
the  better  exercise  in  reducing  equations  ;  not  ainUng  at  the  shortest 
Ixodes  of  flpiutiOD,  which  woiudiiot  afiord  so  much  useful  practice. 

3.  To 


i 
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2.  To  dmde  theliuinber  U  into  two  such  parte}  that  their' 

product  may  be  48.  I 

Let  X  and  y  denote  the  two  numbers. 

Then  ihe  Ist  condition  g^ives  x  -f-  y  sa  14| 

And  the  dd  gives  xy  as  48. 

Then  tr40sp.  y  in  the  l»t  gives  jr  sa  U  -^  y ; 

This  value  subst.  for  x  in  tlie  3d  is  Uy  —  y*  »  48 ; 

Changing  all  ihe  signs,  to  make  the  bquart-  puhUivc, 

givtrs  ^3  «-  14^  8B  -  48  ; 
Then  compl.  the  iK|uare  gives  y*  -m-  14^  -f.  49  s>  1 ; 
And  eaitrac.  the  nnn  gives  y  —  7  »  i:  I  ; 
Then  transpos.  7,  gives  y  =&  8  or  6,  the  two  parts. 

3.  Given  the  sum  of  two  numbers  cs  9,  and  the  aum^  of 
their  bqu»rcs  s^  45  ;  to  find  those  jiumbcrs. 

Let  X  and  y  denote  the  two  numbers. 

Then  tiy  the  1st  condition  x+  y  sm  9. 

And  by  the  2d  x«  4-  j^«  «=  45 

Then  tian^pos  y  in  the  I  si  gives  x  sai  9  —  y  ; 

Tkiis  value  suUs'  in  the  3d  gives  81  -~  i8y  -|-  2y^  a  45  ; 

Tiien  transpos.  61,  gives  2y'  —   »8y  a?  —  36; 

And  dividing  by  i  gives  y'  «^  9y  ss  —  1 8 ; 

Then  compl.  the  sq.  gives  y*  —  9i.  -f-  V  =  | ; 

And  extt*ac.  the  root  gives  y  *-  {  «=  ±  | ; 

Then  transpos  |  gives  y  s  6  or  3i  the  two  numbers. 

4.  What  two  cumbers  are  those,  whose  sum,  producti  and 
difference  of  their  squares^  are  all^qual  to  each  other  I 

Let  X  and  y  denote  the  two  numbers. 
Then  the  1st  and  3d  expression  give  x  +  y  ss  xy. 
And  the  Ut  and  3d  give  jp  +  y  e=  x»  —  y». 
Then  the  last  equa.  div.  by  jr  -f-  y«  gives  1  ao  j?  —  y ; 
And  transpos.  y,  gives  y  Hf-  1  «>  x ; 
This  val.  substit.  in  the  1st  gives  3y  4-  I  aa  y<  +  y  ; 
And  transpos  3y,  gives  1  ^  y'  -^  y  ; 
Then  complet.  the  sq.  gives  |  «  y*  —  y  +  ^ » 
And  extracting  the  root  gives  l\/5aBy— i; 
And  transposing  i  gives  1  \/  5  4.  i  ss.  y  j    ' 
And  therefore x  ea  y  +  \  wmi  ^  $  +  ^ 
And  if  these  expressions  be  tuined  into  numbers,  bf  ex- 
tracting the  root  of  5,  &c.  they  give  x  =  2-6180  +,  and 
y==  16180  +.  % 

-S.  There  are  four  numbers  in  arithmetical  progression,  of 

which 
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tHiitti  the  product  of  the  two  extremea  is  22,  and  that  of  th« 
nenDft  40  i  what  are  the  numbers  ? 

Let  X  aa  the  le&s  extreme^ 
and  y  «3s  the  common  difference ; 
Then  x,  x  +  y i  jc  +  2y,  j?  4-  3y^  wUl  be  the  four  numbers. 
Hence  by  the  1st  condition  x*  -f-  3xy  »  32) 
And  by  the  3d  x»  +  2xy  +  2y2  ^  40, 
^         Then  subtracting  the  first  from  the  2d  gives  2y*  cs  18 ; 
I,  And  dividing  by  2  gives  y*  aae  ^  ; 

^  '    And  extracting  the  root  )2;ives  y  ■■  3. 

Then  substit.  3  for  y  in  the  Ut,  gives  x*  i*  9x  ta  22  ; 
And  completing  die  square  gives  x^  *f  9x  -f  y  »  i4«  • 
•  Then  extracting  the  root  gives  x  +  ^  a^  *^s  ;  *     • 

And  transposing  i  gives  x  a  2  the  least  number. 

Hence  the  tour  numbers  are  2,  5,  8,  11. 

ft  ' 

6.  To  fitrd  3  numbers  in  geometrical  pf'ogression^  whose 
sum  shall  be  7 9  and  the  sum  of  their  squares  21. 

Let  Ji^,  y%  and  Zy  denote^  the  three  numbers   sought. 
,  Then  by  the  I  at  condition  rz  =»  y*, 

And  by  the  2d  X  -f  y  4.  z  tss  7, 

And  by  the  Sd  x«  +  y»  +  z«  =a  21. 
.    Trtinsposing  y  in  the  2d  gives  x+  z=r7  —  y; 

Sq.  this  cqua.  gives  x*  +  2xz  +  z*  Hh  =  49  —  141/  +  y«  ; 

Substi.  2y*  for  2xz,  gives  x>  +  2r/*  -f  z*  r=  49  —  i  4y  -f-  y*  ; 

Subtr.  y*  from  each  side, leaves  x^  +  y*  +  z*  «  49—  l4o; 

Putting  the  two  values  of  x«  +  y«  +  z»  >      _^ 

equal  to  each  other,  give^J       —  49  —  14y; 

Then  transposing  21  and  Uy,  gtves  -14y  sb  28  ; 

And  dividing  by  14,  gives  y  s=s  2. 

Then  substit.  2  for  y  in  the  1st  equa.  gives  xz  a  4, 

And  in  the  4th.  it  gives  x  -f-  2  s:  5  ; 

Transposing  z  in  the  last^  gives  x  aa  5  —  z  ^ 
.  This  substit.  in  the,next  above,  gives  5z  —  z'  «■  4; 

Changing  all  the  signs,  gives  z^  —  5z  a  —  4 ; 

Then  completing  Ae  square,  gives  2*  --  Sz  +  *^  »  { ; 

And  extracting  the  root  gives  z  —  ^  xa  ±  j  ; 

Then  transposing  f.  gives  z  and  x  «  4  and   1,  the  two 
other  numbers ; 

So  that  the  three  numbers  are  If  3»  4. 


\ 
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1.  What  numlier  is  that  which  added  to  its  square  makCA 
^  ^  Ans.  6. 

3,  Tt 
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3.  To  find  two  numbers  such,  that  the  le^ti  may  be  to  the 
greater  as  the  greater  is  to  12^  and  that  the  sum  of  their 
squares  may  be  45.  Ans.  3  nod  6* 

3.  What  two  numbers  are  those,  whose  difference  is  2, 
and  the  difference  of  their  cubes  98  ?  Ans.  3  and  S. 

4.  What  two  numbers  are  those  whose  sum  is  6,  a«:d  the 
sum  of  their  cubes  f  2  ?  Ans.  2  and  4. 

5  What  two  numbers  are  thosei  whose  product  is  30,  and 
the  difference  of  their  cubes  61  ?  Ans  4  and  5. 

6.  To  divide  the  number  1 1  imo  two  such  parts,  that  the 
product  of  their  squares  may  be  784-  Ans.  4  and  7. 

7.  To  divide  the  number  5  into  two  such  parts,  that  the 
sum  of  their  alternate  quotients  may  be  i|,  thttt  is  of  the  two 
quotients  of  each  part  divided  by  the  other*  • 

Ans.  i  and  4. 

8.  To  divide  13  into  two  such  partSf  that  their  product  majr 
be  equal  to  8  times  their  difference.  Ans.  4  and  8. 

9.  To  divide  the  number  10  into  two  such  parts,  that  the 
square  of  4  times  the  less  partf  may  be  113  more  than  the 
square  of  3  times  the  greater.  Ans.  4  and  6^ 

10  To  find  two  numbers  such,  that  the  sum  of  their 
squares  may  be  89,  and  their  sum  multiplied  by  the  greater 
may  produce  104.  Ans.  S  aod  8. 

11.  What  number  is  that,  which  being  divided  by  the 
product  of  its  two  digits,  the  quotient  is  si ;  but  when  9  is 
subtracted  from  it,  there  remains  a  number  having  the  same 
digits  inverted  ?  >  Ans.  32. 

12.  To  divide  30  into'  three  parts,  such  that  the  continual 
product  of  all  three  may  b^  370,  and  that  the  difference  of  the 
firbt  aiid  second  may  be  3  leas  than  the  difference  of  the  second 
and  third.  Ans.  5, 6, 9. 

13.  To  find  three  numbers  in  arithmetical  progression, 
such  that  the  sum  of  their  squares  may  be  56,  and  the  sum 
arising  hf  adding  together  3  times  the  first  and  3  times  the 
second  and  3  times  tiie  third,  may  amount  to  38. 

Ans.  3,  4,  6. 

14.  To  divide  the  number  13  in|p  three  such  parts,  that 
their  squares  may  have  equal  differences,  and  that  the  sum 
of  those  squares  may  be  75,  Ans.  1, 5,  7. 

15.  To  find  three  numbers  having  equal  differences,  so 
that  their  sum  may  be  13,  and  the  sum  of  their  fourth  powers.  i^\ 
962.  '  Ans.  3, 4, 5.   .  V 

16.  To  find  three  numbers  having  equal  differences,  and;^^ 
such  that  the  square  of  the  least  added  to  the  product  of  th^-^ 
two  greater  may  make  28,  but  the  square  of  the  greatest  added 

to  the  product  of  the  two  less  may  make  44. 

Ans.  3,  4,  6. 
17.  Three 


f 
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17.  Three  merchants)  a«  b,  c,  on  comparinj^  their  gains 
findi  that  among  them  all  they  have  gained  1444/. ;  and  that 
B*s  gidn  added  to  the  square  root  of  a's  made  930/  ;  but  if 
added  to  the  square  root  of  o*s  it  made  913.  What  were 
their  several  gains  ?  Ans.  a  400,  b  900,  c  144. 

18.  To  find  three  numbers  in  arithmetical  progression,  so 
that  the  sum  of  their  squares  shall  be  93  ;  also  il  the  first  be 
iDuJtiplied  by  3,  the  second  by  4,  and  the  third  by  5»  the  sum 
of  the  products  may  be  66.  Ans  3,  5>  8« 

19.  To  find  four  numbers  such,  that  the  first  may  be  to  the 
Second  as  the  third  to  the  fourth  ;  and  that  the  first  may  bo 
to  the  fourth  as  1  to  5  ;  also  the  second  to  the  third  as  S  to  9  ^ 
and  the  sura  of  the  second  and  fourth  may  be  30. 

Ans.  3,  5, 9,  15, 

30.  To  find  two  numbers  such  that  their  product  added  to 

their  sum  may  make  47,  and  their  sum  taken  from  the  sum 

of  their  squares  may  leave  63.  Ana.  5|  and  7. 
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RESOLUTION  OF  CUBIC  AND  HIGHER 

EQUATIONS. 

A  Cubic  Equaticm,  or  Equation  of  the  3d  degree  or 
power,  is  one  that  contains  the  tnird  power  of  the  unknown 
quantity.     As  a? ^  —  ax*  +  Ax  aa  c. 

A  Biquadratic^  or  Double  Quadratic,  is  an  equation  that 
contains  the  4th  PoweVpf  the  unknown  quantity : 
As  ar*  —  ax^  +  Ajf^  — tjc  «a  rf. 
An  Equation  of  the  5th  Power  or  Degree,  is  one  that  con* 
tains  the  5  th  power  of  the  unknown  quantity : 

As  jc*  —  ax^  +  bx*  —  ex*  -f-  <f x  ■■  e. 
And  so  oni  for  all  other  higher  powers.     Where  it  is  to 
be  noted,  however  that  all  the  powers,   or  terms  in  the 
equation,  are  supposed  to  be  freed  from  surds  or  fractional 
exponents. 

There  are  many  particular  and  prolix  rules  usually  given 

for  the  solution  of  some  of  the  above-mentioned  powers 

or  equations.     Bu:  they  may  be  all  readily  solved  by  the 

JJoUowln^  easy  rule  of-  Double  Position*  sometimes  called 

WTnal-and-error.         ^ 

HULE. 

i.  Find,  by  trial,  two  numbers,  as  pear  the  true  root  as 
you  can,  and  substitute  ihem  separately  in  the  given  equdtion, 
instead  of  the  unknown  quantity ;  and  find  how  much  the 

Vet.  I.  L I  terms 
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terms  collected  together,  according  to  their  ugns  +  or  -»^ 
differ  from  the  absolute  known  term  of  the  equation^  markiog 
whether  these  errors  are  in  excess  or  defect* 

2.  Multiply  the  difference  of  the  two  numbers,  found  or 
taken  by  trial,  by  either  of  the  errors,  and  divide  the  pro* 
duct  by  the  ^iifference  of  the  errors,  when  they  are  aiike^ 
but  by  their  sum  when  they  are  unlike.  Or  say,  As  the 
difference  or  sum  of  the  errors,  is  to  the  difference  of  the 
two  numbers,  so  is  either  error  to  the  correction  of  its  sup- 
posed number. 

3.  Add  the  quotient,  last  found,  to  the  number  belonging  to 
that  error,  when  its  supposed  number  is  too  little,  but  subtract 
it  when  too  greaty  and  the  result  will  giro  the  true  root 
nearly. 

4.  Take  this  root  and  the  nearest  of  the  two  former,  or 
any  other  that  may  be  found  nearer ;  and,  by  proceeding  ia 
like  manner  as  above,  a  root  win  be  had  still  nearer  than 
before.    And  so  on  to  any  degree  of  exactness  required. 

^bte  !•  It  is  best  to  employ  always  two  assumed  numbers 
that  shall  differ  from  each  other  <»ily  by  unity  in  the  last 
figure  on  the  right  hand ;  because  then  the  difference,  or 
multiplier,  ia  only  I.  It  ia  also  best  to  use  always  the  least 
error  in  the  above  operation. 

M>te  3.  It  will  be  convenient  also  to  begin  with  a  single 
figure  at  first,  trying  several  single  figures  till  there  be  found 
the  two  nearest  the  truths  the  one  too  little,  and  the  other 
too  great  ^  and  in  working  with  them,  find  only  one  more 
figure.  Then  substitute  this  corrected  result  in  the  equatioo^ 
for  the  unknown  letier,  and*  if  the  result  prove  too  littley 
substitute  also  the  number  next  greater  for  the  second  sup* 
position;  but  contrarywise,  if  the  former  prove  too  great, 
then  take  the  next  less  number  for  the  second  supposition  s 
and  in  working  with  the  second  pair  of  errors^  continue  the 
quotient  only  so  far  as  to  have  the  corrected  number  to  four 
places  of  figures.  Then  repeat  the  same  process  again  with 
this  last  corrected  number,  and  the  next  greater  or  less,  aa 
the  case  may  reqiure,  carrying  the  third  corrected  number 
to  eight  figures;  beotuse  each  new  operation  commonly 
doubles  the  number  of  true  figures.  And  thus  proceed  t» 
any  extent  thavmay  be  wanteds  •   « 


EXAMPt£9. 

Ex.  1.  To  find  the  root  of  the  cubic  equation  r*  +  «•  ■+• 
X  SB  iOOp  or  the  value  of  or  in  it^ 

Here 


V 
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S4I9 


^ere  it  is  sood  found  that 
X  lies  between  4  and  5.  As- 
same  therefore  these  two  num- 
bers, and  the  operation  will  be 
as  follows: 

1st  Sup.  3d  Sup. 

4        -        «        -  5 

16         -X*      - 

64         -         x»      - 

84        -    sums 
100     but  should  be. 


—  16 


-    errors    - 


+  SS 


the  sum  of  which  is  71. 
Then  as  71  .1  i-  16:  -2. 
Hence  :r  ^b  4  ?  nearljr. 


Again,  suppose  4*2  and  4  3 1 
and  repeat  the  work  as  fol« 
lows : 


1st  Sup. 
4-2 
17-64 
74  088 

95-928 
100 


sums 


2d  Sup. 
4-3 
18  49 
79-507 

102'297 
100 


—4072      errors     +  2  297 


the  sum  ef  which  is  6-369* 
As  6  369  ;  1  :  :  2*297  :  6036 
This  tdken  from     -    4  300 


Jeavea  x  nearly  k  4-264 


Again,  suppose  4-264,  and  4*265,  and  work  as  follows 


4264 
18  181696 
77  526752 

99  972448 
100 


sums 


4-265 
18' 190225 
77-58 13-0 

100036535 


—0*027552         -     errors      -  -f  0  036535 

the  suip  of  which  is  '064087. 
Then  as  064087  :  -001  :  ;  -027552  :  0*0004299 
To  this  adding        -        4-264 


gi^es  jr  ye^  nearly  «a  4*2644299 


The  work  of  the  exami^  above  might  hate  been  much 

shortened,  by  the  use  of  the  Table  of  Powers  in  the  Arith* 

ipetict  which  would  have  given  two  or  thre^  figures  by  in* 

spection.    Bat  the  example  has  been  worked  out  so  particu- 

'  larly  as  it  is,  the  better  to  show  the  method. 

Ex.  2.  To  find  the  root  of  the  equation x^  ^  |5  x*  +  63  a? 
a  50,  or  the  value  of  x  in  it. 
Here  k  soon  appears  that  x  is  Tery.  little  abovo.  1. 

S^uppose 


L 


«• 
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Suppose  therefore  1*0  and  Vi 
and  work  as  foUoWtt  • 


l-O  . 


X     - 


M 


63  0  ' 
—  15 

• 

63x 
—  15x» 

sums 

errors 
%uin  of 
l«v-l: 

V 

.      69-3 
—  iSI5 
1  33L 

49      - 
50 

• 

3-481 
A»348l: 

• 

.      52  481 
50 

.    Hh2  481 
the  errors. 
•03  correct 
I'OCi 

Agiioy  suppose  the  two  num- 
bers 1  03  and    1-02.  kc.  as 
follows  * 
103     -         jc    -  1-02 


64-89     -     63Jr      64-2<> 
—  I5  9l3f  ^iSx*  -*i5*6060 
109^727      x»      l«0612O8 


50  069227  sums  49-7)520S 
50  50 


Hence  jm  1  03  nearly 


4-069227  errors  —-284792 
•284792 


\s     054019  :  -01  :  :  •069227  : 

-00 1 9  555, 
This  taken  from       1  -03 

leaves  x  nearly  m  i-02ho4 


Note  3.  Erery  equation  has  as  many  roots  as  U  contains 
dimensions,  or  as  there  are  units  in  the  index  of  its  highest 
power.  That  is*  a  simple  equation  has  only  one  yalue  of 
the  root ;  but  a  quadratic  equation  has  two  values  or  rootSi 
a  cubic  equation  has  three  roots^  a  biquadratic  equation  has 
four  roots,  and  so  on. 

And  when  one  of  the  roots  of  an  equation  has  been  found 
hf  approximation,  as  above,  the  rest  may  be  found  as  follows* 
Take,  for  a  dividewlf  the  given  equation,  with  the  known 
term  transposed,  with  its  sign  changed,  to  the  unknown  side 
of  the  equation  ;  and,  for  a  divisor,  uke  x  minus  the  root 
just  found.  Divide  the  said  dividend  by  the  divisor,  and 
the  quotient  will  be  the  equation  depressed  a  degree  lower 
than  the  given  one. 

Find  a  root  of  this  new  equation  by  approximation,  as 
before,  or  otherwise,  and  it  t^ill  be  a  second  root  of  the 
original  equation.  Then,  by  means  of  this  root,  depress 
the  second  equation  one  degree  lower,  and  from  thence 
find  a  third  root,  and  so  on,  till  the  equation  be  reduced  to 
a  quadratic  ;  then  the  two  roou  of  this  being;  'found,  by  the 
method  of  completing  the  square,  they  will  make  up  the  re- 
inainder  of  the  roots.  Thus  in  the  foregoing  equauqn,  hav* 
ing  found  one  root  to  be  1*02804,  connect  it  by^  minus  with 
X  for  a  divisor,  and  the  equation  for  a  dividend,  5cc.  as 
follows: 

JF—  1*02804)  «S  ^  i5x«  +  63ap  —  50  (x«  —  13  97196^:  + 

48-63627  a  *0 

Then 


-^ 

x 
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Then  the  tiro  roots  of  this  quadratic  equation,  or  —  —  — 
X*  —  13*97196  X  sa  ^  48  63637,  by  completing  the  square, 
are  6*57653  and  7*39543,  which  are  also  the  other  two 
roots  of  the  given  cubic  equation.  So  that  all  the  three 
roots  of  that  equation,  viz.  x*  —  15  x*  -{.  63;r  wa  50. 

•'^  'I'^^f^Jland  the  sum  of  all  the  roots  is  found  to  be 
•JJ°;^J;^f:#  15,  being  equal  to  the  coefficient  of  the 
and7'3954ol  gj^^y^  ^f^jj^  equation,  which  the  sum  of 

.  *  .x^vru^A  ***®  «>oto  always  ought  to  be,  when  they  are 
sam  I  ^^^^'""^^m  right. 

Note  4.  It  is  also  a  particular  advantage  ef  the  foregoing 
mle»  that  it  is  not  necessary  to  prepare  the  equation,  as  for 
pther  rules,  by  reducing  it  to  the  usual  final  form  and  state 
of  equations.  Because  the  rule  may  be  applied  at  once  to  an 
unreduced  equation,  though  it  be  ever  so  much  embarrassed 
by  surd  and  compound  quantities*  As  in  the  following  ex- 
ample: 

Ex.  3.  Let  it  be  required  to  find  the  root  jr  of  the  equation 

^  I44a:»  —  U«  +  UO)*  -J-  ^  196a:*  -(«*  -h  24;«  «  114,  Of 
the  value  of  X  in  it 

By  a  few  trials,  it  b  soon  found  that  the  value  of  x  is  but 
little  above  7.  Suppose  therefore  first  that  x  is  =  7,  and 
then  X  OB  8. 

First,  when  x  oa  7.  Second,  when  xm8* 


47-906     -     V  i*^*  -  i^^  +  ^)* 
65-384    .     ^  196x»  —  (x»  +  34)* 

-  46-476 

-  69-388 

113-390    -    the  sums  of  these 
114-000    •    the  true  number 

115  759 

114  000 

—0-710    •    the  two  errors 
+  1759    • 

+  1-T59 

^ 

;As2469;  Ic»0-710  s0*3near]j 

70 

*  Therefore  x  =s  7*3  nearif 

Suppose  again  x  ■■  7*3 ,  and  then^  because  it  turns  out  too 
gr^  suppose  x  also  «  7«l,  8cc.  as  follows : 

Supp, 


^  I 
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Supp*  ^  »  f*%  Supp.  or  tt  f  - 1 

47-990    •  i/  I44x«  -  (z»  +  20)*  -     47-973 

66*402     -  ^  I96jc«  —  (x*  +  34)«  -     65*904 


114  392    -    the  sums  of  these  ..         113-877 

114*000    -    the  true  number  *        11 4-000 


4-0*393    -    the  two  errors  .        -.o-iiS 

0*123  ■ 


As      515  s  •!  :  2  •133  :  -034  the  Correction, 

7  100  add 


Therefore  jr  «  7'124  nearly  the  root  required. 

Note  5.  The  same  rule  also  among  oth^r  more  difficult 
Forms  of  equation)  succeeds  very  well  in  what  are  called 
exponential  ones,  or  those  which  have  an  unknown  quantity  in 
the  exponent  of  the  power ;  as  in  the  following;  example  : 

£x.  4.    To  find  the  value  of  or  in  the  exponental  equation 

X 

X      sac    IQO. 

For  more  easily  resolving  such  kinds  of  equations,  it  is 
convenient  to  take  the  logarithms  of  them,  and  then  com- 
pute the  terms  by  means  of  a  table  of  logarithms.  Thus, 
the  logarithms  of  the  two  sides  of  the  present  equation  are 
»  X  log  of  X  CB  2  the  log  of  100.  Then,  by  a  few  trials,  it  is 
soon  [)erceived  that  the  value  of  x  is  somewhere  between  the 
two  numbers  3  and  4,  and  indeed  nearly  in  the  middle  between 
them,  but  rather  nearer  the  latter  than  the  former.  Taking 
therefore  first x  es  3 '3,  and  theu  pa  36,  and  working  with 
the  logarithms,  the  operation  will  be  as  follows : 


First  supp.  X  OB  3-5. 

Log.  of  3-5  ea  0*544068 
then  3-5  X  log.  3  5  ca  1  904238 
the  true  number  3*0Q0000 


Second  Supp.  x  as  3-6. 
Log.  of  3*6  e  0-556303 
then  3*6  x  log.  3*6  «  3*002689 
the  true  number  2  oooooo 


error^  toolittley  ^-095762 

•0026891 


error,  too  great  -f -002689 


•098451  sumoftheerrofrs.    Then, 

As  *098451  s  *1 : :  -002689  s  0*00273  the  correction 

taken  from  3-60000 


leaves    •    3*59727  sa  9  nearly. 

"^i^mmmm^^m  Qn 
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On  trial,  (his  is  fbuDd  to  be  a  veiy  small  matter  t«o  little. 
Take  therefore  again>  j?  «,  3-59737,  and  next  =  3'5972a,  and 
repeat  the  operation  as  follows  t 


First,  Supp.  X  =  3-59727. 
Log.  of  3  59727  is  0  555973 
3-5Sf727  X  lofc. 

ot   3-59727  »   1  9999854 

the  true  numbers  0000000 


Second)  Supp.  x  =  3.59728 
Log.  of  3  59728  is  0*555974 
3  59728  X  l''J?. 

of  3  59728  =  1*9999953 
the  true  number  2*0000000 


error,  too  little,  —0  0000146   error,  too  little,  -^0*0000047 

—00000047  I 


00000099  diff. of  the  errors.    Then, 
As  0000099  :  '00001  :  :   0000047  :  -0000' 474747*  the  cor. 

added  to        -         3-59728000UOO 


gives  nearly  the  value  o£  tp  tsa  3.59728474747 

Ex.  5.  To  find  the  yaiue  of  a:  in  the  equation  or^  +  Iojc* 
^4-  6x  afei  266.  Ans.  X  »  4'  1 1 79857. 

£z.  6.  To  find  the  value  of  x  in  the  equation  x^  — 2x  ss  so 

Ans.  3.8648854* 


im 


*  The  Author  has  here  followed  the  general  rule  in  finding  as  manf 
additional  figures  as  were  known  before  :  viz.  The  6  fibres  3*59728, 
but  as  the  logarithms  here  used  are  to  6  places  only,  we  cannot  de- 
pend on  more  than  6  figures  in  the  answer  ;  we  have  no  reason, 
therefore,  to  suppose  any  of  the  figures  in  -00000474747,  to  be 
correct- 

The  log.  of  3*59728  to  15  places  is  055597 424 >1  34677 
the  log.  of  3*59727  to  15  places  is  0*65597  30358  47267 
which  logarithms  multiplied  by  their  respective  numbers  give  the  £<4r 
f»wnDf  products : 

1-99999  50253  435127   k«*k  ♦^.^  ♦^  ♦k^  i^  «- 
1-99998  51226  62298  J  both  true  to  the  last  figure* 

Therefore}  the  errors  are        *       -       -       49746  56488 

and        -        -      •-     148773  37702 
and  thtdifi'erence  of  errors       .        «       .      99026  81214 

Now  since  only.  6  additional  figures  are  to  be  obtained,  we  may  omit 
th^  last  three  figures  in  these  errors  >  and  state  thus :  as  diff.  of  errors 
9902681  ^  diflT.  of  sup.  1 : :  error  4974656 :  the  correction  502354,  which 
tButeil  to  9  59728  gives  us  the  true  value  ofxesz  3*59728502354. 

Ex.  7. 
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Ex.  7.  To  find  ^the  value  of  ^  in  the  equation  V*  -f  lUr^ 
.^33  X  n  70.  Ana.  x  =^5  1345T. 

Ex.  8.  To  find  the  value  of  x  in  the  equation  x'  —  17  x>* 
^  Six  s  350.  Ans.  x  s=  14'95407« 

Ex.  9.  To  find  the  value  of  x  in  the  equation  x«  —  3jr* 
mm  75jr  s  10000.  Ana  x  »  I0-2609. 

Ex.  10.  To  find  the  value  of  x  in  the  equation  2x^  —I6x 
-).  40x*  —  3ar  mm  —  1.  Ans.  x  m  I-284734. 

Ex.  1 1.  To  find  the  value  of  x  in  the  equation  x*  +  2x« 
4-  3xs  +  4x*  +  5x  OB  54331.  Ans.  x  n  8*41 4455* 

Ex  12.    To  find  the  value  of  x  m  the  equation   x     m» 
123456789.  Ans.  x  ■«  8  8400268* 

Ex.  13.  Given  2x   —  7x«  -f  1  lx>  --*  3x  «■  U,  to  find  x. 
Ex.  14.  To  find  the  value  of  x  in  the  equation 

(3x^  —  3  V  '  +l)^-(«*  -*4xVx  +  3^x)^«b56. 

Ans.  X  sfe  18-360877. 


To  re$oive  Cubic  EquoHqm  by  Carden^a  Rule, 


Though  the  foregobg  general  method^  by  the  application 
of  Double  PoftitioHi  be  the  readiest  vayi  in  real  practiee,  of 
finding  the  roots  in  numbers  orcubic  equations,  as  well  aa  of 
all  the  higher  equations  universally,  we  may  here  add  the 
particular  method  commonly  called  Garden's  Rule,  for  re- 
solving cubic  equations,  in  case  any  person  should  chooso 
occasiooallf  to  employ  that  method. 

The  form  that  a  cubic  equation  must  necessarily  have  to^ 
be  resolved  by  this  rule,  is  this,  vix.  z^  +az  B»df  that  is» 
wanting  the  second  term,  or  the  term  of  the  M  power  z*. 
Therefore,  after  any  cubic  equation  has  been  reduced  down 
to  ite  final  usual  form,  x*  -f  fix^  +  gx  m  r^  freed  from  the 
coefficient  of  its  first  term,  it  will  then  be  necessary  to  take 
away  the  2d  term  fix* ;  which  is  to  be  done  in  this  manner : 
Take  |^  or  j.  of  the  co-efficient  of  the  second  term,  and 
annex  it,  with  the  contrary  sign,  to  another  unknown  letter 
r,  thus  z—  jA  t  ^cn  substitute  this  for  x^  the  unknown  letter 
in  the  original  equation  x*  +  fix*  +  qx  a  r,  and  there  will 
result  this  reduced  equation  z^  -f  az  ■»  6,  of  tb^  form  proper 
for  applying  the  following,  or  Cardenas  inile.  Or.  uke  : 
c  ■«  io,  and  d  «■  ^,  by  which  the  reduced  equation  takes 
4hi8  K>rm  z^  i-  3c  z  n  2<f. 

Then 
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y 

Then  substitute  the  values  oF  c  a^nd  d  in  thU 

form  z  ':=  ^d-j-^  ^^d'  +  c3)  +  i^d^^  U*  +  c^), 

c 


and  the*  value  of  the  root  r,  of  the  reduced  equation  r*  + 
az  =  d,  will  be  obtained.  Lastly,  lake  x  =  z  —  ^^,  which 
will  give  ihe  value  of  x",  the  req-iired  root  of  the  original 
equation  x^  +  fia:^  +  yx  =:  r,  first  proposed. 

One  root  of  this  equation  being  thus  obtained,  then  de- 
pressing the  original  equation  one  degree  lower,  after  the 
munner  described  p.  260  and  261,  the  other  two  roots  of 
that  equation  will  be  obtained  by  means  of  the  resulting 
quadratic  equation. 

Myte.  When  the  co-efficient  a,  or  c,  is  negative,  and  c*  i» 
greater  than  d^^  this  is  called  the  irreducible  case,  because 
then  the  solution  cannot  be*  genert^IIy  obtained  hy  this  rule. 

Ex.  To  find  the  roots  of  the  equation  a:*— ex*  +  10-^  =  8- 

First,  to  take  away  the  2d  term,  its  co-efficient  being  -«  6| 
its  3d  part  is  —  2  ;  put  therefore  x  =.  z  +  2;  then 

xs  =  z»  +  62»  +  I2z  -f  8 
-«6r«  =«       -—  6z*  —  24z  ~  24 
+  I0x=  .       +  lOz^.  20 

theref.  the  sum  z^      :^      —  2z  +  4==8 
or  z3       ifc       —  2z  =  4 
Here  then  a  =  —  2,  ft  ~  4,  c  =  --  |,  rf  =  2. 


Theref.  j^tf  H-VC^^'-f  c3)==j.2  +\/(4-,V)=^2  +  v»^o-j| 

^^  +.'?   V  ^  =  1  57735 

and  j.rf-v/(c/»+7i)=^2-v(4-^)=j^2-  v/^<>aei 

^2  —   y>  v  3  *«  0-42265 
then  the  sum  of  these  two  is  the  value  of  r  =  2.     ' 
Hence  x  =  z  -f-  2  =  4,  one  root  of  x  in  the  eq.  x^  —  dr*  + 
lOo:  =  8. 
To  fitid  the  two  other  reots,  perform  the  division,   Sec.  as 
in  p.  261,  thus: 

X  ~4)x»  .-^  6x^+  10x-8(ap«-*  fix +2  =»  Q 


■•'  -?i:»+  lOx 
,    •.'      \^2x^  4-    8x 

"  ■■     ■  I  I   ■  ■  ■   ■ 

.  2x  —  a 

2x  — 8 

Vot.  L  Mm  Hcncm 


266  ALGEBRA. 

Hence  x*  -  2jr  =  —2,  or  a:*—  Sjc  +  I  sss  -  l,and  a:  —   1 

oihcr  sought, 

Ex.  2.  To  find  the  roots  of  :r»  —  9x*  +  28^  =  SO. 

Ans.  J?  =  3,  or  =  3  +  V  -*  I5  o«*  =  ^  -  \/  —  i. 
Ex.  3.  To  find  the  roots  of  x»  —  Tx*  +  14ac=  20. 

Ans.  X  ==  5,  or=  I  +\/  —  3,ors=l  -  •  —  3* 


OF  SIMPLE  INTEREST. 

As  the  interest  of  any  sum,  for  any  time,  is  directly  pro- 
portional to  the  principal  sum,  and  to  the  time ;  therefore 
the  interest  of  1  pound,  for  I  year*  being  multiplied  by  any- 
given  principal  sum,  and  by  the  lime  of  its  forbearance,  in 
years  and  parts,  will  give  its  interest  for  that  time.  That  is, 
if  there  be  put 

r  =  the  rate  of  interest  of  I  pound  per  annum^ 
fi  z=z  any  principal  sum  lent, 
t  =  the  time  it  is  lent  for,  and 

a  i=  the  amount  or  sum  of  principal  and  interest ;  then 
is  /irt  =  the  interest  of  the  sum  /i,  for  the  time  r,  and  conscq. 
fi  -j-  firt  or  fi  X  {i  +  rt)  =  aj  the  amount  for  that  time. 

From  this  expression,  other  theorems   can  easily  be  de- 
duced, for  finding  any  of  the  quantities  above  mentioned  ^ 
^hich  theorems  collected  together,  will  be  as  below : 
1st,  a  =sifi  +  firty  the  amount, 

a 
2d,  fi  =  -,  the  principal, 

1  +  re 
'  a^fi 
3d,  r  =  ,  the  rate, 

fit 

a^-fi 

4th,  t  = ,  the  time. 

i^or  Examfile.  Let  it  be  required  -to  .find,  in  what  time 
any  principal  sum  will  double  itself,  at  anf .  rate  of  simple  in- 
terest. 

In  this  case,  we  must  use  the  first  theorem,  a  =  /i  +  fittj 
in  which  the  amount  a  must  be  made  =?  S/^.rpr  Hiouble  the. 
principal,  that  is,  A  +  firt  =  2/i,  or  firt  =r>,  ol"  rx  =a  1  5  and 
1  .  / 

hence  tz=-  — . 

r  Here, 


V 


< 


^, 


V-.-. 
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Mere,  r  being  the  interest  of  1/.  for  1  year,  it  folIowS)  that 

•  the  doubling  at  simple  interest,  is  equal  to  the  quotient  of 

any  sum  divided  by  its  interest  for  1  ye**.     So,  if  the  rate  of 

interest  be  5  per  cent,  then  100  -f-  5  «=  20,  is   the  time  of 

tdoubling  at  that  rate. 

Or  the  4ch  theorem  gives  at  once  • 

a^fi       3/i— 7*       2  —  1         1 

/  c= -3,  ■  ssa »  — ,  the  same  as  before. 

fir  ftr  r  r 


COMPOUND  INTEREST. 

Besides  the   quantities   concerned    in    Simple  Interest 
Mamely, 

p  s=  the  principal  sum, 
r  =  the  rate  oi  interest  of  I/-  for  I  year, 
a  ss  the  whole  amount  of  the  principal  and  interest, 
t  S3  the  time, 
there  is  another  quantity  employed  in  Compound  Interest, 
viz.  the  ratio  of  the  rate  of  interest,  which  is  the  amount 
•  of  W.  for  1  time  of  payment,  and  which  here  let  be  denoted 
by  R,  viz. 

R  =  1  -I-  r,  the  amount  of  1/.  for  I  time. 
Then  the  particular  amounts  for  the  several  times  may  be 
thus  computed,  yiz    As  W.  is  to  its  amount  for  any  time,  so  is 
any  proposed  principal  sum,  to  its  amount  for  the  same  tim»  5 
that  is,  as 

1/.  :  R:'fi        :AR,   the  1  st  year's  amount, 
1/. :  R  :  :/iR    '-fiR^i  the  2d  year's  amount, 
1/.  :  R  :  :fiR*  ifiR^,  the  3d  year's  amount, 
and  so  on. 
Therefore,  in  general,  ^R<  =s  a  is  the  amount  for  the  /  year, 
or  t  time  of  payment.    Whence  the  following  general  theo- 
I  "^  rems  are  deduced  : 

1st,  a  fis  fiRt,  the  amount, 

2d,/i  sa  — ,the^principal, 
R«    :. 

Sd,  R  s.  v"  — ,  the  ratio, 

log.  of  a  —  log.  of /^ 
4thi  /  ffls  -— — — ^— -,  the  time. 

log.  of  R 

From 
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From  which,  any  one  of  the  quantities  may  be  found,  when 
the  rest  are  ^iven. 

As  10  the  M  bole  interest,  it  is  found  by  barely  subtracting 
the  pnocip^il  /i  from  the  amount  a. 

ExamfiU.  Suppb'se  it  be  required  to  find,  in  how  many 
years  any  principal  ^uro  will  double  itbeit,  at  any  proposed 
rate  of  compound  interest 

In  this  case  the  4th  theorem  roust  be  employed,  making 
atsz2fii  and  then  it  is, 

log.  a — log.  t^       log.  2ti  -  log.  /i       log-  2 

t  » » =  _ . 

.  log.  R  log.  R  log   R 

So,  if  the  rate  of  interest  be  5  per  cent,  per  annum  j  then 
B  =  1  +  *05  as  1  05  ;  and  hence 
log.  2  -301030 

/  -s -3 — :  14  2067  nearly  ; 

log.  1  05         021189 
that  is,  any  sum  doubles  itself  in  14^  years  nearly,  at  the  rate 
of  5  per  cent,  per  annum  coijipound  interest. 

Hence,  and  from  the  like  quesiiorv  in  Simple  Interest^ 
above  given,  are  deduced  the  times  in  which  any  sum  doublea 
itself,  at  several  rates  of  interest,  both  simple  and  com- 
pound ;  viz. 


Af 
2 

H 

3 

41 

5 
6 
7 
8 
9 
10 


f  At-Simp.  Ini. 


per  cent,  per  annum 

interest,    \l.    or  any 

>    other  sum,  will 

double  itself  in  the 

following  years. 


At  Couip.  Int. 


in  35  00;68 
28  0701 
23*4498 
20-1488 
17-6730  M- 
15  7473  2 
14-2067? 
11-8957 
10-2448  * 
9-0065 
80433 
7-2725 


*• 

A 


The 
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The  following  Table  will  very  much  facilitate  calculations 
of  Gompound  interest  on  any  suni>  for  any  number  of  years, 
at  various  rates  of  interest. 


The  Amount  A  of  I/,  in  any  Number  of  Years. 


Yi-. 

1 

3 

34 

4 

44    . 

5 

6 

10300 

1-0350 

1  0400 

10450 

1*0500 

10600 

2 

10609 

10712 

1-0«16 

1  o9;o 

11025 

M236 

3 

1-0927 

1  1087 

1-1249 

11412 

M576 

1  1910 

4 

1  1255 

11475 

11699 

11925 

i-2155 

1-2625  1 

5 

1  1593 

11877 

1-2167 

1-2462 

1-2763 

1-3382 

6 

t  1941 

1-2293 

1-2653 

1-3023 

1-3401 

1-4185 

7 

1-2299 

1-2723 

1-3159 

1-3609 

14071 

15036 

8 

1-2668 

13168 

1-3686 

14221 

14775 

15939 

9 

r3048 

1-3629 

1-4233 

14861 

1-5513 

1  6895 

10 

13439 

14106 

1-4802 

15550 

1-6289 

17909 

11 

1-3842 

l-46»0 

1-5895 

1  6229 

l-7i03 

18983 

12 

l-425a 

15111 

160i0 

16959 

1-7959 

20122 

13 

1-4685 

15640 

16651 

1-7722 

18856 

21329 

14 

1-5126 

V6187 

17.317 

1-8519 

19799 

2-2609 

15 

t5580 

16753 

1-8009 

19353 

2Q789 

2  3966 

16 

1-6047 

17340 

1*8730 

2  0224 

2-i829. 

2-5404 

17 

1-6528 

1-7947 

19479 

21134 

2-29  iO 

2-6928 

18 

1-7024 

1  8575. 

2  0258 

2-2085 

2-4066 

2-8543 

19 

17535 

19225 

2-1068 

2  3079 

2-5270 

3  0256 

20 

18061 

1-9898 

21911 

2  4117 

2-6533 

\  3  2071 

The  use  of  this  Table,  which  contains  aU  the  powers,  Rt, 
to  the  20ih  power,  or  the  amounts  of  XL  is  chiefly  to  calculate 
the  interest,  or  the  amount  of  any  principal  sum,  for  any  time, 
not  more  than  20  years. 

For  example,  let  it  be  required  to  find,  to  how  much  523/. 
-will  amount  in  15  years,  at  the  rate  of  5  per  cent,  per  annum 
compound  interest. 

In  the  table,  on  the  line  15,  and  in  the  column  5  per  cent, 
is  the  amount  of  XL  viz.  •         -         2*0789 

this  multiplied  by  the  principal  -  523 

gives  thei  amount  ...         1087*3647 

or  -     "    -         -         1087/.  5*.  3*  rf. 

and  therefore  the  interest  is      -         -  564/»  5*.  34^. 

JVbt.e,  1 .  •  When  the  rate  of  interest  is  to  be  determined  to 
any  other  time  than  a  year  ;  as  suppose  to  ^  a  year, 'or  \  a 
year,  &c ;    the  rules  are  still  the  same ;.  but  then  t  will 

express 
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express  that  timei  and  r  must  be  taken  the  amount  for  that 
time  also. 

Kote  2.  When  the  compound  interest,  or  amount,  of  anf 
sum,  is  required  for  the  parts  of  a  year ;  it  may  be  deter* 
mined  in  the  following  manner : 

l«r,  For  any  time  which  is  some  aliquot  part  of  a  year  :-* 
Find  the  amount  of  W.  for  1  year,  as  before;  then  that 
root  of  it  which  is  denoted  by  the  aliquot  part,  will  be  the 
amount  of  1/.  This  amount  being  multiplied  by  the  prin- 
cipal sum,  will  produce  the  amount  of  the  given  sum  as 
required. 

2<f,  When''  the  time  is  not  an  aliquot  part  of  a  year  ••** 
Reduce  the  time  into  days,  and  take  the  365 th  root  of  the 
amount  of  I/,  for  1  year,  which  will  give  the  amount  of  the 
same  for  1  day.  Then  raise  this  amount  to  that  power 
whose  index  is  equal  to  the  number  of  days,  and  it  will  be 
the  amount  for  that  time.  Which  amount  being  multiplied 
by  the  principal  sum,  will  produce  the  amount  of  that  sum 
as  before.— And  in  these  calculations,  the  operation  by  loga- 
rithms will  be  very  useful. 


OF  ANNUITIES. 

AKKtriTT  is  a  term  used  for  any  periodical  income, 
arising  from  money  lent,  or  from  houses,  lands,  salaries, 
pensions.  Sec.  payable  from  time  to  time,  but  mostly  by 
annual  payments. 

Annuities  are  divided  into  those  that  are  in  PossessioUi 
and  those  in  Reversion :  the  former  meaning  such  as  have 
commenced  ;  and  the  latter  such  as  will  not  begin  till  some 
particular  event  has  happened,  or  till  after  some  certain 
time  has  elapsed. 

When  an  annuity  is  forbom  for  some  years,  or  the  pay- 
ments not  made  for  that  time,  the  annuity  is  said  to  be  in 
Arrears. 

An  annuity  may  also  be  for  a  certain  number  of  years; 
or  it  may  be  without  any  limit,  and  then  it  is  called  a  Per- 
petuity. 

The  .^mount  of  an  annuity,  forbom  for  any  number  of 
years,  is  the  sum  arising  from  the  addition  of  all  the  annui- 
ties for  tha^  number  of  years,  together  with  the  interest  due 
xipon  e^h  after  it  becomes  due. 

■•'"^^'-  The 
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The  Present  Worth  or  Value  of  an  annuity,  is  the  price  or 
sum  which  ought  to  be  given  for  it>  supposing  it  to  be  bought 
off;  or  paid  all  at  once. 

Let  a  SB  the  annuity,  pension,  or  yeariy  rent ; 
n  as  the  number  of  years  forbom,  or  lent  for ; 
R  ==  tlie  amount  of  U.  for  I  year ; 
msa  the  amount  of  the  annuity ; 
V  =  its  value,  or  its  present  worth. 
Now,  1  being  the  present  value  of  the  sum  &,  by  propor- 
tion the  present  value  of  any  other  sum  a,  is  thus  found: 

a 
as  K  :  1  : :  a  :  .—  the  present  value  of  a  due  i  year  hence. 

a 


•  * 


In  like  manner  — -  is  the  present   value  of  a  due  2  years, 

a« 

a      a  a     a     a 

hence ;  for  a  .-  1  : :  —  :  — .    So  also  .-^  — , .— ,  fcc.   will 

a      a*  a*    li*  a» 

be  the  present  values  of  a,  due  at  the  end  of  3,  4,  5,  Sec. 
years  respectively.    Consequently  the  sum  of  all  these,  or 
a        a      '  a        a  1111 

—  +—+  —  +  —  + &c.  =  (—+—  +  — +~&c.)X  a, 


a* 


,a 


continued  to  n  terms,  will  be  the  present  value  of  all  the  n 
fears'  annuities.  And  the  value  of  the  perpetuity,  is  the  sum 
of  the  series  to  infinity. 

But  this  series,  it  is  evident,  is  a  geometrical  progression, 

1 
having-^  both  for  its  first  term  and  common  ratio,  and  tho 

a 
number  of  its  terms  n ;  therefore  the  sum  v  of  all  the  terms* 
or  the  present  value  of  all  the  annual  payments^  will  be 

111 

X—    • 

a        a      a°  a"^  —  1      a 

t;= : Xa^Orea X—. 

1  a  —  1      a« 

1 

a    ■   •  • 
When  the  antiuity  is  a  perpetuity ;  n  being  infinite,  a*  is 

also  infinite,  and  therefore  the  quantity  —  becomes  assO,^ 

a*  * 

•  a  I  ....  •    ,     '       ' 

therefore  — -  X  —  also  =:iQ  ;  ^pnsequcmly  the . expf^sioa 
a— I      a«* 


1 
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a 
becomes  barely  v  ««  —  ;  that  is,  any  annuity  divided  by  ihc 

interest  of  1/.  for  I  year,  gives  the  value  of  the  perpetuity. 
So.  if  the  rate  of  interest  be  5  per  cent. 

Then  1 00a  -r  5  «=  20a  is  the  value  of  the  perpetuity  at 
5  per  cent  :  Also  1 00a  4-  4  ==  25a  is  the  value  of  the  per- 
pr-tuiiy  at  4  per  cent:  And  lOOa  -r  3  s=  33 Ja  is  the  value  of 
the  perpetuity  at  3  per  cent :  and  so  on. 

Again,  because  the  amount  of  \L  in  n  years,  is  r«",    its 

increase  in  that  time  will  be  r»  —  1  ;  but  its  interest  for  one 

Bingle  year,  or  the  annuity  answering  to  that  increase,  is 

.     K  —  1  ;  therefore  as  r  —  I  is  to  r»  —  l|  so  is  «  to  m  ;  that 

R"»  — 1 

isj  fn  as X  fl.     Hence,  the  several  cases  relating  to 

R  —  1 
Annuities  in  Arrcar,  will  be  resolved  by  the  following  equa- 
tions : 

R*  -I 

w  » X  a  =  VR" ; 

R  —  I 
r"  — I      a       m 

.    R  —  1     R»     a" 
K  -  I             r  —  1 
dsBi— — .  xwisss X  vR*; 

R»— 1  R»-l 

ma— m  +  a 
log. 

log.m— log.  V  a 


log.  R  log.  R 

log.  m  —  log.  V 

Log.  R  =5 » 

n 
I  1  a 

r=( )x 

RP         R**  R  —   I 

In  this  last  theorem,  r  denotes  the  present  value  of  an 
annuity  in  reversion,  after  fi  years,  or  not  commencing  till . 
after  the  first /i  years,  being  found  by  taking,  the  difference    . 

between  the  two  values X  —  and  — r—  *  x  — ,  for  n 

R —  I       R»  R  —  1         ^^ 

years  and  A  years. 

But  the  amount  and  pr^ent  value  of  any  annuityjo^ny 
number  of  yrm^jij^inJJj.TfjU  bfi  mnit  h     '  '    "  \2 


ANNUITIES. 


m 


TABUBL 

The  AiiMMiiit  of  an  Atmoitj  of  liL  at  CompoaBdlntettit 


Yrs.  at  3  pei-c. ,  34  '>er  c.  4  per  c.  1 4^  per  c 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

30 

21 


10000 

3'0:iOO 

30909 

41836 

5  3091 

6-4684 

7-6625 

8-8923 

101591 

11*4639 

12  8078 

14  1920 

15-6178 

170863 

185989 

20-1569 

21-7616 

23-4141 

25-1169 

26-8704 

28-6765 


leooo 

10000 

2-0350 

2  0400 

3  1062 

31216 

4*2149 

4-2465 

5  3625 

54163 

65502 

66330 

77794 

7-8983 

90517 

9-2142 

10-3685 

10*5828 

117314 

120061 

131420 

13-4864 

14-6020 

15-0258 

16-1130 

16-6268 

17-6770 

18-2919 

19-2957 

20-S236 

20  9710 

21-8245 

22-7050 

23  6975 

244997 

25-6454 

26-3572 

27-6712 

28  2797 

297781 

302695 

31-9692 

10000 

20450 

31370 

4  2782 

54707 

6-7169 

8-0193 

9-3800 

10-8021 

12-2882 

13-8412 

15-4640 

171599 

18-9321 

20-7841 

22-7193 

247417 

26-8551 

29  0636 

31-3714 

33  7831 


5perc. 


6  per  c. 


I-OOOO 

2*0500 

3-1525 

4-3101 

55256 

68019 

8-1430 

9-5191 

11-0266 

12-5779 

14  2068 

15-9171 

17-7130 

19-5986 

21-5786 

2:i'6S75 

25-8404 

28-1324 

30-5390 

33  0660 

35  7193 


10000 
2-0600 
31836 
4  3746 
5-6371 
6-9753 

8  3938 

9  8975 
11*4913 
131808 
14-9716 
16-8699 
188831 
21*0151 
23-2760 
25  6725 
38  2129 
30^057 
33-7600 
367856 
399927 


TABL£  IL    The  present  Valae  of  an  Annoity  of  1^ 


*• ,' 


Yris. 
1 

at  3   ere  Si  per  c. 

4perc. 

44  per  c. 

5  ,»erc. 

6  per  c. 

0-9709 

0-9662 

0  9615 

0  9569 

09524 

09434 

2 

1-9135 

1-8997 

1-886 1 

1*8727 

1-8594 

1*8334 

3 

3-8286 

2-801A, 

27751 

2-7490 

27233 

3-6730 

4 

3*7171 
4-57197 

*3-67iIf   3  6299 

3-5875 

3-5460 

3-4651 

5 

*4-5151      4*4518 

4  3900 

4  3295 

4*3134 

6 

5-4ir2 

5  3286      5*2421 

5  1579 

50757 

4  9173 

7 

6-2303 

61145 

6-0020 

5-8927 

57864 

5-5824 

8 

70197 

6  8740 

6  7327 

6-5959 

6-4632 

6-2098 

9 

7-7861 

7-6077 

7  4353 

7-2688 

71078 

68017 

10 

8-5302 

83166 

81109 

79127 

7*7217 

73601 

11 

9-3526 

9-0116 

8  7605 

8-5289 

8-3054 

7-8869 

12 

9-9540 

9-6633 

9-b851 

9118$ 

8-8633 

83638 

13 

10-6350 

10-3027 

99857 

9-6829 

9-3936 

88527 

14 

11-2961 

10-9205 

10-5631 

10-2238 

9-8986 

9^950 

15 

119379 

ll-il74 

11-1184 

10-7396 

103797 

97123 

16 

12-5611 

13-0941 

116523 

1 1*2340 

10-8378 

10-1059 

17 

13-1661 

.  12-6513 

121657 

11-7072 

112741 

104773 

18 

13  7535 

13-1897 

136593 

121600 

11-6896 

10-8276 

19 

14-3238 

13-7098 

1*131339 

12  5933 

130853 

11 1581 

20 

U'dTTS 

14-2124    13-59031 

130079 

13-4633 

114699 

,21 

ISAISCO 1  14-6980    14  029:^  | 

13-4047 

13-8312 

11*7641} 

Vol.  r. 
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374  algebra; 

To  find  the  AtMWU  of  any  annuity  forbom  a  certain  number 

(^year; 

Take  out  the  amount  pf  U.  from  the  first  table,  for  the 
proposed  rate  and  time  ;  theiv  multiply  it  by  the  given  annuity; 
and  the  product  will  be  the  amount,  for  the  same  number  of 
years,  and  rate  of  inter  est.«-And  the  converse  to  find  the  rate 
or  time. 

Exam.  To  find  how  much  an  annuity  of  50/.  will  amount  te 
in  20  years,  at  3i  per  cent,  compound  interest. 

On  the  line  of  20  years,  and  in  the  column  of  3}  per  cent, 
stands  28-2797,  which  is  the  amount  of  an  annuity  of  lA  fbr 
the  20  years.  Then  28-2797  x  50  gives  1413-985/.  ^ 
1413/.  I9«.  8^.  for  the  answer  required. 

To  find  the  /ireaent  Value  oj  any  annuity  for  any  number  ^ 
i/far«.— Proceed  here  by  the  2d  table,  in  the  same  manner  as 
above  for  the  1st  table,  and  the  present  worth  required  will 
be  found. 

Exam.  1.  To  find  the  present  value  of  an  annuity  oT'SOi. 
which  is  to  continue  20  years,  at  3j  per  cent. — By  the  table, 
the  present  value  of  1/.  for  the  i^iven  rate  and  time,  is 
14  2124  }  therefore  )4  2124  X  50  =  710*62/.  or  710/.  12».  4d. 
is  I  he  present  value  required. 

Exam.  2.  To  find  the  present  value  of  an  annuity  of  20/. 
to  commence  10  years  hence,  and  then  to  continue  for  1 1 
years  longer,  or  to  terminate  21  years  hence,  at  4  per  cent, 
interest.*— In  such  cases  as  this,  we  have  to  find  the  difference 
between  the  present  values  of  two  equal  annuities,  for  the 
two  given  times ;  which  therefore  will  be  done  by  subtract* 
ing  tne  tabular  value  of  the  one  period  from  that  of  the 
other,  and  then  multiplymg  by  the  given  annuity*  Thus, 
tabular  value  for  2 1  years  14*0292 
ditto  for    -    -     10  years    8*2109 

the  difference  5-9183 
multiplied  by  20 


gives       -       118  366/. 

or      -       -  118/.  7«.  3Jcf.  the  answ^. 

£ND  W  TIffi  ALGEBRA.  / 
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DEFINITIONS. 

1.  iV  POINT  is  that  which  has  position, 
Uut  no  magnitude,  nor  dimensions ;  neither 
length,  breadth,  nor  thickness. 

3  A  Line  is  lengthy  without  breadth  or 
thickness. 

3.  A  Surface  or  Superficies,  is  an  extension 
or  a  figure,  of  two  dimensions^  length  and 
breadth  ;  but  without  thickness. 

4.  A  Body  or  Solid,  is  a  figure  of  three  di* 
xnensions,  namely,  length,  breadth,  and  depth, 
or  thickness. 

5.  Lines  are^either  Right,  or  Curved,  or 
Mixed  of  these  two. 

6.  A  Right  L'me,  or  Straight  Line,  lies  all 
in  the  same  direction,  between  its  extremities  ; 
and  is  the  shortest  disuince  between  two  points* 

When  a  line  is  mentioned  simply,  it  means 
a  Right  Line. 

7  A  Curve  continually  changes  it  direction 
between  its  extreme  points. 

8.  Lines  are  either  Parallel,  Oblique,  Per- 
pendicular, or  Tangential. 

9.  Parallel  Lines  are  always  at  the  same  per- 
pendicular distance  ;  and  they  never  meet  though 
ever  so  far  produced. 

10.  Obllqu^  lines  change  their  distance,  and 
would  meet,  if  produced  on  the  side  of  the 
least  dist$u)ce. 

11  One  line  is  Perpendicular  to  another, 
when  it  inclines  not  more  on  the  one  side 

than 
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than  the  other,  or  when  the  angles  on  both 
sides  of  it  are  equal 

12.  A  line  or  circle  is  Tangential,  or  a 
Tangent  to  a  circle,  or  other  curve,  when  it 
touches  itf  without  cutting,  when  both  are  pn>* 
duce<i. 

13.  An  Angle  is  the  inclination  or  opening 
of  two  lines,  having  different  directions,  and 
sneeting  in  a  point. 

U  Angles  are  Right  or  Oblique,  Acute  or 
Obtuse. 

15.  A  Right  Angle  is  that  which  is  made  bf 
one  line  perpendicular  to  another.  Or  when 
the  angles  on  each  side  are  equal  to  one  an- 
other, they  are  right  angles. 

16.  An  Oblique  Angle  is  that  which  is 
made  by  two  oblique  lines ;  and  is  either  less 
or  greater  than  a  right  angle. 

17.  An  Acute  Angle  is  less  than  a  right 
angle. 

18.  An  Obtuse  Angle  is  greater  than  a  right 
angle. 

19.  Superficies  are  either  Plane  or  Cufved* 

20.  A  Plane  Superficies,  or  a  Plane,  is  that  with  which 
a  right  line  may,  every  way  coincide.  Or,  if  the  line  touch 
the  plane  in  two  points,  it  will  touch  it  in  every  point.  Butt 
if  not,  it  is  curved. 

31.  Plane  figures  are  bounded  either  by  right  lines  or 
curves. 

23.  Plane  figures  that  are  bounded  by  right  lines  have 
names  according  to  the  number  of  their  sides,  or  of  their 
angles ;  for  they  have  as  many  sides  as  angles ;  the  least 
numlfcr  being  three. 

33.  A  figure  of  three  sides  and  angles  is  called  a  Triangle. 
And  it  receives  particular  denominations  from  the  relations 
of  its  sides  and  angles. 

34   An  Equilateral  Triangle  is  that  whose 
three  sides  are  all  equal. 

35.^  An  Isosceles  Triangle  is  that  which  has 
two  udes  equal. 

36.  J 
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56.  A  Scalene  -Tiiimgle  is'  that  whose  three 
sid««  are  all  unequal. 

27.  A  Right-angled  Triangle  is  that  which 
hab  one  right-angle. 

28.  Other  triangles  are  Oblique-angled,  and 
are  either  Obtuse  or  Acute. 

39  An  Obtuse^angled  Triangle  has  one  ob* 
tuse  angle.  « 

30.  An  Acute-angled  Triangle  has  all  its 
three  angles  acute. 

3 1 .  A  figure  of  Four  sides  and  angles  is  called 
a  Quadrangle,  or  a  Quadrilateral. 

32  A  Parallelogram  is  a  quadrilateral  which 
lias  both  its  pairs  of  opposite  sides  parallel. 
Audit  takes  the  following' particular  names, 
yiz.  Rectangle,  Square,  Rhombus,  Rhomboid. 

33.  A  Rectangle  is  a  parallelogram  having  a 
Fight  angle. 

34  A  Square  is  an  equilateral  rectangle ; 
liaying  its  length  and  breadth  equal. 

35.  A  Rhomboid  is  an  oblique-angled  paral- 
lelogram. 

36.  A  Rhombus  is  an  equilateral  rhomboid ; 
haying  all  tu  sides  equal,  but  its  angles  ob« 
lique. 

57.  A  Trapezium  is  a  quadrilateral  which 
hath  not  its  opposite  sides  parallel. 

38.  A  Trapezoid  has  only  one  pair  ofoppo* 
fldte  sides  parallel. 

39.  A  Diagonal  is  a  line  joining  anf  two  op* 
poaite  angles  of  a  quadrilateraL 


.'•40.  Plane  figures  that  have  more  than  four  aide8|arei  in 
gelieral,  called  Polygons :  and  they  receiye  other  particular 
tiames,  according  to  the  number  of  their  sides  or  anglesi 
Thus,       y 

41.  A  P.enugon  is  a  polygon  of  fire  sides ;  a  Hexagon,  of 
«ix  sides i  a  Heptagon,  seven;  an  Octagon,  eight;  a  No* 
Bagon,  nine ;  a  Decagon,  ten }  an  Vndecagoni  eleven  \  and  a 
Bodecagoni  twelve  aides* 

43.A 
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42.  A  Regular  Polygon  has  all  its  sides  and  all  its  aii|»l6B 
equal. — If  they  arc  not  both  equal,  the  polygon  is  Irregul  ir. 

43.  An  Equilateral  Triangle  is  also  a  Regular  Figure  of 
three  sides,  and  the  Square  is  one  of  four ;  the  former  being 
also  called  a  Trigon,  and  the  latter  a  Tetragon. 

44.  Any  figure  is  equilateral,  when  all  its  sides  are  equal : 
and  it  is  equiangular  when  all  its  angles  are  equal.  When 
both  these  are  equal,  it  is  a  regular  figure. 

45.  A  Circle  is  a  plain  figure  bounded  by 
a  curve  linf^,  called  the  Circumference,  which 
is  every  where  equidistant  from  a  certain  point 
vithin,  called  its  Centre 

The  circumference  itself  is  often  called  a 
circle,  and  also  the  Periphery 

46.  The  Radius  of  a  circle  is  a  line  drawn 
from  the  centre  to  the  circumference. 


47.  The  Diameter  of  a  circle  is  a  line  drawn 
through  the  centre,  and  terminating  at  the  cir» 
cumference  on  both  sides. 


48,  An  Arc  of  a  circle  is  any,  part  of  the 
circumterence. 


49.  A  Chord  is  a  right  line  joining  the  ex- 
tremities of  an  arc. 


50.  A  Segment  is  any  part  of  a  circle  bound- 
ed by  an  arc  and  its  chord. 


51.  A  Semicircle  is  half  the  circlet  or  a  seg* 
ment  cut  oiF  by  a  diameter. 

The  half  circumference  is  sometimes  called 
the  Semicircle. 

52.  A*  Sector  is  any  part  of  a  circle  which 
is  bounded  by  an  arc,  and  two  radii  drawn  to  its 
extremities. 

53.  A  Quadrant,  or  Quarter  of  a  circle,  is  a 
sector  having  a  quarter  of  the  circumference 
fbr  its  arc,  and  its  two  radii  are  perpendicular 
to  each  other  A  quaver  of  the  circtlQifereilGO 
is  sosnetimes  called  a  Quadnmt* 
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$4  The  Height  or  Altitude  of  a  figure  is 
a  perpendicular  let  fall  from  an  angle,  or  its 
yen  ex,  to  the  opposite  side^  called  the  base. 

^5.  In  a  right-angled  triangle,  the  side  op- 
posite the  right«angle  is  called  the  Hypothe- 
nuse  ;  and  the  other  two  sides  are  called  the 
JLegs,  and  sometimes  the  Base  and  Perpendi* 
Cular  "^ 

56.  When  ao  angle  is  denoted  by  ihrie 
letters,  of  which  one  stands  at  the  angular 
point,  and  the  other  two  on  the  two  sides, 
that  which  stands  at  the  angular  point  is  read 
in  the  middle.  Thus  the  angle  contained 
by  the  lines  Bji  and  ^D  is  called  the  angle 
BJD  or  I>jiB. 

57-  The  circumfercnce»of  every  circle  is 
supposed  to  be  dividt'd  ;nto  $60  equals  parts, 
called  Degrees  :  and  each  degree  into  60  Mi- 
niiteS)  each  minutesinto  60  Seconds^  and  so  on. 
Hence  a  semicircle  contains  180  degrees^  and 
a  quadrant  90  degrees. 

58.  The  Measure  of  an  angle,  is  an  arc  of 
any  circle  contained  between  the  two  lines 
wbidi  form  that  angle,  the  angular  point  being 
the  centre  ;  and  it  is  estimated  by  the  num- 
ber of  degrees  contained  in  that  arc. 

59.  Lines,  or  chordsj  are  said  to  be  Equi- 
distant from  the  centre  of  a  circle,  when  per- 
pendiculars drawn  te  them  from  the  centre 
are  equal. 

60  And  the  right  line  on  which  the  Great- 
er Perpendicular  &lls,  is  said  to  be  &rther 
from  the  centre. 

61.  An  Angle  In  a  segment  is  that  which 
is  contained  by  two  lines,  drawn  from  any 
point  in  the  arc  of  the  segment}  to  the  two 
extremities  of  that  arc. 

63.  An  Angle  On  a  segment,  or  an  arc,  is  that  whTch  is 
:  contained  by  two  lines,  drawn  from  any  point  in  the  opposite 
.  CO*  supplemental  part  of  the  circumference,  to  the  extremi* 
cues  of  the  arc,  and  containing  the  arc  between  them. 

63.  An  angle  at  the  circumference,,  is  that 
whose  lingular  point  is  any  where  in  the  cir- 
Qumference  And  an  angle  at  the  centre,  is 
thai  whese  angular  point  is  at  the  ecntre. 

64.  A 
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64.  A  right-lined  figure  is  Inscribed  in  a 
circle,  or  the  circle  Circuroscribes  it,  when 
all  the  angular  points  of  the  figure  are  in  the 
circumference  of  the  circle. 

65.  A  right-lined  figure  Circumscribes  at 
circle,  or  the  circle  is  Inscribed  in  it,  when  all 
the  sides  of  the  figure  touch  the  circumference 
of  the  circle. 

66.  One  right-lined  figure  is  Inscribed  in 
another*  or  the  latter  Circumscribes  the  for- 
mer, when  all  the  angular  poinu  of  the  for- 
mer are  placed  in  the  sides  of  the  latter. 

67.  A  Secant  is  a  line  that  cuts  a  circle^ 
lying  partly  within,  and  partly  without  it. 


68.  Two  triangles,  or  other  right-lined  figures,  are  said  to 
be  mutually  equibteral,  when  all  the  sides  of  the  one  are 
equal  to  the  corresponding  sides  of  the  other,  each  to  each  : 
and  they  are  said  to  be  mutually  equiangular,  when  thc( 
angles  of  the  one  are  respectively  equal  to  those  of  the  other. 

69.  Identical  figures,  are  such  as  are  both  mutually  equi- 
lateral and  equiangular  ;  or  that  have  all  the  sides  and  all  the 
angles  of  the  one,  respectively  equal  to  all  the  sides  and  all  the 
angles  of  the  other,  each  to  each  ;  so  that  if  the  one  figure 
were  applied  to,  or  laid  upon  the  other,  all  the  sides  of  the  one 
would  exactly  fall  upon  and  cover  all  the  udesof the  other; 
the  two  becoming  as  it  were  but  one  and  the  same  figure. 

70.  Similar  figures,  are  those  that  have  all  the  angles  oE 
the  one  equal  to  all  the  angles  of  the  other,  each  to  each,  and 
the  sides  about  the  equal  angles  proportional. 

71.  The  Perimeter  of  a  figure,  is  the  sura  of  all  ita  aides 
taken  together. 

73.  A  Proposition,  is  something  which  is  either  proposed 
to  be  done,  or  to  be  demonstrated,  and  is  either  a  problen^  or 
a  theorem. . 

73.  A  Problem,  is  somethiftg  proposed. to  be  done. 

74.  A  Theorem,  is  something  proposed  to  be  demonstrated,^ 

75.  A  Lemma,  is  something  which  is  premised,  or.  demon- 
strated, in  order  to  render  what  follows  more  easy.    .  f- 

76.  A  Corollory,  b  a  consequent  truth,  gained  immedi- 
ately from  some  preceding  truth  or  demonstration. 

77.  A  Scholium,  is  a  remark  or  observation  made  upoti 

something  going  before  it. 

AXlOMS^ 
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1.  Things  which  are  equal  to  the  seme  thing  are  equal 
to  each  other. 

2.  When  equah  are  added  to  equals,  the  wholes  are  equal. 

3.  When  equals  are  taken  from  equals^  the  remainders  arc. 
equal . 

4.  When  equals  are  added  to  unequals>  the  wholes  are 
Unequal. 

5.  When  equals  are  taken  from  unequals,  the  remainders 
are  unequal. 

6  Things  which  are  double  of  the  same  things  or  equal 
thiiigS)  are  equal  to  each  other. 

7.  Things  which  are  halves  of  the  same  things  a^e  equaL 

8.  Every  whole  is  equal  to  all  its  parts  taken  together. 

9.  Things  which  cmncidey  or  fill  the  same  spacei  are  iden- 
ticaly  or  mutually  equal  in  all  their  parts. 

10.  All  right  angles  are  equal  to  one  another. 

ll«  Anglen  that  have  equal  measures,  or  arcs,  are  equal. 
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If  two  Triangles  have  Two  Sides  and  the  Included  Angle 
in  the  one,  equal  to  Two  Sides  and  the  Included  An^i^le 
in  the  other,  the  Triangles  will  be  Identical*  or  equal  in  all 
Tespects. 

,  In  the  two  triangles  abc,  dbv,  it 
th^  side  AC  be  equal  to  the  side  dp, 
and  the  side  bc  equal  to  the  side  ef, 
and  the  angle  c  equal  to  the  angle  f  ; 
then  will  the  two  triangles  be  iden« 
,tical,  or  equal  in  alt  respects. 

For  conceive  the  triangle  abc  to  be  applii^  to,  or  placed 

on,  the  triangle  beFi  in  such  a  manner  that  the  point  c  may 

Vol.  L  O  0  #iinoide 
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coincide  with  the  point  f,  and  the  side  ac  with  the  side  Df^ 
which  is  equal  to  it. 

Then,  since  the  angle  t  is  equal  to  the  angle  c  (by  hyp.), 
the  side  bc  will  fall  on  the  side  ef  AUo,  because  ac  Is 
equal  to  df,  and  bc  equal  to  ef  (by  hyp.)«  the  point  a  will 
coincide  with  the  point  d,  and  the  point  b  with  the  point  e  ; 
consequently  the  side  ab  will  coincide  with  the  side  de* 
Thercfora  the  two  triangles  are  identical,  and  have  all  their 
other  corresponding  parts  equal  (ax.  9),  namely,  the  side  ab 
equal  to  the  side  de,  the  angle  a  to  the  angle  Pj  and  the 
angle  b  to  the  angle  e.     q.  e  d. 

THBOREM  IL 

Whejt  Two  Triangles  have  Two  Angles  and  the  iacluded 
Side  in  the  one,  equal  to  Two  Angles  and  the  included  Side 
in  ihe  other,  the  Triangles  are  Identical)  or  have  their  other 
sides  and  angle  equal 

Let  the  two  triangles  abc,  deF) 
have  tiie  angle  a  equal  to  the  angle  * 
D,  the  angle  b  equal  to  the  angle  E| 
and  ihe  ^de  ab  equal  to  the  side  de  ; 
then  these  two  triangles  will  be 
identical. 

For,  conceive  the  triangle  abc  to  be  placed  on  the  triangle 
'BEF,  in  such  manner  that  the  side  ab  may  fall  exactly  on  the 
equal  side  oe.  Then,  since  the  angle  a  is  equal  to  the  angle 
J}  (by  hyp.j,  the  side  ac  must  fall  on  the  side  df  ;  and,  in 
like  manner,  because  the  angle  b  is  equal  to  the  angle  Ey  the 
side  bc  must  fall  on  the  side  ef.  Thus  the  three  aides  of  the 
triangle  adc  will  be  exactly  placed  on  the  tl»*ee  sides  of  the 
triangle  def  :  consequently  the  two  triangles  are  identical 
(ax.  9),  having  the  other  two  sides  ac,  bc  equal  to  the  two 
DF  EF>  and  the  remaining  angle  c  equal  to  the  remainiB|^ 
angle  f.    q.  e.  d. 

THEOREM  IIL 

III  an  Isosceles  triangle,  the  Angles  at  the  Base  are  equal. 
Or,  if  a  Triangle  have  ^Two  Sides  equal,  their  QpposUe 
Angles  will  also  be  equal. 

If  the  triangle  abc  have  the  side  ac  equal 
to  the  side  bc  :  then  will  the  angle  b  be 
equal  to  the  angle  a 

For,  conceive  the  angle  c  to  be  bisected, 
or  divided  into  two  equal  parts  by  the  line 
en,  making  the  angle  ago  equal  to  the 
angle  bco. 

Then, 
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Then,  the  two  triangles  acd,  bcd,  have  two  sides  and 
the  contained  angle  of  the  one,  equal  to  two  sides  and  the 
contained  angle  of  the  other,  viz.  the  side  ac  equal  to  bc, 
the  angle  ago  equal  to  bcd,  and  the  side  cd  common; 
therefore  these  two  triangles  are  identical,  or  equal  in  all 
respects  (th.  I);  and  consequently  the  angle  a  equal  to  the 
angle  b*    q.  e.  d. 

CoroL  \ .  Hence  the  line  which  bisects  the  vcnicle  angle 
of  an  isosceles  triangle,  bisects  the  base,  and  is  also  perpendi- 
eular  to  it. 

CoroL  2.  Hence  too  it  appears,  that  every  equilateral  tri- 
angle, is  also  equiangular,  or  has  all  its  angles  equal. 

THEOREM  IV. 

When  a  Triangle  has  Two  of  its  Angles  equal,  the  Sides 

Opposite  to  them  are  also  equal. 

If  the  triangle  abc«  have  the  angle  a 
equal  to  the  angle  b,  it  will  also  have  the  side 
AC  equal  to  the  side  bc. 

For,  conceive  the  side  ab  to  be  bisected 
in  the  point  d,  making  ad  equal  to  db  ; 
and  join  dc,  dividing  the  whole  triangle  into 
the  two  triangles  acd,  bcd.  Also  conceive 
the  triangle  acd  to  be  turned  over  upon  the 
triangle  bcd,  so  that  ad  may  fall  on  bd. 

Then,  because  the  line  ad  is  equal  to  the  line  db  (by  hyp.), 
the  point  A  coincides  with  the  point  b,  and  tlie  point  d  with 
the  point  d.  Also,  because  the  angle  a  is  equal  to  the  angle 
B  by  (hyp.),  the  line  ac  will  fall  on  the  line  bc,  and  the  ejc« 
tremity  c  of  the  side  ac  will  coincide  with  the  extremity  c 
of  the  side  bc,  because  nc  is  common  to  both ;  conscquenily 
the  side  ac  is  equal  to-Bc.     q.  e.  d*. 

CoroL    Hence  every  equiangular  triangle  is  also  equila* 

teral. 

THEOREM  V. 

When  Two  Triangles  have  all  the  Three  Sides  in  the  one, 
equal  to  all  the  Three  Sides  in  the  other,  the  Triangles  are 
Identical,  or  have  also  their  Three  Angles  equal,  each  to  each. 

Let  the  two  triangles  abc,  abd, 
have  their  three  sides  respectively 
equaK  viz.  the  side  ab  equal  to  ab, 
AC  to  AD,and  bc  to  bd  s  then  shall 
the  two  tiianglesbcidentical,orhave 
their  angles  equal|Vtz.thoseangles 

♦  This  dcmongtiation  of  Theorem  iv#  does  not  appear  to  me  to  be 
eenclusive.    Ed z t  ob, 

th^ 
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that  are  oppMtte  to  the  equal  sides  ; 
namely,  the  angle  bag  to  the  angle 
9AD,  the  angle  abc  to  the  angle  abD| 
and  the  angle  c  to  the  angle  o. 

For,  conceive  the  two  triangles  to 
be  joined  together  by  their  lonsfcst 
*   equal  sides,  and  draw  the  line  en. 

Then,  in  the  triangle  acd«  because  the  side  ac  is  equal 
to  AD  (by  hyp.),  the  angle  acd  is  equal  to  the  angle  adc 
(th.  j).  In  like  manner,  in  the  triangle  bcd,  the  angle 
BCD  is  equal  to  the  angle  boc,  because  the  side  bc  is  equal 
to  bd.  Hence  then,  the  angle  acd  being  equal  to  the  angle 
ADC,  and  the  angle  bcd  to  the  angle  bdc,  by  equal  addi- 
tions the  sum  of  the  two  angles  acd,  bcd,  is  equal  to  the 
sum  of  the  two  adc,  bdc,  (ax.  2),  that  isi  the  whole  angle- 
ACB  equal  to  the  whole  angle  adb. 

Since  then,  the  two  sides  ac,  cb,  are  equal  to  the  two 
sides  AD,  DB,  each  to  each,  (by  hyp.),  and  their  contained 
angles  acb,  add,  also  equal,  the  two  triangles  abc,  ABPf 
are  identical  (th-  1),  and  have  the  other  angles  equal,  viz. 
the  angle  bag  to  the  angle  bad,  and  the  angle  abc  to  the 

angle  ABD.      Q    E.  D. 

THEonKM  vr. 

Whew  one  Line  meets  another,  the  Angles  which  it 
makes  oh  the  Same .  Side  of  the  other,  are  together  equal  to 
Two  Right  Angles. 

Let  the  line  ab  meet  the  line  cd  :  then 
will  the  two  angles  ABc,ABD,taken  together, 
be  equal  to  two  right  angles. 

For,  first,  when  the  two  angles   abc, 

ABD,  arc  equal  to  each  other,  they  arc  both        ^ j^       t> 

of  them  right  angles  (def.  15.)  C        1>       J^ 

But  when  the  angles  are  imequal,  suppose  be  drawn  per- 
pendicular to  CD.  Then,  since  the  two  angles  ebc.  ebd, 
are  right  angles  (def.  1 5),  and  the  angle  bbd  is  equal  to  the 
two^ngles  EBA,  ABD,  together  (ax.  8),  the  three  angles,  ebc, 
BBA,  and  ABD.  are  equal  to  two  right  Angles. 

But  the  two  angles  ebc,  eba,  are  together  equal  to  the 
angle  abc  (ax.  8).  Consequently  the  two  aneles  abc,  abo, 
are  also  equal  to  two  right  angles,     q.  b.  D. 

Corol.  I.  Hence  also,  conversely,  if  the  two  angles  abc, 
ABx>9  oil  both  sides  of  the  line  ab,  make  up  together  two 
right  angles,  then  cb  and  bd  form  one  continued  right 
line  CD. 
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Corol.  S.  Hence,  all  the  angles  which  can  be  made,  at 
any  point  By  by  any  number  of/  lines,  on  the  same  side  of 
the  right  line  cn^  are,  when  taken  all  together,  equal  to  two 
right  angles. 

CoroL  3«  And,  as  all  the  angles  that  can  be  made  on  the 
other  side  of  the  line  cd  are  also  equal  to  two  right  angles; 
therefore  all  the  angles  that  can  be  made  quite  round  a  point 
B,  by  any  number  of  lines,  are  equal  to  four  right  angles. 

Corol.  4f  Hence  also  the  whole  circumfer- 
ence  of  a  circle,  being  the  sum  of  the  mea* 
sures  of  all  the  angles  that  can  be  made  about 
the  centre  f  (def.  57)i  is  the  measure  of  four 
right  angles.  Consequently,  a  semicircle,  or 
180  degrees,  is  the  measure  of  two  right  . 
angles ;  and  u  quadrant,  or  90  degrees,  the  measure  of  one 
right  angle. 

THEOBEMVn.   * 

When  two  Lines  Intersect  each  other,  the  Opposite  Angles 

are  equal. 

Let  the  two  lines  ab,  cd,  intersect  in 
the  point  e  ;  then  will  the  angle  aec  be 
eqnal  to  the  angle  beo,  and  the  angle 
ABB  equal  to  the  angle  ceb. 

For  since  the  line  ce  meets  the  line 
AB,  the  two  angles  aec,  bec,  taken  to- 
gether, are  equal  to  two  right  angles  (th.  6). 

In  like  manner,  tlie  Hoe  be,  meeting  the  line  cb,  makes 
the  two  angles  bec,  bed,  equal  to  two  right  angles. 

Therefore  the  sum  of  the  two.  angles  aec,  bec,  is  equal 
to  the  sum  of  the  two  bec,  bed  (ax.  1). 

And  if  tlie  angle  bec,  which  is  common,  be  taken  away 
from  both  these,  the  remaining  angle  aec  will  be  equal  to 
the  remaining  angle  bed  (ax.  3). 

And  in  like  manner  it  may  be  shown,  that  the  angle  abd 
is  equal  to  the  opposite  angle  bec» 


THEOREM  vnr. 

/When  One  Side  of  a  Triangle  is  produced,  the  Outward 

Angle  is  Greater  than  either  of  the  two  Inwaid  Opposite 

Angles. 

Let 
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Let  ABC  be  a  triangle,  having  the 
side  AB  produced  to  d  ;  then  will  the 
outwat*d  angle  cbd  be  greater  than 
either  of  the  inward  opposite  angles  a 
or  c. 

For,  conceive  the  side  bc  to  be  bi- 
sected in  the  point  e,  and  draw  the  line 
A£.  producing  it  till  ef  be  equal  to  ae  ; 
and  join  bf*  # 

Then,  since  the  two  triangles  aec,  bef,  have  the  side 
AB  =  the  side  ef,  and  the  side  ce  =  the  side  be  (by  suppos.} 
and  the  included  or  oppi^'site  angles  at  b  also  equal  (ih  7)» 
therefore  those  two  triangles  are  equal  in  all  respects 
(th.  1),  and  have  the  angle  c  =  the  corresponding  aiigle 
£Bf.  But  the  angle  cbd  is  greater  than  the  angle  ebf; 
consequently  the  said  outward  angle  cbd  is  also  greater  than 
the  angle  c. 

In  like  manner,  if  cb  be  produced  to  g,  and  ab  be  bi^ 
sected,  it  may  be  shown  that  the  outward  angle  abG|  or  its 
equal  cbD;  is  greater  than  the  other  angle  a. 


THEOREM  nC. 

The  Greater  Side,  of  every  Triangle,  Is  opposite  is 
the  Greater  Angle  ;  and  the  Greater  Angle  opposite  to  the 
Greater  Side. 

Let  ABC  be  a  triangle,  having  the  side 
AB  greater  than  the  side  Ac  ;  then  will 
the  angle  acb,  opposite  the  greater  side 
AB,  be  greater  than  the  angle  b,  opposite 
the  less  side  ac. 

For,  on  the  greater  side  ab,  take  the 
part  AD  equal  to  the  less  side  ac,  and  join  CD.  Then,  since 
BCD  is  a  triangle,  the  outward  angle  ado  is  greater  than 
the  inward  opposite  angle  b  (th.  8).*  But  the  angle  acd 
is  equal  to  the  said  outward  angle  adc,  because  ad  is  equal 
to  AC  (th.  3).  Consequently  the  angle  acd  also  is  greater 
than  the  angle  b.  And  since  the  angle  acd  is  only  a  part 
of  ACB,  much  more  must  the  whole  angle  acb  be  greater 
than  the  angle  b.     q.  e.  b. 

Again,  conversely,  if  the  angle  c  be  greater  than  the  angle 
B,  then  will  the  side  ab,  opposite  the  former^  be  greater  than 
the  side  ac,  opposite  the  latter. 

For,  if  a B  be  not  greater  than  ac,  it  must  be  either 
equal  to  it,  or  less  than  it.    But  it  cannot  be  equal,  for 

then 
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then  the  angle  c  would  be  equal  to  the  angle  b  (th.  3), 
which  it  19  nor,  by  the  supposition.  Neither  can  it  be  less, 
for  then  the  aogle  c  would  be  less  than  the  ungle  B)  by  ihe 
former  i^arc  of  this  ;  which  is  also  contrary  to  the  supiiosi- 
lion.  The  side  ab,  then,  being  neither  equal  to  ac>  nor  les& 
than  it>  must  necessarily  be  greater,    q.  e.  d. 

THEOREM  X. 

The  Sum  of  any  Two  Sides  of  a  Triangle  is  Greater  than 

the  Third  Side. 

Let  ABC  be  a  triangle  ;  then  will  the 
sum  of  any  two  of  Us  sides  be  greater  than 
the  third  side,  as  for  instances,  ac  +  cb 
greater  than  ab. 

For,  produce  ac  till  cd  be  equal  to 
CB^  or  AB  equal  to  the  sum  of  the  two 
AC  +  CB  ;  and  join  bb  :-— TheU)  because  A,  B 

CD  is  equal  to  cb  vby  constr.),  the  angle  d  is  equal  to  the 
angle  cbd  (th.  3)  But  the  angle  abd  is  greater  than  the 
angle  CBD)  consequently  it  must  also  be  greater  than  the 
angle  d.  And,  since  the  greater  side  of  any  triangle  is  op- 
posite to  the  greater  angle  (th.  9),  the  side  ad  (of  the  tri- 
angle abd)  is  greater  than  the  side  ab.  But  ad  is  equal 
to  AC  and  cd,  or  ac  and  cb>  taken  together  (by  constr.)  ; 
therefore  ac  -f-  cb  is  also  greater  than  ab.     q  e.  d. 

Corol,  The  shortest  distance  between  two  points^  is  a  single 
right  line  drawn  from  the  one  point  to  the  other. 

THSOK&Bt  XI. 

The  Difference  of  any  Two  Side^  of  a  Triangle,  is  Les% 

than  the  Third  Side. 

Let  ABC  be  a  triangle ;  then  will  the 
difference  of  any  two  sides,  as  ab  -*  ag, 
be  less  than  the  third  side  bc. 

For,  produce  the  less  side  ac  to  Dj 
till  AD  be  equal  to  the  greater  side 
AB,  so  that  CD  tnay  be  the  difference  of 
^the  two  sides  ab  —  ac  ;  and  join  bd. 
Then,  because  ad  is  equal  to  ab  (by  constr.^,  the  opposite 
angles  d  and  abd  are  equal  (th.  3).  But  the  angle  cbd 
is  less  than  the  angle  abd,  and  consequently  also  less  than 

the  equal  angle  b.    And  since  the  greater  aide  of  any  triangle 

•. 

IS 


28g  GEOMETRY. 

is  oppo&ite  to  the  greater  angle  (th.  9)i  the  side  co  (of  the 
triangle  bcd)  b  less  than  the  side  bc.     q.  k.  d. 

TUBOREM  XII. 

Whebt  a  Line  Intersects  two  Parallel  Lines,  it  makes  the 
Alternate  Angles  Equal  to  each  other. 

Let  the  line  ef  cut  the  two  parallel 
lines  AB,  CD  ;  then  will  the  angle  aef  be 
equal  to  the  alternate  angle  efd. 

For  if  they  are  not  equals  one  of  them 
must  be  greater  than  the  other ;  let  it  be 
efd  for  instance  which  is  the  greater,  if 
possible  ;  and  conceive  the  line  fb  to  be 
drawn  ;  cutting  off  the  part  or  angle  efb  equal  to  the  angla 
AEF  ;  and  meeting  the  line  ab  in  the  point  b. 

Then,  since  'the  outward  angle  aef,  of  the  triangle  BEr» 
is  greater  than  the  inward  opposite  angle  efb  ^th.  8) ;  and 
since  these  two  angles  also  are  equal  (by  the  constr  )  it 
follows,  that  those  angles  are  both  equal  and  unequal  act  the . 
same  time  :  which  is  impossible.  Therefore  the  angle  efd 
is  nbt  unequal  to  the  alternate  angle  aef^  that  is^  xhey  are 
equal  to  each  other,    q  e.  d. 

CoroL  Right  lines  which  are  perpendicular  to  one^  of  two 
parallel  lines,  are  also  perpendicular  to  the  other, 

THEOREM  Xin. 

When  a  line,  cutting  Two  other  Lines,  makes  the  Al- 
ternate Angles  Equal  to  each  othery  those  two  Lines  are  Pa- 
rallel. 

Let  the  line  sf,  cutting  the  two  lines 
ab,  CD,  make  the  alternate  angles  aefj 
DFB,  equal  to  each  other ;  then  will  ab 
be  parallel  to  cd. 

For  if  they  be  not  parallel,  let  some 
other  line,    as    fg,  be  parallel  to  ab* 
Then,   because  of  these  parallels*  the 
angle  aef  is  equal  to  the  alternate  angle  e^o  (th.  13).    But  . 
the  angle  aef  is  equal  to  the  angle  efd  (by  hyp.).    There-    >• 
fore  the  angle  efd  is  equal  to  the  angle  bfg  (ax.  I) ;  that 
is,  a  part  is  equal  to  the  whole,  which  is  impossible.    There- 
fore no  line  but  cd  can  be  parallel  to  ab.     q  e.  d. 

CoroL  Those  lines  which  are  perpeodiciUar  to  the  same 
line,  are  parallel  to -each  other. 

THEORE&l 
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TH£OH£M  XIV. 

WuKN  a  Line  cuts  two  ParaUel  Lines,  the  Outward 
Angle  is  Equal  to  the  Inward  Opposite  one,  on  the  Same 
bide ;  and  the  two  Inward  Angles,  on  the  Same  Side,  equal 
to  two  Right  Angles. 

Let  the  line  ef  cut  the  two  parallel 
lines  AB^  CD  ;  then  will  the  outward  angle 
SOB  be  equal  to  the  inward  opposite 
angle  ghd.  on  the  same  side  of  the  line 
BF  ;  and  the  two  inward  angles  bob, 
OBD,  taken  together}  will  be  equal  to 
two  right  angles. 

For,  since  the  two  lines  ab«  co,  are 
parallel^  the  angle  agb  is  equal  to  the  alternate  angle  ghb^ 
(th.  12).     But  the  angle  aoh  is  equal  to  the  opposite  angle 
MOB  (th.  7).     Therefore  the  angle  egb  is  also  equal  to  Ui^ 
angle  GHi>  (ax.  1).    q.  b.  d. 

Ag^in,  because  the  two  adjacent  angles  egb,  bob,  are 
together  equal  to  two  right  angles,  (th.  6)  ;  of  which  th^ 
angle  egb  has  been  shown  to  be  equal  to  the  angle  gbd  ; 
therefore  the  two  angles  BOHy  obD|  taken  kogetheri  are 
also  equal  to  two  right  angles. 

CoroL  1.  And,  converseljr,  if  one  line  meeting  two  other 
lines,  make  the  angles  on  the  same  side  of  it  equal}  those 
two  lines  are  parallels. 

Corol,  2.  If  a  line,  cutting  two  other  lines,  make  the  aulh 
of  the  two  inward  angles,  on  the  same  side,  less  than  two 
right  angles,  those  two  lines  will  not  be  paraHely  but  wiil 
meet  each  other  when  produced. 

THEOREM  XV. 

Those  Lines  which  are  ParaUel  to  the  Same  Unei   are 

Parallel  to  each  other. 

Let  the  Lines  ab,  cd,  be  each  of  ^ 

/.    them  parallel  to  the  line  ef  ;  then  shall       X  i  Tj 

^   jhe  lines  ab,  cd,  be  parallel  to  each      ^  ' 

VV,.-      mother.  C     '  ^ 

'•vT'  f*or,  let  the  line  oi  b^  perpendicular      Jg.  „>. 

to  EF.     Then  will  this  line  be  also  per.  J 

pendicular  to  both  the  lines  ab,  cd  (corol.  tb.  12),  and  con- 
i^equently  the  two  lines  ab,  cd,  are  parallels  (corol.  th.  13). 

q.  B.  D. 
Vol.  I.  P  p  THBOREH 
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THEOREM  XVL 

Whbw  one  Side  of  a  triaDgle  is  produced}  the  Ootwai^ 
An^le  18  equal  to  both  the  Inward  Opposite  Angles  inkttt 
together. 

Let  the  side,  ab«  of  the  triangle 
ABC,  be  produced  to  d  ;  then  wiU  the 
outwctrd  angle  c  bo  be  equal  to  the  sum 
of  1  he  two  inward  opposite  angles  a 
ant*  c. 

For^  conceive  be  to  be  drawn  pa- 
rallel to  the  side  ac  of  the  triangle. 

Then  bc,  meeting  the  *  two  parallels  ac,  bk,  makes  the 
aliernate  angles  c  and  cbb  equal  (th.  13).  And  a0, 
cutting  the  same  two  parallels  ac,  bs^  makes  the  inward 
and  outward  angles  on  the  same  side,  a  and  bbd,  equal  to 
each  other  (th.  14).  Therefore,  hy  equal  addition^,  the 
sum  of  the  two  angles  a  and  c,  is  equal  to  the  sum  of  the 
two  cBE  and  ebd,  that  is,  to  the  whole  angle  gbd  (by 
ax.  2).    q.  E»  D. 

THEOREM  XVa 

In  any  Triangle,  the  sum  of  all  the  Three  Angles  is  equal 

to  Two  Right  Angles. 

Let  ABC  be  any  plane  triangle  ;  then 
the  8um  oi  the  three  angles  a  -f  b  -f  o 
is  equal  to  two  right  angles 

For.  let  the  side  ab  be  produced  to  d. 
Then  the  outward  angle  cbd  is  equal  ,m^ 

to  the  sum  of  the  two  inward  opposite        -A.  3      V 

angles  a  +  c  (th.  16).  To  each  of  these  equals  add  the 
inward  angle  B,  then  will  the  sum  of  the  three  inward 
angles  a  +  b  +  c  be  equal  to  the  sum  of  the  two  adjacent 
angles  abc  +  gbd  (ax.  2).  But  the  sum  of  these  two  last 
adjacent  angles  is  equal  tp  two  right  angles  (th.  6).  There- 
\  fore  also  the  sum  of  the  three  angles  of  the  triangle  a  +  b  +c 

is  equal  to  two  right  angles  (ax.  1).     q  £.  ». 

CoroL  1.  If  two  angles  in  one  triangle,  be  equal  to  two 
«ingles  in  another  triangle,  the  third  angles  will  also  be  equal 
(ax.  3),  and  the  two  triangles  equiangular. 

Corol  3.  If  one  angle  in  one  triangle  be  equal  to  one 
angle  in  another,  the  sums  of  the  remaining  angles  will  also 
be  equal  (axt  3.) 

Coro/. 
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Cforoi.  3.  If  one  angle  of  a  triangle  be  lighti  the  sum  of 
the  other  two  will  also  be  equal  to  a  right  angle,  and  each 
of  them  singly  will  be  acute,  or  less  than  a  right  angle. 

Corol.  4  The  two  least  angles  of  every  triangle  are  acute^ 
or  each  less  than  a  right  angle. 

THEOREM  XYIU. 

Iv  any  Quadrangle,  the  sum  of  all  the  Four  Inward  Angles, 
is  equal  to  Four  Right  Angles. 

Let  ABCD  be  a  quadrangle;  then  the 
sum  of  the  four  inward  angles,  a  -f  b  -f- 
c  +  o  is  equal  to  four  right  angles. 

Let  the  diagonal  ac  be  drawn,  dividing 
the  quadrangle  into  two  triangles^  abc,  aoc. 
Then,  because  the  sum  of  the  three  angles 
of  each  of  these  triangles  is  equal  to  two 
right  angles  (th  17) ;  it  follows,  that  the  sum  of  all  the 
angles  of  both  triangles,  which  make  up  the  four  angles  of 
the  quadrangle,  must  be  equal  to  four  right  angles  (ax.  2). 

Q.   E.    D. 

CoroL  1.  Hence,  if  three  of  the  angles  be  right  ones,  the 
fourth  will  also  be  a  right  angle. 

CoroL  2  Andt  if  the  sum  of  two  of  the  four  angles  be 
equal  to  two  right  angles,  the  sum  of  the  remaining  two  will 
also  be  equal  to  two  right  angles. 

THEOREM  XIX. 

In  any  figure  whatever,  the  Sum  of  all  the  Inward  Angles, 
taken  together,  is  equal  to  Twice  as  many  Right  Angles, 
wanting  four,  as  the  Figure  has  Sides. 

Let  ABCDE  be  any  figure  ;  then  the 
svaa  of  all  its  inwaVd  angles,  a  +  b  + 
c  +  D  +  E,  is  equal  to  twice  as  many 
right  angles,  wanting  four,  as  the  figure 
has  sides. 

For,  from  any  point  p,  within  it,  draw 
lines  PA,  PB,  FCi  kc.  to  all  the  angles, 
dividing  the  polygon  into  as  many  tri-  "* 
angles  as  it  has  sides.  Now  the  sum  of  the  three  angles  of 
eaoh  of  these  triangles,  is  equal  to  two  right  angles  (th  17^; 
therefore  the  sum  of  the  angles  of  all  the  triangles  is  equal 
to  twice  as  many  right  angles  as  the  figure  has  sides.  But 
the  sum  of  ail  the  angles  about  the  point  p,  which  are  so 

many 
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jnany  of  the  angles  of  the  triangles,  but  no  part  of  the  in* 
ward  angles  of  the  poljrgon,  is  equal  to  four  right  angles 
(corol.  3,  th.  6).  and  must  be  deducted  out  of.  the  former 
sum.  Hence  it  follows  thai  the  sum  of  all  the  inward  angles 
of  the  polygon  alone,  A-fB4-c  +  D+E>  is  equal  to  twice 
as  many  right  angles  as  the  figure  has  sides^  wanting  the 
■aid  four  right  angles,     q.  e.  d. 

THEOREM  XX. 

When  every  Side  of  any  Figure  is  produced  out,  the 
Sum  of  all  the  Outward  Angles  thereby  made,  b  equal  to 
Four  Right  Angles.  , 

Let  A,  B)  c,  &c>  be  the  outward 
angles  of  any  polygon,  made  by  pro- 
ducing all  the  sides ;  then  will  ihe  sum 
A  +  B  4-  c  +  B  -f-  E,  of  all  those  outward 
angles,  be  equal  to  four  right  angles. 

For  every  one  of  these  outwsrd  angles, 
together  with  its  adjacent  inward  angle, 
snake  up  two  right  angles,  as  a  +  a  equal 
to  two  right  angles,  being  the  two  angles 
made  by  one    line  meeting  another  (th.  6).     And    there 
being  as  many  outward,  or  inward  angles,  as  the  figure  has 
sides :    therefore  the  sum  of  all  the  inward  and   outward 
angles,  is  equal  to  twice  as  many  right  angles  as  the  figure 
has  sides.    But  the  sum  of  all  the  inward  angles,  with  four 
right  angles,  is  equal  to  twice  as  many  right  ang^les  as  the  I 

figure  has  sides  (th.  19).  Therefore  the  sum  of  all  the  in- 
ward and  all  the  outward  angles,  is  equal  to  the  sum  of  all 
the  inward  angles  and  four  right  angles  (bjr  ax.  1).  From 
each  of  these  take  away  all  the  inward  angles,  and  there 
reTiiain  ail  the  outward  angles  equal  to  four  right  angles 
(by  ax.  3). 

THEOBEM  XXI. 

A  FEStPENDicuLAR  is  the  Shortest  Line  that  can  be  drawn 
from  a  Given  Point  to  an  Indefinite  Line.  And,  of  any 
pther  Lines  drawn  from  the  same  Point,  those  that  are  Nearest 
the  Perpendicular,  are  Less  than  those  More  Remote. 

If  AB,  AC,  AD,  &c.  be  lines  drawn  from 
the  given  point  a,  to  the  indefinite  line  de, 
of  which  AB  is  perpendicular.  Then  shall 
the  perpendicullLr  ab  be  less  than  4c,  antl 
AC,  less  than  ad,  &c.  

For,  the  angle  b  being  a  right  one,  the        D  C  B    E 

angle 
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sngle  c  is  acute  (bf  cor  3,  th.  17),  and  therefore  less  than 
the  angle  b  But  the  Icift  angle  of  a  triangle  is  subtended 
by  the  less  side  (th*  9).  Therefore  the  side  ab  is  less  than 
the  side  he. 

Again,  the  angle  acb  being  acute,  as  before,  the  adja- 
cent angle  Acn  will  be  obtuse  (by  th.  6)  $  consequently  the 
angle  n  is  acute  (corol.  3,  th.  1 7),  and  therefore  is  less  than 
the  angle  c.  And  since  the  less  side  is  opposite  to  the  less 
angle,  therefore  the  side  ac  is  less  than  the  side  ai>. 

.   Q.  E.  D« 

Corol.  A  perpendicular  is  the  least  distant  ofa  given  point 
from  a  line. 

THEOfiEM  XXn. 

Thk  Opposite  Sides  and  Angles  of  any  Parallelogram  are 
equal  to  each  other  $  and  the  Diagonal  divides  it  into  two 
Equal  Triangles. 

Let  ABcn  be  a  parallelogram,  of  which 
the  diagonal  is  bd  ^  \^tn  will  its  opposite 
sides  and  angles  be  equal  to  each  other, 
and  the  diagonal  bd  will  divide  it  into  two 
equal  parts,  or  triangles. 

For,  since  the  sides  ab  and  Dc  are  pa- 
lallel,  as  also  the  sides  ad  and  bc  (defin. 
32),  and  the  line  bd  meets  them ;  therefore  the  alternate 
angles  are  e^ual  (th.  12),  namely,  the  angle  abo  to  the  a^le 
CDB,  and  the  angle  adb  to  the  angle  cbd.  Hence  the  two 
triangles,  having  two  angles  in  the  one  equal  to  two  angles 
in  the  other,  have  also  their  third  angles  equal  (cor.  1,  th.  17), 
namely,  the  angle  A  equal  to  the  angle  c»  which  are  two  of 
the  opposite  angles  of  the  parallelogram. 

Also,  if  to  the  equal  angles  abd,  cdb,  be  added  the  equal 
angles  obd,  adb,  the  wholes  will  be  equal  (ax.  2),  nan^ely,  the 
whole  angle  abc  to  the  whole  adc,  which  are  the  other  two 
opposite  angles  of  the  parallelogram.  q.  b.  o. 

Again,  since  the  two  triangles  are  mutually  equiangulari 
and  have  a  side  in  each  equal,  viz.  the  common  side  bd  ;  there* 
fi>re  the  two  triangles  are  identical  (th.  2),  or  equal  in  all 
respects,  namely,  the  side  ab  equal  to  the  opposite  side  dc, 
and  AD  equal  to  the  o|^osite  side  bc,  and  the  whole  triangle 
abd  equal  to  the  whole  triangle  bcd.  q.  e.  d. 

CoroU 


n 
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Corol.  1.  Hencet  if  one  angle  of  a  parallelo|(;rani  be  a  right 
aBKlCv  all  the  other  three  will  also  be  right  angleti  and  the 
parallelogram  a  recungle. 

Corol  2.  Hence  also,  the  sum  of  any  two  adjacent  angles 
of  a  parallelogram  is  equal  to  two  right  angles. 

THEOREM  XXm. 

Etsrt  Quadrilateraly  whose  Opposite  Sides  are  equaly  is  a 
Parallelogram,  or  has  its  Opposite  Sides  ParalleL 
Let  ABC D  be  a  quadrangle,  having  the 
opposite  sides  eqnal,  namely,  the  side  ab 
equal  to  dc,  and  ad  equal  to  bc  ;  then 
shall  these  equal  sides  be  also  parallel} 
and  the  figure  a  parallelogram. 

For,  let  the  diagonal  bd  be  drawn. 
Then,  the  triangles,   abd,  cbd,  being 
mutually  equilateral  (by  hyp  ),  they  are 
also  mutually  equiangular  (th.  5),  or  have  their  correspond* 
ing  angles  equal  i  consequently  the  opposite  udes  are  parallel 
(th.  13);  viz.  the  side  ab  parallel  to  n^f^nd  ad  parallel  to 
BC,  and  the  figure  is  a  parallelogram.        q.  b.  d. 

THEOBEM  XXIV. 

Those  Lines  which  join  the  Corresponding  Extremes  of 
two  Equal  and  Parallel  Lines,  are  themselves  Equal  and 
Parallel. 

Let  AB,  DC,  be  two  equal  and  parallel  lines ;  then  will 
(he  lines  ad  bc,  which  join  their  extremes,  be  also  equal 
and  parallel.    [See  the  fig.  above  3 

For,  draw  the  diagonal  bd.  Then,  because  ab  and  dc  are 
parallel  (by  hyp.),  the  angle  abd  is  equal  to  the  alternate 
angle  bdc  (th.  13).  Hence  then,  the  two  triangles  having 
two  sides  and  the  contained  angles  equal,  vis.  the  side  ab 
equal  tq  the  side  dc,  and  the  side  bd  common,  and  the  con* 
tained  angle  abd  equal  to  the  contained  angle  bdc,  they 
have  the  remaining  sides  and  angles  also  respectively  equal 
(th.  1) ;  consequently  ad  is  equal  to  bc,  aad  also  parallel  to 
it  (th.  12).    ^.  E-  D* 

THEOREM  XXV. 

Parallbloorams,  as  also  Triangles,  standing  on  the 
Same  B  be,  and  between  the  Same  Paralleis,  are  equal  to 
each  other. 

Let 
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Let  ABCD«  ABSFy  be  two  parallelo-  I>      C  Y    JE 

grams,  and  abc,  abf>  two  triangles^ 
standing  on  the  same  base  ab^  and  be- 
tween the  same  parallels  ab,  d£  ;  then 
wiU  the  parallelogram  abcd,  be  equal  to 
the  parallelogram  AB£F,andthe  triangle 
ABC  equal  to  the  triangle  abf. 

For,  since  the  line  db.  cuts  the  two 
parallels  af,  be,  and  the  two  ad,  bc,  it  makes  the  angle  £ 
equal  to  the  angle  afd,  and  the  angle  d  equal  to  the  angle 
BCK  (th.  14) ;  the  two  triangles  adf,  bce,  are  therefore 
equiangular  (cor.  I,th.  17);  and  having  the  two  correspond- 
ing sides,  AD,  BC,  equal  (th.  32),  being  opposite  sides  of  a 
parallelogram,  these  two  triangles  are  identical,  or  equal  in 
all  respects  (th.  2).  If  each  of  these  equal  triangles  then  be 
taken  from  the  whole  space  abed,  there  will  remain  the 
parallelogram  abef  in  the  one  case,  equal  to  the  parallelo- 
gram ABCD  in  the  other  (by  ax.  3). 

Also  the  triangles  abc,  abf,  on  the  same  base  ab,  and 
b^ween  the  same  parallels,  are  equal,  being  the  halyes  of 
the  said  equal  parallelograms  (th«  22).    q.  s.  d« 

Corol,  1.  Parallelograms,  or  triangles,  having  the  same 
base  and  altitude,  are  equal.  ¥§t  the  altitude  is  the  same  as 
the  perpendicular  or  distance  between  the  two  parallels,  which 
la  every  where  equal,  by  the  definition  of  parallels. 

CoroL  2.  Parallelograms,  or  triangles,  having  equal  bases 
and  altitudes,  are  equal  For,  if  the  one  figure  be  applied 
with  its  base  on  the  other,  the  bases  will  coincide  or  be  the 
same,  because  ihty  are  equal :  and  so  the  two  figures*  having 
the  same  base  and  altitude,  are  equal. 

THEOREM  XXYL 

If  a  Parallelogram  and  a  Triangle  stand  on  the  Same 
Base,  and  between  the  Same  Parallels,  the  Parallelogram 
will  be  Double  the  Triangle,  or  the  Triangle  Half  the  Pa- 
rallelogram. 

Let  ABCD  ht  a  parallelogram,  and  abe, 
a  triangle,  on  tl|e  same  base  ab,  and  between 
the  same  paralUls  ab,  ds  ;  then  will  the  pa- 
rallelogram Afiin  be  double  the  triangle 
abk,  or  the  tri^gle  half  the  parallelogram. 

For,  draw  tHe  diagonal  ac  of  the  paral- 
lelogram, dividing  it  into  two  equal  parts 
(th.  22).    Then  because  the  triangles  abc, 

ABE, 
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ABE,  on  the  same  base,  and  between  the  same  parallels,  are 
equal  (th.  25) ;  and  because  the  one  triangle  abc  is  half  the 
parallelogram  abcd  (th.  22?,  the  other  equal  triangle  abe  is 
also  equal  to  half  the  same  parallelogram  abcd.     q.  e.  d. 

CoroL  I  A  triangle  is  equal  to  half  a  parallelogram  of  the 
same  base  and  altitude,  because  the  altitude  is  the  perpendi- 
cular distance  between  the  parallels,  which  is  eveiy  where 
equal,  by  the  definition  of  parallels. 

Coroi.  2.  If  the  base  of  a  parallelogram  be  half  that  of  a 
triangle,  of  the  same  altitude,  or  the  base  of  the  triangle  be 
double  that  of  the  parallelogram,  the  two  figures  will  be 
equal  to  each  other. 

THEOREM  XXVn. 

Rectangles  that  are  contained  by  Equal  Lines,  are  Equal 

to  each  other. 

Let  BD,  FH)  be  two  rectangles,  haying 
the  sides  ab,  bc,  equal  to  the  sides  ef, 
FG,  each  to  each ;  then  will  the  rectangle 
BD  be  equal  to  the  rectangle  fh. 

For,  draw  the  two  diagonals  ac,  bG, 
dividing  the  two  parallelograms  each  into 
two  equal  parts.     Then  tht  two  triangles 
ABC,  EFG,  are  equal  to  each  other  (th.   1),  because    they 
have  the  two   aides   ab,   bc,  and    the  contsdned  angle,  b 
equal  to  the  two  sides  rf,  fg,  and  the  contained  angle  f 
(by  hyp).     But  these  equal  triangles  are  the  halves  of  the 
respective  rectangles.     And  because  the  halves,  or  the  tri- 
angles, are  equal,  the  wholes^  or  the  rectangles,  db,  hf,  are 
also  equal  (by  ax.  6).    q.  b.  d. 

CoroL  The  squares  on  equal  lines  are  also  equal  9  for 
every  square  is  a  species  of  rectangle. 

THEOREM  XXVnt 

Tub  Complements  of  the  Parallelograms,  which  are 
about  the  Diagonal  of  any  Parallelogram,  are  equal  to  each 
other. 

Let  AC  be  a  parallelogram,  bd  a  dia- 
gonal, EiF  parallel  to  ab  or  nc,  and 
GiH  parallel  to  ad  or  bc,  making  ai, 
ic  complements  to  the  parallelograms 
"EG*  HF,  which  are  about  the  diagonal  J  ■  J^ 

SB  :  then  will  the  complement  ai  be        ■^**  ** 
equal  to  the  complement  iCt 

For, 
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For,  since*  the  diagonal  db  bisects  the  three  parallelograms 
AC  EG,  Hr,  (Ui.  22);  therefore,  the  whole  triangle  dab 
being  equal  to  the  whole  triangle  dcb,  and  the  parts  o£i) 
IHB,  respectively  equal  to  the  parts  dgi,  ipB)  the  remaining 
pans  Ai,  ic,  must  also  be  equal  (by  ax.  3).     q.  e.  »• 

THEOREM  XXIX. 

A  Trapezoid,  or  Trapezium  having  two  Sides  Parallel^ 
isequal  to  Haifa  Parallelogram*  whose  Base  is  the  Sum  oi' 
those  two  Sides,  and  its  Altitude  the  Perpendicular  Distance 
ketween  them* 

Let  A  BCD  be  the  trapezoid,  having  its 
two  sides  ab,  dc,  parallel ;  and  in  ab 
produced  take  be  equal  to  dc,  so  that 
AK  may  be  the  sum  of  the  two  parallel 
sides  ;  produce  dc  also,  and  let  bp,  gc, 
VH,  be  all  three  parallel  to  ad.  Then  is 
,AF  a  pat^allelogram  of  the  same  altitude  with  the  trapezoid 
AfiCD,  having  its  base  ab  equal  to  the  sum  of  the  parallel  sides 
of  the  trapezoid  ;  and  it  is  to  be  proved  that  the  trapezoid 
ABCD  is  eqilal  to  half  the  parallelogram  af. 

Now,  since  triangles,  or  parallelograms,  of  equal  bases 
and  altitude,  are  equal  (corol  2,  th.  25),  the  parallelogram 
DG  is  equal  to  the  parallelogram 'he,  and  the  triangle  cgb 
equal  to  the  triangle  chb  ;  consequently  the  line  bc  bisects, 
or  equally  dividets  the  parallelognon  af^  and  abcd  is  the 
half  ofit»    ct«  E.  D. 

THEOREM  XXX- 

The  Sum  of  all  the  Rectangles  contained  under  one 
Whole  Line,  and  the  several  Parts  of  another  Line,  any  way 
divided,  is  Equal  to  the  Rectangle  contained  Under  the  Two 
Whole  Lines. 

Let  AD  be  the  one  line,  and  ab  the 
other)  divided  into  the  parts  ae,  ef, 
VB  ;  then  will  the  rectangle  contained  by 
AD  and  AB,  be  equal  to  the  sum  of  the 
rectangles  of  ab  and  ae,  and  ad  and  sf, 
and  AD  and  fb:  thus  expressed,  ad  .ab 

=a  AD  .  AE  "^  AD  •  ef  +  AD  .  FB« 

For,  make  the  rectangle  ac  of  the  two  whole  lines. ad, 
AB ;  and  dvkvr  eg,  fh,  perpendicular  to  ab>  or  paraUel  to 
ad,  to  which  they  are  equal  (th.  22).  Then  ihe  whole 
rectangle  ac  is  made  tip  of  all  the  other  rectangles  aq, 

Vol.1.  Q.q  eh, 
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EHy  FC.  But  these  rectangles  are  contain- 
ed by  AD  and  ae,  ko  and  ef>'  fh  and  fb  $ 
VfhicM  arc  equal  to  the  rectangles  of  ad 
and  AB,  AD  and  ef.  ad  and  fe,  because  ^ 
AD  is  equal  to  each  of  the  two,  eg,  fh. 
Therefore  the  rectangle  ad  ab  is  equal  to  the  sum  of  all 
the  other  rectangles  ad  .  ae,  ad  .  ef,  ad  .  fb      q.  e.  d. 

CoroL  If  a  right  line  be  divided  into  any  two  pans ;  tbe 
square  on  the  whole  line,  is  equal  to  both  the  rectanglta  of 
the  whole  line  and  each  of  the  parts. 


THEOREM  XXXL 


The  Square  of  the  Sum  of  two  Lines  is  greater  than  the 
Sum  of  their  Squares,  by  Twice  the  Rectangle  of  the  said 
Lines.  Or,  the  Square  of  a  whole  Line,  is  equal  to  the 
Squares  of  its  two  Parts,  together  with  Twice  the  RectangU 
of  those  Parts. 

Let  the  line  ab  be  the  sum  of  any  two 
lines  AC,  cb  :  then  will  the  square  of  ab 
be  equal  to  the  squares  of  ac,  cb,  together 
witl.  twice  the  rectangle  of  ac    cb.     That 


E      H  I> 


IS,  ab«  =5  AC*  +  <:b*  +  2ac  .  cb. 

For,  let  abde  be  the  square  on  the  sum 
or  whole  line  ab.  and  acfg   the  square 
on  the  part  ac.     Produce  cf  and  of  to  the  other  side  at  b 
aiid  X. 

From  the  lines  ch,  oi,  which  are  equal,  being  each 
equal  to  the  sides  of  the  square  ab  or  bd  (tb.  33),  take  the 
parts  CF,  OF,  which  are  also  equal,  being  the  sides  of  the 
square  af,  and  there  remains  fh  equal  to  fi,  which  are 
also  equal  to  dh,  di,  being  the  opposite  sides  of  a  parallelo- 
gram. Hence  the  figure  bi  is  equilateral :  and  it  has  all 
its  angles  right  ones  (corol.  1,  tb.  32) ;  it  is  therefore  a 
square  on  the  Ihie  fi,  or  the  square  of  its  equal  cb.  Also 
the  figures  ef,  fb,  are  equal  to  two  recungles  under  ac 
and  cb,  because  of  is  equal  to  ac,  and  fh  or  fi.  equal 
to  CB.  But  the  whole  square  aj>  is  made  up  of  the  four 
figures,  viz.  the  two  squares  af,  fd,  and  the  two  equal  rect« 
angles  ef,  fb.  That  is,  the  square  of  ab  it  equal  to  the 
squares  of  ac,  cb,  together  with  twice  the  rectangle  of  ac, 

CB       R    B.   D. 

Corol.  Hence,  if  a  line  be  divided  into  two  eqoal  parts  ; 
the  square  of  the  whole  line,  will  be  equal  to  four  times  tlie 
square  of  half  the  tine. 


THfiPBQff 
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TlfEOREM  XXXIL 

Th£  Square  of  the  DHTerence  of  two  Lines,  is  less  than 
the  .Sum  of  their  Squares^  by  rwke  the  Rectangle  of  the 
saidl^ines. 

Let  AC,  Bc,  be  any  two  lines^  and  ab 
their  difference  :  then  will  the  square  of  ab 
be  less  than  the  squures  of  ac,  bc  by 
twice   the  rectanj^le  of  ac  and  bc*    Or, 

AB*    =s  AC*  H- BC»  — 2aC  .  bc. 


Gl 


B 


A.    B 


^ 


K 


For  let  ABDB  be  the  square  on  the  dif- 
ference abi  and  ACVQ  the  square  on  the 
line  AC     Produce  bd  to  h  ;  also  produce 
PB  and  Hc,  and  draw  kI)  n^aking  bi  the  square  of  the  other 
line  BC. 

No^  it  is  visible  that  the  square  a2>  is  less  than  the  two 
squares  aFi  Bi^  by  the  two  rectangles  ef,  di.  But  gf  is 
equal  to  the  one  line  ac«  and  ge  or  fh  is  equal  to  the  other 
line  BC  ;  consequently  the  rectangle  bf^  contained  under  eg 
and  GF,  is  equal  to  the  rectangle  of  ac  and  bc. 

Again,  FH  being  equal  to  ci  or  bc  or  dh,  by  adding  the 
conunon  part  hc,  the  whole  hi  will  be  equal  to  the  whole 
\fc,  or  equal  to  ac  ;  and  consequently  the  figure  ni  is  equal 
to  the  rectangle  contained  by  ac  and  bc 

Hence  the  two  figures  ef,  ]>i>  are  two  rectangles  of  the 
two  lines  ac  bc  ;  and  consequently  the  square  of  ab  is 
less  than  the    squares  of  aC}  bc^  by  twice  the  rectangle 


AC  .  bc    ^.  b.  d. 
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Tbk  Rectangle  under  the  Sum  and  Difference  of  two 
Lines,  is  equal  to  the  Dtflerence  of  the  Squares  of  those 
Lines. 

LetAB,  AC, beany  two  unequal  lines; 
then  will  the  difference  of  the  squares  of 
ab,  AC,  be  equal  to  a  rectangle  under 
their  sum  and  difference.    That  is, 


AB*  — Ac*  as  ab  +  AC  .  AB— AC 

For,  let  ABSUs  be  the  square  of  ab,  and 
ACFO  the',  square  of  ac  .  Produce  db 
till  BR  be  equal  to  ac  ,  draw  ui  parallel 
to  AB  or  BD,  and  produce  tc  both  ways  to 

landK.     , 
Then  the  dijfference  of  the  two  squares  xnt  af,  is  evi- 

dcnUy 


f 
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denily  tb€  two  rectangles  sFt  KB.  But  tlie  rectangles  %ws 
Bi)  are  equal,  beiog  contained  under  equal  lines  ;  for  ek  and 
BH  are  each  equal  to  aCi  and  ge  is  equal  to  cb,  being  each 
equal  to  the  difference  between  ab  and  ac,  or  their  equaU 
AE  and  AG.  Therefore  the  two  ef,  kb,  are  equal  to  (he  two 
SBi  Bi.  or  to  the  whole  eh  3  and  con&cquently  kh  is  equal  to 
the  difference  of  the  squares  ad.  af.  fiut  kh  is  a  rectangle 
contained  by  dh*  or  the  sum  of  ab  and  ac.  and  by  so,  or  tbe 
difference  of  ab  and  ac  Therefore  tlie  difference  of  the 
squares  of  ab,  ac,  is  equal  to  the  rectangle  under  their  suxf^^ 
and  difference,    q.  e.  d. 

THEORBM  XXfflV.      . 

^  1h  any  Right-angled  Triangle,  the  square  of  the  Hypothe- 

nuse,  is  equal  to  the  Sum  of  the  Squares  of  the  other  twp 
Sides. 

Let  ABC  be  a  right-angled  triangle, 

"  having  the  right  angle  c ;  then  will  the 

square  of  the  hypothenu^e  ab,  be  equal 

to  the  sum  of  the  squares  of  the  other  ^' 

two  sides  ac>  cb.     Or  ab»  =  ac*  -|- 

BC*. 

For,  on  ab  describe  the  square  aej 
and  on  ac,  cb,  the  squares  ag,  bh  ; 
then  draw  ck  parallel  to  ad  or  be  ;  and 

join  AI,  BF,  CD,  CE. 

Now,  becatsse  the  line  ac  meets  the  two  cg,  cb,  so  as  to 
make  two  right  angles,  these  two  form  one  straight  line  gb 
(corol  l,th.  6).  And  because  the  angle  fac  is  equal  to  the 
angle  dab,  being  each  a  right  angle,  or  the  angle  of  a  square; 
to  each  of  these  equals  add  the  common  angle  bac,  so  will 
the  whole  angle  or  sum  fab,  be  equal  to  the  whole  angle  or 
«um  CAD.  But  the  line  fa  is  equal  to  the  line  ac,  and  th0 
line  AB  to  the  line  ad,  being  sides  of  the  same  square  3  so 
that  the  two  sides  FA.  ab,  and  their  included  angle  fab,  are 
equal  to  the  two  aidescA,  ad>  and  the  contained  angle  cAQt 
each  to  each  ;  therefore  the  wbole  triangle  afb  is  equal  to  tUp 
whole  triangle  acd  fth.  1) 

But  the  square  ag  is  double  the  triangle  AFB,otT  the  sa0>e 
base  FA,  and  between  the  same  parallels  fa,  gb  (th.  26) ;  in 
like  manner,  the  parallelogram  ar  is  double  the  triangle  acd» 
on  the  same  base  ad,  and  between  the  same  parallela  ad,  ck. 
A<id  since  the  doubles  of  equal  tbii^,  are  equal  (by  ax.  0)  9 
therefore  the  square  ag  is  equal  to  tl^  parallelogram  as* 

In 
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In  like  manner}  the  other  square  bb  is  proved  equal  to  the 
otht*'  [Kii-alU'logratD  bk.  .  Consequently  the  two  squares  AG 
an<i  BH  together^  are^  equal  to  the  iwo  parallelograms  ak  and  ' 
BK  '.ogether,  or  to  the  whole  square  ae'  That  is,  the  sum  of 
the  two  squares  on  the  two  less  sides^  is  equal  to  the  square 
<m  the  greatest  side,     q  £.  d. 

CoroL  i.  Hence,  the  square  of  either  of  the  two  l^ss  sidea^ 
is  equal  to  the  difference  of  the  squares  of  the  hypothenuse 
and  the  other  side  (ax  3) ;  or,  equal  to  the  rectangle  contain- 
ed by  the  sum  and  difference  of  the  said  hypotheniise  and 
ether  side  (th.  33). 

Corol.  2.  Hence  also,  if  two  right-angled  triangles  have 
two  sides  of  the  one  equal  to  two  corresponding  sides  of  the. 
other ;  their  third  sides  will  also  be  equals  and  the  triangles 
idendcaL 

THEOREM  XXXV. 

In  any  Triangle,  the  Difference  of  the  Squares  of  the 
t^o  Sidesy  is  Equal  to  the  Difference  of  the  Squares  of  the 
Segments  of  the  Basie,  or  ot  the  two  Lines,  or  Distances, 
Included  between  the  Extremes  of  the  Base  and  the  Perpen* 
dicular. 

^  Lt^t  ABC  be  any  triangle,  having 
CD  p  ^rpendicular  to  ab  ;  then  will 
the  difference  of  the  squares  of  ac» 
Bc,  be  equal  to  the  difference  of 
the  squares  of  ao>  bd  ;  that  is,  ac  ^ 
^BC»=AD*-.BI>«  A     B3>   A     J)B' 

For,  since  ac*  is  equal  to  ad*  +  cd*   >      ,.     .^  , .,. 

and  Bo»  is  equ^l  to  bd»  +  cd».  J      ^°^  ^°'  ^ ^  » 
Theref.  the  difference  between  ac'  and  bc^, 
is  equal  to  the  difference  between  ad^  +  od' 

andsD*  4.  CD*, 
or  equal  to  the  difference  between  ad*  and  bd*, 
by  taking  away  the  common  square  cd*  ^.  B.  d» 

CoroL  The  rectangle  of  thie  sum  and  difference  of  the 
two  sides  of  any  triangle,  is  equal  to  the  rectangle  of  the 
sum  and  difference  of  the  distances  between  the  perpendi* 
eolar  and  the  two  extremes  of  the  baae,  or  equal  to  the  rect<* 
angle  of  the  base  and  the  difference  or  sum  of  the  segments, 
i^ccording  aa  the  perpendlcnlar  falls  vithin  or  without  the 
(riangle, 

Th^t 
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That  is.  AC  +  BC .  AC  —  bc  =»  ad+  bii    a»  —  bb 


»•■ 


Or,  AC  +  BC  .  AC  —  BC  =  AB  ,  AD  —  BD  in  thc  2d  figure. 


Ad4  AC  +  BC  .  AC  «>-  BC  =  ab  .  ad  -f-  bd  in  the  1st  figure. 


THBOREM  XXXVI. 

In  any  Obtuse-angled  Triangle,  the  Square  of  the  Side 
subtenMing  the  Obtuse  Angle,  is  Grtsuter  than  the  Sum  of 
thc  Squares  of  the  other  two  Sides,  by  Twice  the  R<>cthbgle 
of  the  Base  and  the  Distance  of  tiie  Perpendicular  fronri  the 
Obtuse  Angle. 

Let  ABC  be  a  triangle,  obtuse  angled  at  B)  and  cd  perpen* 
dicular  to  ab  ;  then  will  the  square  of  ac  be  greater  than  the 
squares  of  AB9  bc,  by  twice  the  rectangle.of  ab»  bd.  That 
is,  AC«  =  ab'^  +  Bc»  +  2ab  .  bd.  See  the  1st  fig.  above, 
or  below.  ^       . 

For,  since  the  square  of  the  whole  Hoe  ad  is  equal  to  the 
squares  of  the  parts  ab,  bd>  with  twice  the  rectangle  of  the 
same  parts  ab-.  bd  (th.  3i)  ;  if  to  each  of  these  equiiU  there 
be  added  the  square  of  cd,  then  the  squares  of  ad,  CDt  will 
be  equal  to  the  squares  of  ab,  bd,  cD)  with  twice  the  rectan- 
gle of  AB,  bd  (by  ax.  2). 

But  the  squares  of  ad,  cdy  are  equal  to  the  square  of  ac  > 
jsnd  the  squares  of  bd,  co,  equal  to  the  square  of  BC  (th*  34  ) ; 
therefore  the  square  of  ac  is  equal  to  the  squares  of  ab>  bci 
together  with  twice  the  rectangle  of  aB|  bd»    q-  b*  d. 


THEOREM  XXX!vn. 

Ih  any  Triangle,*  the  Square  of  the  Side  subtending  an 
Acute  Anglo,  is  Less  than  thc  Squares  of  the  Base  and  the 
other  Side,  by  Twice  the  Rectangle  of  the  Btise  and  the 
Distance  of  the  Perpendicular  from  the  Acute  Angle. 

Let  ABC  be  a  triangle,  having 
the  angle  a  acute,  and  cd  perpen«» 
dicttlar  to  ab  \  then  will  the  square 
ef  BC.  be  less  than  the  squares  of 
AB.  AC,  by  twice  the  rettangle  of 
AB,  AD.  That  is,  BC*  «=  AB*  + 
AC»-»A8.AD.  y^^ 


THEOREMS.  3Q3 

For,  in  1^.  I,  ac*  U  =  bc»  +  ab*  +  Sab  .  b»  (lb.  3<S). 
To  each  of  tb«sc  equals  add  the  tquare  of  ab^ 
then  is  AB*  +  ac*  «=  bc*  +  3ab«  -f  2ab    bd  (ax  2), 

or  cs  BC^  4-  2ab«  ad  Uh.  SO). 

<(.  E.  B. 
j\(^b,  m  fif?.  3,  AC*  is  a  AD»  +  DC*  (th.  34). 

And  AB*  »  AD*+  DB*  -f.2AD  .  OB  (th  3  k). 

Tjicrcf.AB*+  AC*  «  BD*+  DC*  +  2ao*  +  2ad  .  BB  (ax.  2), 

or  =s  BC»  +  2AD*-f  2aD  .  DB  ^th.  34), 

or  ss  BC*  4-  2AB  .  AD  (ih.  30).  .   Q.  E.  D. 

THEOREM  XXXVUL 

^    Iir  any  Triangle^  the  Double  of  the  Square  of  a  Line 
drawn  from  the  Vertex  to  the  Middle  of  the   Base,  togetfle/ 
with  Double  the  Square  of  the  Half  Base,  is  Equal  to  the  Sum 
of  the  Squares  of  the  other  Two  Sides. 

Let  ADC  be  a  triangle,  and  cd  the  line 
drawn  from  the  vertex  to  the  middle  of  v 

the  base  ab,  dividing  it  into  two  equal 
parts  AD.  DB ;  then  will  the  sum  of  the 
^^quares  of  AC)  cb,  be  equal  to  twice  the 
sum  of  the  squares  of  cd,  bd  ;  or  ac*  + 
€B*s2CD*-f  3db*.  a     deb 

For,  let  CE  be  perpendicular  to  the  base  ab.  Then^ 
since  (by  th  36)  Ac^  exceeds  the. sum  of  the  two  squares 
AD*  4nd  CD*  (or  bd*  and  cd*)  by  the  double  rectangle 
2ad  .  DB  (or  2bd  ds);  and  since  (by  th.  37)  bc*  is  less 
than  the  same  sura  by  the  said  double  rectangle  ;  it  is  mAni^ 
fest  that  both  ac*  and  bc*  together  must  be  equal  to  that 
aum  twice  taken ;  the  excess  oa  the  one  part  making  up  the 
defect  on  the  other,    q.  b.  d. 

THEOREM  XXXLS, 

In  an  Isosceles  Triangle,  the  Square  of  a  Line  drawn  fron^ 
the  Vertex  to  any  Point  in  the  Buse,  together  with  the  Rectan- 
gle of  the  Segments  of  the  Base,  is  equal  to  the  Square  of  one 
of  the  Equal  Sides  of  the  Triangle. 

Let  ABC  be  the  isouceles  triangle^  and 
CD  a  line  drawn  from  the  vertex  to  any  C 

point  D  in  the  base :  then  will  the  square 
of  AG,  be  equal  to  the  square  of  cd,  togeth- 
er, with  the  rectangle  of  Ai  end  dd.   That 

iBfAC'saoD^-f  ad.db.  ^ 

For,    A  D  JBl    B 


304  GEOMETRY. 

For,  let  CB  bisect  the  Tenical  angle  $  then  will  it  alsd 
bisect  the  base  ab  perpendicularly  making  ab  =  bb  (cor.  1, 
Ih  3). 

But,  in  the  triangle  acd,  obtuse  angled  at  o,  the  squall 

AC*  is  =  CO*  +  AD*  -f  ^AP  .  DZ  (th.  36), 

or  =  CD*  +  AD  .  AD  4-  2db  (th  30),  p 


or  =  CD*  -f  AD  .  AE  4-  DB, 

or  =r   CD*  +  AO      BE  +  DiB, 
or  ==  CD*  +  AD  .  DB. 


q.  E.  D.      ^B  £      3 

TU£OBEM  XL. 


V 

/ 


^   In   any  Parallelogram,  the    two  Diagonals  Bisect    eack* 
otlfer  ;  and  the  Sum  of  their  Squares  is  equal  to  the  Sum  of 
the  Squares  of  all  the  Four  Sides  of  the  Parolielogram. 

Let  ABCD   be  a  parallelogram,  whose         J) C 

diagonals  intersect  each  other  in  e  :  then 
will  AE  be  equal  to  ec,  and  bb  to  bd  ; 
and  the  sum  of  the  squares  of  ac,  dd,  will 
be  equal  to  the  sum  of  the  squares  of  ab, 
bc,  CO,  DA,    That  is, 

AB  =  EC,  and  BE  =  BD, 
and  AC»+  BD*  =  AB*  +  BC2  +  CD*  +  DA*. 

For,  the  triangles  abb,  dec,  are  equiangular,  because 
they  have  the  opposite  angles  at  b  equal  (th  7),  and  the  two 
lines  AC,  bd,  meeting  the  parallels  ab»  dc,  make  the 
angle  BAB  equal  to  the  angle  dcb,  and  the  angle  abb  equal 
to  the  angle  cdb,  and  the  side  ab  equal  to  the  side  dc 
(th.  22) ;  therefore  these  two  tnanglea  are  identical*  and 
have  their  corresponding  sides  equal  (th.  2),  viz.  ab  =?  bC| 
and  BB  =35  ED. 

Again,  since  ac  is  bisected  in  b,  the  sum  of  the  sqxiares 
ad*+  DC*  =  2ab*  +  2db*  fth.  38). 

In  like  manner,  ab*  +  bc*  =  2ae^  +  2be*  or  2db*. 
Theref  ab*  +  bc*  +cd*  +  da*  =  4ab*  +  4de*  (ax.  2). 

But,  because  the  square  of  a  whole  line  is  equal  to  ^ 
times  the  square  of  half  the  line  (cor.  th.  31),  that  is,  ac*  s: 
4ab*,  and  bd*  ==s  4db*. 

Theref.  ab*  +bc*  +  CD*  +  da*  cs  ac*  +  bd»  (ax.'i). 

Q.  B.  D* 

THEORBH 
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nSEGREM 

If  a  Linei  drawn  through  or  from  the  Centre  of  a  Circlci 
Bisect  a  Chord,  it  will  be  Perpendicular  to  it ;  or  if  it  bo 
Perpendicular  to  the  Chord)  it  will  Bisect  both  the  Chord 
and  the  arc  of  the  Chord* 

Let  AB  be  any  chord  in  a  circle,  and  cd 
a  line  drawn  from  the  centre  c  to  the 
chord.  Then,  if  the  chord'be  bisected  in 
the  point  d,  cd  will  be  perpendicular  to 

AB. 

For,  draw  the  two  radii  cA*  cb.  Then, 
the  two  triangles  acD)  bcd,  having  ca 
equal  to  cb  (deL  44),  and  cd  common,  also 
AD  equal  to  ob  (by  hyp.) ;  they  have  all  the  three  sides  of 
the  one,  equal  to  all  the  three  sides  of  the  other,  and  so  liave 
their  angles  also  equal  (th.  5).  Hence  then,  the  angle  adc 
being  equal  to  the  angle  bdc«  these  angles  are  right  angiesy 
and  the  line  cd  is  perpendicular  to  ab  (def  11;. 

Again,  if  cd  be  perpendicular  to  ab,  then  will  the  chord 
AB  be  bisected  at  the  point  d,  or  have  ad  equal  to  db  ;  and 
the  arc  aeb  bisected  in  the  point  s,  or  have  ab  equal  bb. 

For,  having  drawn  cA|  cb,  as  before.  Then^  in  the  tri« 
angle  Asct  because  the  side  ca  is  equal  to  the  side  cb.  their 
opposite  angles  a  and  b  are  also  equal  (th.  3).  Hence  then» 
in  the  two  triangles  acd,  bcd,  the  angle  a  is  equal  to  the 
angle  b,  and  the  angles  at  d  are  equal  (def.  11);  therefore 
their  third  angles  are  also  equal  (corol.  1,  th«  17).  And 
having  the  side  cd  common,  they  have  also  the  aide  ad  equal 
to  the  side  db  (th.  2). 

Also,  since  the  angle  ace  is  equal  to  the  angle  bcx,  the 
arc  ab,  which  measures  the  former  rdef.  37),  is  equal  to  the 
arc  be,  which  measures  the  latter,  smce  equal  angles  must 
bav&  equal  measures. 

CoroL  Hence  a  line  bisecting  any  chord  at  right  angles^ 
passes  through  the  centre  of  the  circle. 


-THEOREM  XUI. 

If  More  than  Two  Equal  Lines  can  be  drawn  from  any 
Point  within  a  Circle  to  the  Circumference^  that  Point  will  be 
the  centre* 

Vol,  T.  R  r  Let 
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Let  ABC  be  a  circle^  and  d  a  point 
wilhin  it :  then  if  any  three  hnea,  da, 
BB,  DC,  drawn  from  the  point  d  to  the 
clrcunnference,  be  equal  to  each  other>' 
the  point  d  will  be  the  centre.^ 

For,  draw  the  chords  aB,  bc,  which 
let  be  bisected  in  the  point  s,  t,  and 

join  D£,  DF. 

Then,  the  two  triangles,  dae,  dbe,  have  the  side  tik  equal 
to  the  side  db  by  supposition,  and  the  side  ab  equal  to  the 
side  eb  by  hypothesis,  also  the  side  t}K  common :  thereforo 
these  two  triangles  are  identical,  and  have  the  angles  at  i& 
equal  to  each  other  (th  5) ;  consequently  de  is  perpemficu- 
lar  to  the  middle  of  the  chord  ab  (def  II),  and  therefiu^ 
passes  through  the  centre  of  the  circle  (coroL  th.  41). 

In  like  manner,  it  may  be  shown  that  Df  passes  througli 
the  centre.  Consequently  the  point  d  is  the  centre  of  the 
circle,  and  the  three  equal  lines,  da,  db,  dc,  are  radii. 


THEOREM  XLtH. 


If  two  Circles  touch  one  another  Internally,  the  Centres  of 
llie  Circles,  and  the  Point  of  Contact  will  be  all  in  the  Sam^ 
Right  Line. 

Let  the  two  circles  abc,  ade;,  touch 
one  another  internally  in  the  point  a; 
then  will  the  point  a  and  the  centres  of 
those  circles  be  all  in  the  same  right 
line. 

for,  let  F  be  the  centre  of  the  circle 
ABC;  through  which  draw  the  diameter 
AFC.  Then,  if  the  centre  of  the  other 
circle  can  be  out  of  this  line  Ac >  let  it  be 
supposed  in  some  other  point  as  o ;  through  whicli  draw  tba 
line  FO  catting  the  two  circles  in  b  and  d. 

Now,  in  the  triangle  afg,  the  sum  of  the  two  sides  fo, 
GA,  is  greater  than  the  third  side  af  (th.  10),  or  greater  than 
its  equal  radius  fb.  From  each  of  these  take  away  the 
common  part  fg,  and  the  remainder  oa  will  be  greater 
than  the  remainder  gb.  But  the  point  g  being  supposed 
the  centre  of  the  inner  circle,  its  two  radii,  ga,  oDj  are 
equal  to  each  other  ;  consequently  gd  will  also  be  greater 
than  OB.    But  adb  being  the  inner  circle,  gd  is  necessarily 
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less  than  gb.  So  that  gd  is  both  greater  find  less  than  gb  ; 
which  is  absurd.  Consequently  the  centre  g  cannot  be  out 
of  the  Ime  afc.    (i*  £•  d» 


THBOBEM  XLIV. 

If  two  Circles  Touch  one  another  Externally,  the  Centres 
of  the  Circles  and  the  Point  of  Contact  will  be  all  in  tho 
Same  Right  Line. 

Let  the  two  circles  abc,  ade^  touch  one 
another  externally  at  the  point  a  ;  then  will 
the  point  of  contact  a  and  the  centres  of  the 
two  circles  be  all  in  the  same  right  line. 
^  For,  let  F  be  the  centre  of  the  circle  abc^ 
through  which  draw  the  diameter  afc,  and 
produce  it  to  the  other  circle  at  e  Then,  if 
the  centre  of  the  other  circle  adb  can  be  out 
of  the  line  fe,  let  it,  if  possible,  be  supposed 
in  some  other  point  as  o  ;  and  draw  the  lines 
AG,  FBDG,  cutting  the  two  circles  in  b  and  d. 

Then,  in  the  triangle  afg,  the  sum  of  tho  two  sides  af^ 
AG,  is  greater  than  the  third  side  fg  (th.  10).  But,  f  and  g 
being  the  centres  of  the  two  circles,  the  two  radii  ga,  gd, 
are  equal,  as  are  also  the  two  mdii  af,  fb.  Hence  the  sum 
xf  OA,  AF,  is  equal  to  the  sum  of  gd,  bf  -,  and  therefore  this 
lattet  sum  also,  gd,  bf  is  greater  than  gf,  which  is  absurd^ 
Conaeqtnntly  the  centre  g  cannot  be  out  of  the  line  kf. 

'  ^.  E.  B. 


TH&ORBM  XLV. 


Amr  Chords  in  a  Circle^  which  are  Equally  Distant  from 
the  Centre,  are  Equal  to  each  other  ;  or  if  they  be  Equal  tQ 
each  other,  they  will  be  Equally  Distant  from  the  Centre. 

Let  ab,  eo,  be  any  two  chords  at  equal 
distances  from  the  centre  g  ;  then  will  A     C- 

these  two  chords  ab,  cd,  be  equal  to  each 
other. 


For,  draw  the  two  radii  ga*  gc,  and 
tfie  two  perpendiculars  gb<  gf,  which  are 
the  equal  distances  from  the  centre  g. 
TheO)  the  two  right-angled  triangles, 
GAE.  GCF,  having  the  side  ga  equal  the  side  oc,  and  the  side 
#«  equal  the  side  gf»  and  the  angle  at  x  equal  to  the  angle 

at 
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at  t,  therefbrft  the  two  triangles  oae, 
ocF*  are  identical  (cor.  9,  th.  34),  and 
have  (he  line  ab  equal  the  line  cf. 
tiut  AB  is  the  double  of  ab,  and  cd  is 
the  double  of  cf  (ih.  41);  therefore 
AB  is  equal  to  en  (by  ax.  6).     q.  £    d. 

Again*  if  the  chord  ab  be  equal  to       « 
the  chord  en  :  then  will  their  distances  from  the  centre,  -oe, 
CFf  also  be  equal  to  each  other. 

For,  since  ab  is  equal  en  by  supposition,  the  half  ab  is 
equal  the  half  cr*  Also  the  radii  ga«  go,  being  equali  as 
well  as  the  right  angles  s  and  f,  therefore  tlie  third  sides  aw 
equal  (cor.  3»  th.  34}|  or  the  distance  ob  equal  the  distance 

OF*      4*  K*  Qf  4 


THEOREH  XLVt 

A  Line  Perpendicular  to  the  Extremity  of  a  Radiuss  is  a 

Tangent  to  the  Circle. 

Let  the  line  apb  be  perpendicular  to  the 
radius  en  of  a  circle ;  then  shall  ab  touch 
the  circle  in  the  point  n  only. 

'  For,  from  any  other  point  b  in  the  line 
AB  draw  cFf  to  the  centre,  cutting  the 
circle  in  f. 

Then,  because  the  angle  n,  of  the  trian- 
gle cnB,  is  a  rightangle,  the  angle  at  e  is  acute  (th.  17,  cor.  3), 
and  consequently  less  than  the  angle  ]>.  But  the  greater 
side  is  always  opposite  to  the  greater  angle  (th.  9)  ;  therefore 
the  side  cb  is  greater  than  the  side  co,  or  greater  than  its 
equal  OF.  Hence  the  point  %  is  without  the  circle  ;  and  the 
same  for  every  other  point  in  the  line  ab.  Consequently  the 
whole  line  is  withoqt  the  oircle)  and  me^ts  it  in  the  point  n 
only. 
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THEOBEM  XLVU. 


Whbh  a  Liite  is  a  Tangent  to  a  Circle^  a  Radius  drawn  to 
the  Point  of  Contact  is  Perpendicular  to  the  Tangent. 

Let  the  line  ab  touch  the  circumference  of  a  circle  at  the 
point  D ;  then  vf})\  the  radius  cd  be  perpendicular  to  the 
tangent  ab.    [See  the  last  figure.3 

For,  the  line  ab  being  wholly  without  the  circumference 
except  at  the  point  d,  every  other,  line,  as  cb  drawn  from 
the  centre  c  to  the  line  ab,  must  pass  out  of  the  circle  to 
nrrtve  at  this  line.  The  line  cd  is  therefore  the  shortest  that 
can  be  drawn  from  the  point  c  to  the  line  ab,  and  consequent- 
ly (th.  31)  it  is  perpendicular  to  that  line. 

Corof  Hence,  conversely,  a  line  drawn  perpendicular  to  a 
taBgent,  at  the  point  of  conucti  passes  through  the  centre  of 
the  circle. 


THEOREM  XLVm. 

Ths  Angle  formed  by  a  Tangent  and  Chord  is  Measured  by 

Half  the  Arc  of  that  Chord. 

Ltt  AB  be  a  tangent  to  a  circle,  and  on 
a  chord  drawn  from  the  point  of  contact  c  ; 
then  is  the  angle  bcd  measured  by  half  the 
arc  crn,  and  the  angle  acs>  measured  by 
half  the  arc  cod. 

For,  draw  the  radius  ec  to  the  point  of 
contact,  and  the  radius  ef  perpendicular  to 
the  chord  at  r. 

Then*  the  radius  kf,  being  perpendicular  to  the  chord  cd, 
bisects  the  arc  cfd  (th.  41).    Therefore  cf  is  half  the  ace 

CFD* 

In  the  triangle  CEH,  the  angle  h  being  a  right  one,  the 
sum  of  the  two  remaining  angles  i&  and  c  is  equal  to  a  right 
angle  (corol.  3,  th  17),  which  is  equal  to  the  angle  bce, 
because  the  radius  cs  is  perpendicular  to  the  tangent.  From 
each  of  these  equals  take  away  the  common  part  or  angle  c, 
and  there  remains  the  angle  s  equal  to  the  angle  bcd.  But 
the  angle  b  is  measured  by  the  arc  ct  (def.  57 )f  which  is 
the  half  of  cfd  ;  therefore  the  equal  angle  bcd  must  also 
have  the  same  measure}  namely^  half  the  arc  cfd  of  .the 
chcu'd  CD. 

Again, 
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Agttiit  the  line  obt«  being  perpendicular 
to  the  chord  cd,  uisects  the  arc  coD)  (th. 
41).  Therefore  cg  is  half  the  arc  cod. 
Kow,  since  the  line  ce,  meeting  fg,  nuikes 
the  sum  of  the  two  angles  at  b  equal  to 
two  right  angles  (th  6),  and  the  line  en 
snakes  with  ab  the  sum  of  the  two  angles 
at  c  equal  to  two  right  angles;  if  from 
these  two  equal  sums  there  be  taken  away  the  parts  or  angles 
esH  and  bch  which  have  been  proved  equal,  there  remains 
the  angle  c bo  equal  to  the  angle  ach  But  the  former  of 
these.  CBG>  being  an  angle  at  the  centre,  is  measured  by  the 
src  CO  (def  57)  $  consequently  the  equal  angle  acd  must 
also  have  the  same  measure  ca.  which  is  half  the  arc  cod  of 
the  chord  cd      q  b.  d. 

Corol.  1.  The  sum  of  two  right  angles  is  measured  by 
balf  the  circumference.  For  the  two  angles  bcd.  acd  .  w  hich 
snake  up  two  right  angles,  are  measured  by  the  arcs  cf.  co> 
which  make  up  balf  the  circumference,  to  being  a  diameter. 

Coroi.  3.  Hence  also  one  right  angle  must  have  for  its 
measure  a  quarter  of  the  circumference^  or  90  degrees. 


THEOBEM  ZUX. 

As  Angle  at  the  Cireumference  of  a  Cirele,  is  measured  by 

Hall  the  Arc  that  subtends  it. 

Let  b Ae  be  an  angle  at  tim  ciicumference ; 
it  has  for  its  measure,  half  the  arc  bc  which 
subtends  it. 

For,  suppose  the  tangent  db  passing 
through  the  point  of  contact  a.  Then,  the 
angle  pac  being  measured  by  half  the  arc 
A.BC,  and  the  angle  dab  by  half  the  arc  ab 
(th  48) ;  it  follows,  by  equal  subtraction,  that  the  difference, 
•r  angle  b  ac,  must  be  measured  by  half  the  arc  bc  i  which  it 
Btands  upon.    q.  x.  d* 
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THEOREM  !• 

All  Angles  in^the  Same  Segment  of  a  Circle^  or  Standing  oa 
the  Same  Arc»  are  equal  to  each  other. 

Let  0  and  d  be  two  angles  .in  the  same 
segment  ACDSt  q^*,  which  is  the  same  thing, 
standing  on  the  supplemental  arc  aeb;  then 
ifvillthe  angle  c  be  equal  to  the  angle  n. 

For  each  of  these  angles  is  measured  by 
half  the  arc  arb  j  and  thus,  .having  equal 
xneaattres>  they  are  equal  to  each  other  ^ax. 
ll> 


An  An^le  at  the  Centreiof  a  Circle  is  Double  the  Angle  at  the 
Circumference^  wheq  both  stand  on  the  Same  Arc. 

Let  c  be  an  angle  at  the  centre  c*  and 
D  an  angle  at  the  circumference,  both  stand- 
ing on  Uie  same  arc  or  same  chord  ab  :  then 
will  the  angle  c  be  double  of  the  angle  p, 
or  the  angle  o  equal  to  half  the  angle  c. 

For,  the  angle  at  the  centre  c  is  measur- 
ed by  the  whole  arc  ai&b  (def.  57),  and  the  . 
angle  at  the  circumference  d  is  measured  by  half  the  same 
arc  ABa(th.  49) ;  therefore  the  angle  d  is  odly  half  the  angle 
<5j  or  the^angle  o  double  the  angle  d. 

TBDBOBEM  UL 

An  Angle  in  a  Semicircle,  is  a  Right  Angle. 

If  ABC  or  ADC  be  a  semicircle  ;  then 
any  angle  d  in  that  semicircle,  is  a  right 
angle. 

For,  the  angle  n,  at  the  circumference, 
is  measured  by  half  the  arc  abc  (th.  49), 
that  i&i  by  a  quadrant  of  the  circumference. 
But  a  quadrant  is  the  measure  of  a  right 
angle  (corol.  4,  th.  6 ;  or  corol.  3,  th.  48). 
angle  a  ia  a  right  angle. 


B 
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THEOREM  UIL 


The  Angle  formed  b^  a  Tangent  to  a  Circle^  and  a  Chord 
drawn  from  the  Point  of  Contact,  is  Equal  to  the  Angle  in  the 
Alternate  Segment.  • 

If  AB  be  a  tangent,  and  ac  a  chord,  and  ^ 

l>  any  angle  in  the  alternate  segment  adc  ; 
then  will  the  angle  d  be  equal  to  the  angle 
BAG  made  by  the  tangent  and  chord,  of  the 
arc  AEC. 

For  the  angle  d,  at  the  circumference, 
is  measured  by  half  the  arc  aec  (th.  49)  ; 
and  the  angle  baC|  made  by  the  tangent  and  chord,  is  also 
measured  b^  the  same  half  arc  abc  (th.  48) ;  therefore  these 
two  angles  are  equal  (ax.  1 1). 

THEOREM  UV. 

The  Sum  of  any  Two  Opposite  Angles  of  a  Quadrangle 
Inscribed  in  a  Circle,  is  Equal  to  Two  Right  Angles. 

Let  ABco  be  any  quadrilateral  inscribed 
in  a  circle ;  then  &haU  the  sum  of  the  two 
opposite  angles  a  and  c,  or  b  and  d,  be 
equal  to  two  right  angles. 

For  the  angle  j^  is  measured  l^  half  the 
arc  DCB,  which  it  stands  on,  and  the  angle 
c  by  half  the  arc  dab  (th.  49) ;  therefore 
the  sum  of  the  two  angles  a  and  c  is  measured  by  half  the 
sum  of  these  two  arcs,  that  is,  by  half  the  circumference. 
But  half  the  circumference  is  the  measun?  of  two  rig^ht 
angles  (corol.  4,  th.  6);  therefore  the  sum  of  the  two  oppo- 
site angles  a  and  c  is  equal  to  two  right  angles.  In  Jikc 
manner  it  is  shown,  that  the  sum  of  the  other  two  opposite 
angles,  d  and  b,  is  equal  to  two  right  angles,    q.  b*  i>* 

THEOREM  LV. 

If  any  Side  of  a  Quadrangle,  Inscribed  in  a  Circle,  be 
Produced  out,  the  Outward  Angle  will  be  Equal  to  the  Inward 
Opposite  Angle. 

If  the  side  ab,  of  the  quadiilatend  abcd, 
inscribed  in  a  circle,  be  produced  to  a- $  the 
outward  angle  dae  will  be  equal  to  the 
inward  opposite  angle  c. 


For, 


THEOREMSt  31^ 

For,  the  sum  of  the  two  adjacent  angles  bas  And  tiB  is 
equal  to  two  right  ant^les  (th  6);  and  the  sum  of  the  two 
opposite  angles  o  and  dab  \%  also  equal  to  two  right  angles 
th.  54)  ;  therefore  the  ionner  sum,  of  the  two  angles  dai: 
and  DAB,  is  equal  to  the  latter  sum,  of  the  two  c  and  dab 
(ax.  l).  From  each  of  these  equals  taking  away  the  com** 
non  angle  dab,  there  remains  the  angle  das  equal  the 
im^Ie  c»    q.  B.  D« 


THBOBBMLYL 


Any  Two  Pai-allel  Chords  Intercept  KqHal  Arcs. 

Let  the  two  chords  ab,  cd,  be  parallel  : 
then  wili  the  arcs  ac,  bDj  be   equal ;  or 

Ac  =  BD 

For«  draw  the  line  bc.  Then^  because 
the  lines  ab,  gd,  are  parallel,  the  alternate 
angles  b  and  c  are  equal  (th.  12).  But  the 
angle  at  the  circumference  b^  is  measured  by  half  the  arer 
jkc  (th.  49) ;  and  the  other  equal  angle  at  the  circumferencO' 
c  is  measured  by  half  the  arc  bd  :  therefore  the  halves  of  tho 
arcs  AC,  bd,  and  consequently  the  arcs  themselves,  are  also 
aqual.^  q.  e.  d. 

tUEOBfiM  LVU. 

« 

When  a  Taitgent  and  Chord  are  Parallel  to  each  other,  thejr 

Intercept  Equal  Arcs. 

L£T  the  tangent  abc  be  parallel  to  the 
chord  DF ;  then  arc  tiie  arcs  bo,  bf,  equal ; 
that  is,  BO  =  bf. 

For,  draw   the    chord    bd.    Then,    be- 
cause the  lines   ab,  df«  are  parallel,  the  al- 
ternate angles  d  and  b  are  equal  (th   12> 
But  the  angle  b,  formed  by  a  tangent  and  chord,  is  measured 
by  half  the  arc  bd  (th.  48) ;  and  the  other  angle  at  the  cir« 
cumferencc  d  in  measured  by  half  the  arc  sf  (th.  49) ;  there* 
fore  the  arcs  bd>  bf>  are  equal,    h*  b.  H* 
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Let  the  two  lines,  ab,  cd,  meet  eack 
other  in  b  ;  then  the  rectangle  of  ae,  eb, 
irill  be  equal  to  ihe  rectangle  of  C£>  ed. 

Or,  AE  .  KB  =5=  CB  .  EO. 


AJLo 


For,  through  the  point  e  draw  the  .dia* 
meter  fo';  also,  from  the  centre  h  draw 
the  radius  dh,  and  draw   Hi  perpendicular 

to  CD. 

Then,  since  heh  is  a  triangle,  and  the 
perp.  HI  bisects  the  chord  cd  (th.  41),  the 
line  CE  is  equal  to  ihe  difference  of  the* 
segments  di,  j;i,  the  sum  of  them  being 
3>K.  Also,  because  r  is  the  centre  of  the 
circle  and  the  radii  dh,  fh,  gb,  are  all  equal,  the  line  EG 
is  equal  to  the  sum  of  the  sides  dh,  he  ^  and  ef  is  equal  to 
their  difference. 

But  the  rectangle  of  the  sum  and  difference  of  the  two 
aides  of  a  triangle,  is  equal  to  the  rectangle  of  the  sum  and 
difference  of  the  segments  of  the  base  (th  35) ;  therefore 
the  rectangle  of  tZi  eg,  is  equal  to  the  rectangle  of  ce-  eq. 
In  like  manner  it  is  proved,  that  the  same  rectangle  of  fe^ 
^G,  is  equal  to  the  rectangle  of  ae.  eb  Consequently  the 
rectangle  of  ae,  eb,  is  also  equal  to  the  rectangle  of  cE)  eo 
(ax.  1).    Q   e*  d* 

Corol.  I.  When  one  of  the  lines  in  the 
second  case,  as  de,  by  revolving  about  the 
point  E,  comes  into  the  position  of  the  tan- 
gent EC  or  ED,  the  two  points  c  and  d 
running  into  one  ;  then  the  rectangle  of  es, 
£D,  becomes  the  square  of  ce,  because  C£ 
and  DE  are  then  equal-  Consequently  the 
rectangle  of  the  parts  of  the  secant,  ae  .  eB| 
1^  equal  to  the  square  of  the  tangent  ce'. 

CoroL  S.  Hence  both  the  tangents  eg,  ef,  drawn  from 
^he  same  point  e,  are  equal ;  since  the  square  of  each  is  equal 
^o  the  same  rectangle  or  quantity  ae  •  eb. 

THEOREM  hXlX. 


Jn  Equiangular  Triangles,  the  Rectangles  of  the  Correspond- 
ing or  Like  Sidesj  taken  alternately,  are  equal. 
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THEOREMS  ,        SIT 

Let  ABC,  DE?9  be  tvro  equiangular 
triangles,  having  the  angle  a  c=  the 
an^le  d.  the  angle's  =  the  angle  e, 
and  the  angle  c  =  the  angle  f  ;  also 
the  like  sides  ab,  dei  and  ac,  df, 
being  .those  opposite  the  equal  angles  s 
then  will  the  rectangle  of  ab,  dF|  be 
equal  to  the  rectangle  of  ac,  de. 

In  BA  produced  take  ag  equal  to  df  ;  and  through  the 
three  points  b,  e,  G|  conceive  a  circle  bcgh  to  be  described^ 
xneeting  ca  produced  at  H,and  join  gh. 

Then  the  angle  g  ib  equal  to  the  angle  c  on  the  same  arc 
BH,  and  the  angle  h  equal  to  the  angle  b  on  the  same  arc  cg 
(th.  SO) ;  also  the  opposite  angles  at  a  are  equal  (th.  7)  : 
therefore  the  triangle  agh  is  equiangtilar  to  the  triangle 
ACB,  and  consequently  to  the  triangle  dfe  also.  But  the 
two  like  sides  ao,  df,  are  also  equal  by  supposition  ;  conse* 
quently  the  two  triangles  aGh,  dfe,  are  identical  (th.  2), 
Jiaving  the  two  sides  ag,  ah,  equal  to  the  two  df,  de,  each 
to  each. 

But  the  rectangle  ga  .  ab  is    equal    to    the    rectangle 
KA  .  AC  (th.  61) :  consequently  the  rectangle  pf  .  ab  is  equal 
-  |he  rectangle  de  •  ac.    q.  e  d. 


THEOREM  LXm. 


The  Rectangle  of  the  two  Sides  of  any  Triangle,  is  Equal  to 
the  Rectangle  of  the  Perpendicular  on  the  third  Side  an4 
the  Diameter  of  the  Circumscribing  Circle. 

Let  CD  be  the  perpendicular,  and  ob 
tiie  diameter  of  the  circle  about  the  triangle 
ABC  i  then  the  rectangle  ca  .  cb  is  =  the 
yectangle  cd  .  cs 

For,  join  be  :  then  in  the  two  triangles 
ACD,  ECB,  the  angles  a  and  e  are  equal, 
standing  on  the  same  arc  bc  (th.  50) :  also  the  right  angle  a 
IS  cqua\  to  the  angle  b,  which  is  also  a  right  angle,  being  in 
a  semicircle  tth.  52)  :  therefore  these  tivo  triangles  have  also 
their  tWjrd  angles  equal,  and  are  equiangular.  Hence,  ac, 
.f:E,  and  cd,  cb,  being  like  sides,  subtending  the  equal  angles, 
the  rectangle  ac  .  cb,  of  the  first  and  last  of  them,  ia  equal  to 
the  rectangle  cb  •  cb,  of  the  other  two  (th  62^. 

THEOREM! 
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THEOREM  LXIV. 


The  Square  of  a  line  bisecting  any  Angle  of  a  Trianglo, 
together  with  the  Reciangle  of  the  Two  Segments  of  the 
opposite  Side,  is  Equal  to  the  Rectangle  of  the  two  oth^;* 
Sides  including  the  Bisected  Angle. 

Let  CD  bisect  the  angle  c  of  the  triangle 
ABC  ;  then  the  square  cd"  +  the  rectangle 
Ao  .  DB  is  =  the  rectangle  ac  .  cb. 

For,  let  CD  be  produced  to  meet .  the  cir- 
cumscribing circle  at  e,  and  j.>in  ae. 

Then  the  two  trianj»lts  ace,  bcd,  are 
equiangular:  for  the  angles  at  c  are  equal 
by  bupposition,  and  the  angles  b  and  £  are  equal,  standing 
on  the  same  arc  ac  (th.  50);  consequently  the  third  an^^Ies 
at  A  and  d  are  equal  (corol.  I)  th.  17 )  :  alto  ac.  cd«  and 
C£,  CB,  are  like  or  corresponding  sides,  being  opposite  to 
cqufil  angles:  therefore  the  rectangle  ac  .  cb  is  =  the 
rectangle  cd  .  ce  (th.  62).  But  the  latter  rectangle  cd  •  cb 
is  =  CD*  +  the  rectangle  cd  .  de  (th.  30) ;  therefore  ajSQ 
the  former  rectangle  ac  .  cb  is  also  =  cd^  -f  cd  •  de,  or 
O^ual  to  CO*  +  AD  •  DB|  since  cd  .  db  is  s=5  ad  .  db  ^th.  61). 

q.  £.  x^. 


THEOREM  LXV. 

The  Rectangle  of  the  two  Dmgcfials  of  any  Quadrangle 
Inscribed  in  a  Circle,  is  equal  to  the  sum  of  the  two  Rect? 
angles  of  the  Opposite  Sides. 

Let  abcd  be  any  quadrilateral  inscribed 
in  a  circle,  and  ac,  bd,  its  two  diagonals: 
then  the  rectangle  ac  .  bd  is  =  the  rect- 
angle AB  •  pc  -f  the  rectangle  ad  .  bq. 

For,  let  cE  be  drawn,  making  the  angle 
BCE  equal  to  the  angle  dca.  Then  the  two 
triangles  acd,  bce»  are  equiangular  1  for  the  angles  a  and 
B  are  equal,  standing  on  the  same  arc  dc  ;  and  the  angles 
DCA.  BCE,  are  equal  by  supposition ;  consequently  the  third 
angles  ADC,  BEC  arc  also  equal :  also,  ac,  qc,  and  ad,  BBf 
arc  like  or  corresponding  sides,  being  opposite  to  the  equal 
ani<lrs:  therefore  tho  rectangle  ac.be  is  =  the  rectangle 
AB  p  BC  (th.  62). 

AgWlQ 
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Agaim  the  two  triangles  abc,  deci  are  equiangular:  fot 
ihe  angles  bac^  bdc,  are  equal,  standing  on  the  same  arc  bc  ; 
and  the  angle  dce  is  equal  to  the  angle  bca,  by  adding  the 
common  angle  ace  to  the  two  equal  angles  dca,  bce  ^  there« 
.£:)re  tlie  third  angles  e  and  abc  are  also  equal  :  hut  ac,  do, 
and  AB)  de,  are  the  like  sides :  therefore  the  rectangle  ac  . 
jaiE  is  =  the  rectangle  ab  .  dc  (th.  62). 

Hence,  by  equal  additions,  the  sum  of  the  rectangles  ac  4 
HE  4-  AC  .  DE  is  =  AB  .  BC  4*  -^B  ■  DC.  Bqi  the  former  sum 
of  the  rectangles  ac  .  be  +  ac  .  db  is  s:^  the  rectangle  ac  • 
BD  (th.  30)  :  therefore  the  same  rectangle  ac  bd  is  equul  to 
the  latter  aum^  the  rect.  ad  .  bc  -f  the  rect.  ab  •  dc  (ax   1)< 

^.  li.  B. 


OF  RATIOS  AND  PROPORTIONS. 


DEFINITIONS. 

Def  76.  Ratio  is  the  proportion  or  relation  which  one 
magnitude  bears  to  another  magnitude  of  the  same  kind  with 
tespect  to  quantity. 

i^ote  The  measure,  or  quantity,  of  a  ratio,  is  conceived, 
by  considering  what  part  or  parts  the  leading  quuntity,  called 
the  Antecedent,  is  of  the  other,  called  the  Conseqiieut;  oif 
what  part  or  pans  the  number  expressing  the  quauiuy  of  the 
former,  it  of  the  number  denoting  in  like  manlier  the  latter* 
So,  the  ratio  of  a  quantity  expressed  by  the  number  2,  to  sk 
like  quantity  expressed  by  the  number  6,  is  denoted  by  6 
divided  by  3,  or  4  or  3  :  the  number  2  being  3  times  con- 
tained in  6,  or  the  third  part  of  it.  In  like  manner,  the  ratio 
of  the  quantity  3  to  6,  is  measured  by  ^  or  2  ;  the  ratio  of 
4  to  6  is  J  or  1  i  ;  that  of  6  to  4  is  ^  or  I ;  &c. 

77.  Proportion  is  an  equality  of  ratios.     Thus, 

78.  Three  quantities  are  said  to  be  Proportional,  when  the 
ratio  of  the  first  to  the  second  is  equal  to  the  ratio  of  the 
second  to  the  third.  As  of  the  three  quantities  a  (2),  a  (4)» 
C  (8),  where  $  =  »  =  2,  both  the  same  tatio- 

79.  Four  quantiiies  are  said  to  be  Proportional,  when  the 
ratio  of  the  first  to  the  second,  is  the  same  as  the  ratio  of  the 
third  to  the  fourth.  As  of  the  four,  a  (2),  b  (4J,  c  (5),  n  ( 10), 
nrhere  ^  es  y^  =  2^  both  the  same  ratio* 


.1 


3:o  GEOMETRY. 

J^Qte.  To  denote  tliat  four  quantllieS)  a,  b«  c^  b,  are  pro<* 
portional,  they  are  usually  slated  or  placed  ilius,  a  :  b  ;  :  c  :  i>  ; 
aod  read  iliusy  a  Is  to  b  as  c  is  lo  d  Bui  Avlien  three  quanti- 
ties are  proportional)  the  middle  one  is  repeated}  and  they 
are  written  thus^  a  ;  b  :  :  b  :  c. 

« 
''SO.  Of  three  proportional  quantities)  the  middle  one    is 
said  to  be  a  Mean   Proportional  between  the  other  two  ;  and 
the  la&t,  a  Third  Proportional  lo  the  first  and  second. 

81.  Of  four  proportional  quantities,  the  last'  is  said  to  be 
a  Fourth  Proportional  to  the  other  thiecj  taken  in  order. 

82.  Quantities  are  said  to  be  Continually  Proportional,  or 
in  Continued  Proportion,  when  the  -ratio  is  the  same  between 
every  two  adjacent  terms,  viz.  when  the  first  is  to  the  second, 
as  tlie  second  to  the  third,  as  the  third  to  the  fourth,  as  the 
fourth  to  the  fifth,  and  so  on,  all  in  the  same  common  ratio. 

As  in  the  quantities  1,  2,  4,  8,  16,  Sec  ;  where  the  common 
ratio  is  equal  to  3. 

83.  Of  any  number  of  quantities,  a,  b,  g,  d,  the  ratio  of 
the  first,  A,  to  the  last  n,  is  said  to  be  Compounded  of  the 
ratios  of  the  first  to  the  second,  of  the  second  to  the  third) 
and  so  on  to  the  last. 

84.  Inverse  ratio  is,  when  the  antecedent  is  made,  the 
consequent,  and  the  consequent  the  antecedent, — Thus*  if 
1  :  2  :  :  3  :  6  ;  then  inversely,  2  :  1  :  :  6  :  3. 

85.  Alternate  proportion  is,  wh«D  antc^cedent  is  compared 
with  antecedent,  and  consequent  with  consequent. — As,  if 
1  :  2  : :  3  :  6  ;  then,  by  alternation,  or  permutation,  it  will  be 
J  :  3  :  z  2  :  6. 

86.  Compounded  ratio  is,  when  the  sup  of  the  antecedent 
and  consequent  is  compured,  cither  with  the  consequent,  or 
with  the  antecedent. — Thus,  if  I  :  2  : :  3  :  6,  then  by  composi- 
tion, 1    f  2  :  1  : :  3  +  6  :  3,  and  I  +  2  :  3 : :  3  +  6  :  6. 

37.  Divided  ratio,  is  when  the  difference  of  the  antecedent 
rx(!  consequent  is  conipared,  either  with  the  antecedent  or 
with  the  consequent.-*-Thus,  if  1  :  2  :  :  3  :  6,  then,  by  division^ 
'2—1  .  1  ::  6  —  3  ;  3,  and  2—  1:2::  6— 3;  6. 

•Yo/e.  The  term  Divided,  or  Division,  here  means  subtract- 
ing, or  parting ;  being-  uied  in  the  sense  opposed  to  com- 
pounduig,  or  adding,  ia  dcf,  86. 
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THEOREM  LXVt. 

lilquiihultiples  of  anjr  two  Quantities  have  the  lame  Ratio  an 

the  Quaniuies  ihetnselves. 

L«T  A  and  b  t>e  any  two  quantities,  and  ma,  mB,  an7 
eqoifiHiltiples  ot  them«  m  being  any  number  whatever :  then 
Will  ntA  and  mB  have  the  same  ratio  as  a  and  B)  or  a  :  b  :  t 
BiA  s  ma 

mB       B 
For  —  =  — ,  the  sattie  ratio. 
mA      A 

CoroL  Hence,  like  parts  of  quantities  have  xh6  same  ratid 
as  tikc  wholes  5  because  the  wholes  are  equimultiples  of  the 
lUie  parts,  or  a  and  b  are  like  parts  of  mA  and  Mb* 

THBOREM  LXVn. 

If  Four  Quantiiiesi  of  the  Same  Kind,  be  Proportionals  j 
they  will  be  in  Proportion  by  Alternation  or  PermutatioOi 
or  ihe  Antecedents  will  have  the  Same  Ratio  as  the  Con« 
sequents. 

Lbt  a  :  b  : :  mA  :  mB  ;  then  will  a  :  mx  : :  b  :  irb, 

mA  .  mB 

For  -—  =s  ai^  and  —  ==  m,  both  the  same  ratio. 

A  B 

THEOREM  L3CVIU. 

If  Four  Quantities  be  Proportional ;  they  will  be   in4'rcH 

portion  by  Inversion,  or  Inversely, 

Let  a  :  b  : :  mA  :  mB ;  then  will  b  :  A  :  t  m&  :  mA, 

mA         A 

For  —  =3  -^,  both  the  same  ratio, 
ms        b 

tHEOREM  LXIX. 

tf  Four  Quantities  be  Proportional ;  they  will  be  ih  Pre* 
portion  by  Composition  and  Diviuon. 

Lbt  a  ::  b  : :  mA  t  mB  ; 
Then  will  b  ±  a  :  a  :  s  ma  ±  mA  :  mA, 
and  B  ±  A  :  B  :  t  mB  db  mA  :  mB. 
mA  A  mB  k 

For, = 1  and  "  as         ^.l 

mB  d:  mA        B  ±  a        mB  JE:  mA        31  ±  A  *^ 

Vol.  I*  T  t  «?rf/i 
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32a  GEOMETRY. 

CvroL  It  appears  from  hence,  that  the  Sum  of  the  Qreate»t 
and   Least  of  four  proponional  quantities*  of  the  same  kind^' 

OJiceedv  the  Sum  of  the  Two  Means.    For,  since ; 

A  -  A  +  B  : :  mA  •  mA  +  ffiB,  where    a    is  the  least,  and 

fKA  -f  fRB  the  greatest ;  then  m  4-  I .  a  +  mB»  the  sum  of 
the  greatest  and  least  exceeds  m  -f  1: .  a  4-  v  tho  sum  cdE 
the  two  means. 

THEOREM  LXX 

If,  of  Four  Proportional  Quantities,  there  be  taken  any- 
Equimultiples  whatever  of  the  two  Antecedents,  and  aD|r 
Equimultiples  whatever  of  the  two  Consequents  ;  the 
quantities  resulting  will  still  be  proportional. 

Lbt  a  :  b  :  :  mA  :  mB  ;  slso,  let  fih,  .and  fipiK  be  anf 
equimultiples  of  the  two  ante<^edents,  and  ^b  and  ymB  any 
equimultiples  of  the  two  consequents  r  then  will  ^  »  -^  -  ^ 

/»A  :   yB   :  :  fimx   :  ^WB. 

qmn       g^ 
For  — -^  ^  — 9  both  the  same  rati<>. 
/imA      /^A 

THEOREM  ixXL 

If  there  be  Four  Proportional  Quantitiesi  and  the  two 
Consequents  be  either  Augmented  or  Diminished  by 
Quantities  that  have  the  Same  Ratio  as  the  respective 
Antecedents ;  the  Results  and  the  Antecedents  \^iil  still 
be  Proportionals. 

Lbt  a  :  b  :  *'  mA  :  mB,  and  nk  and  nmA  any  two  quan- 
tities having  the  same  ratio  as  the  tWo  antecedents  \  then  wilt 
A  :  B  ±  nA  :  :  mA  :  ms*  ±  nmA. 
mB  ±  nmA      b  d:  nA 
For-    ■     ■         =:s  ,  both  the  same  ratio. 

mA  A 

THEOREM  LXXft. 

If  any  Number  of  ^)uantities  be  Proportional,  tiien  any 
one  of  the  Antecedents  will  be  to  its  Consequent,  as  the 
Sum  of  all  the  Antecedents  b  to  the  Stnh  of  all  the  Cons* 
sequents. 

Let  a  :  b  : :  mA  :  mB  s  :  nA  :  ^B,  txt  I  thenwili  --.•-' 

A  ^   B  :  :  A   -f  mA    -f    flA  :  :  b'  -f-  '^'B   -f  fiB,  &C» 
B   of  mB    +  ^^'  B 

For : .  =  — ^  the  same  ratio. 

A  "f  mA  -f  nA        A 

fBKOBSM 
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7HEOBBM  LXXnL 

Jf  a  Whole  MagDitudQ  he  to  a  Wbele»  as  a  Part  taken  fro«i 
Ihc  firsi,  18  l^o  a  Part  taken  from  the  other  ;  then  the  Re- 
mainder will  be  to  the  Hem^ui^er,  as  tho  whole  to  the 
^hole. 


m 

m 

Let  4s 

0  s 

:  —  A 

?  — b; 

n 

n 

then  will 

A  S 

B  : :  A 

-^— ^  a:  B  •—«.&. 
n                 n 

B- 

.ma 

B 

For 

*             A. 

o 

m 

A 

both  the  same  radp* 

THEOSEM  LXXIV. 

If  any  Quantities  be  Proportional ;  their  Squares,  or  Cubef^, 
or  any  Li||^e  Powers,  or  Roots,  of  them,  will  sdso  be  Pror 
pordonal. 

Let  a  :  b  : :  mA  :  MS ;  then  will  a«:  b» : :  m«*A* s  mP B^ . 

mOB"        B" 

For  — — i  =  ~ ,  both  the  same  ratio. 

THEOREM  LXXV. 

If  there  be  two  Sets  of  Proportionals ;  then  tho  Products  or 
Rectangles  of  the  Corresponding  Terms  will  also  be  Pro- 
porlLpnal. 

Lbt  a  :  B  :  :  mA  :  mB, 

and  c  :  n  : :  nc  :  no  ; 

then  will  4.C  ^  bo  :  ^  mnAC  :  mffBD^ 

mnBO       BD 
^or  ■■     ■■  =  — ,  both  the  same  ratio. 

mnAC      AC 

THEOjREM  UCrVIf 

]Ef  Four  Quantities  be  Proportional ;  the  |(ectang1e  or  Product 
of  the  two  Extremes,  will  be  Equal  to  the  Rectangle  or 
Product  of  the  two  Means.    Ao<l  the  cpnyerse. 

Lbt  a  :  b  : :  "lA  :  mB ; 

Uicnis  AX»?B=  B  X  xnA  »  mABi as ii| evident. 
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sat  GEOMETRY. 


If  Three  Quantities  by  Contimied  Proportionate;  the  Beet 
angle  or  Product  of  the  two  Extretnesy  will  be  £qual  to  tbc 
Square  of  the  Mean.     And  the  eon  verse. 

1>ET  A,  mA.  tn*x  be  tlT^^e  proportionaU^ 

or  A :  mj|  : :  ntk  :  »i*A  ; 

then  is  A  X  »»*a  —  ml  a*,  as  is  evident. 


THEOJU&M  LXXVIIf. 

If  any  Kuinber  of  Quantities  be  Continued  ProportionaU; 
the  Rutio  of  the  First  to  the  Tliird,  will  be  duplicate  or  the 
Square  of  the  Ratio  of  the  First  and  Socond ;  ajfid  the  Ratio 
of  the  First  and  Fourth  will  be  triplicate  or  the  cube  of 
tliat  of  the  First  and  Second  ;  and  so  on. 

Let  a«  mAt  m^A,  tn^Af  he.  be  proportional^ ; 
MA  m^A  m^A 

(bat »  — i^^fe  m  ^  but  — =s  m*  ;  and  — ^^  =»  mj ;  kc. 

A  A  A  > 


Trianglesi  and  also  Parsdlelograms,  having  et^ual  Altitude% 

are  to  each  other  as  their  Bases. 

Let  the  two  triangles  adci  i>£f«  have 
the  same  altitude,  or  between  the  same 
parallels  ak,  cf  ;  thei(i  is  the  surface  oC 
the  triangle  adc,  to  the  surface  of  the 
triangle  def,  as  the  base  ad  is  to  the  /J  l^e  H  g 
base  DE.     Or,  ad  :  db  :  ;  the  triangle »     ^  v 

^DC :  the  triangle  def. 

For,  let  the  base  ad  be  to  the  base  ds,  as  any  one  nunir 
ber  m  (3),  to  any  other  member  n  (3) ;  and  divide  the  respec- 
tive bases  into  those  parts,  aDi  bd*  do,  oh,  he,  all 
equal  to  one  another  ;  and  from  the  points  of  division  draw 
the  lines  SC9  fg,  fh,  to  the  vertices  c  and  f.  Then  will 
these  lines  divide  the  triangles  ado,  def,  into  the  same 
pumber  of  parts  as  their  bases,  each  equal  to  the  triangle 
ABC,  because  those  triangular  parts  have  equal  bases  and 
altitude  (corpl.  3,  th.  ^5);  namely,  the  triangle  ABc/equal 
^o  each  of  the  triangles  bdc,  dfg,  gfh,  hfe.  So  that 
tbc  triangle  adc;  is  to  the  triangle  tvm^  as  the  number  of 

partsi 
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liaru  m  (9)  of  the  former,  to  the  ntimber  n  (S)  of  the  latter, 
that  b,  as  the  base  ad  to  the  baa^  nk  (def.  79.) 

In  like  manner,  the  parallelogram  ajdki  is  to  the  parallelo- 
gram PBFX,  as  the  base  ad  is  to  the  base  dr  s  each  of 
Uiese  having  the  same  ratio  as  the  number  of  their  parts, 
mtoir.   ^.  K.  D. 

THBOIUBM  IXXX. 

Triangles^  and  also  Parallelograma,  having  Equal  Bases,  are 

to  each  other  as  their  Alutudea. 

Let  ABC,  BB7,  be  two  triangles 
having  the  equal  bases  ab,  be,  and 
vrhose  altitudes,  are  the  perpendicu^ 
lars  co«  FH ;  then  will  the  triangle 
ABC :  the  triangle  bef  :  :  cg  :  FH. 
-For,  let  BK  bd  perpendicuLariD  as, 
and  equal ^o  cg  i  in  whidi  let  there 
betaken  91*  -«  fh  ;  drawing  AKand  ai.. 

Then»  triangles  of  e(jual  bases  and  heights  being  equal 
(corol.  9,  th  35),  the  triangle  abk  is  =>  abc,  and  the  tri- 
angle ABt  s  BEF  But  considering  now  abe,  abl»  as  two 
triangles  on  the  bases  be,  bi.,  and  having  the  same  altitude- 
AB,  these  will  be  as  their  bases  (th;  79),  namely  the  triangle 
ABE  t  the  triangle  abl  s-  ;  be  >  bx. 

But  the  triangle  abe  ==»  abc,  and  the  triangle  abl  sa  beFs 

also  BE  ^  CG,  and  bl  =  fj^« 
Theref.  the  triangle  abc  :  triangle  bef  :  :  Cg  :  fh. 

And  since  parallelograms  are  the  doubles  of  these  triangles, 
liaving  the  same  bases  and  altitudes,  they  will  likewise  have 
to  each  other  the  same  ratio  as  their  altitudes,    q.  b.  o. 

Carol.  Since,  by  this  theorem,  triangles  and  parallelograms, 
when  their  bases  are  equal,  are  to  each  other  as  their  alti- 
tudes ;  and  by  the  foregoing  one,  when  their  altitudes  are 
equal,  they  are  to  eaqh  other  aa  their  bases  ;  therefore  ud- 
versally,  when  neither  are  equal,  they  are  to  each,  other  in 
the  compound  ratiO)  or  as  the  rectangte  or  product  of  their 
bases  and  altitudes* 


•I 
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THEOREM  UOCXL 

I 

If  Four  Lines  be  Preponional ;  the  Rectangle  of  the 
treraes  will  be  equal  to  the  Rectangle  of  the  Means. 
And,  conversely,  if  the  Reciangle  of  the  Extremes,  of  f6w 
Lines,  be  equal  to  the  Rectangle  of  the  Means,  the  Four 
Lines,  taken  alternately,'  will  be  Proportional. 


Q 
B 


Let  the  four  lines,  a,  Bt  c.  d,  be.        a -^ 

proportional  Si,  or  a  s  b  :  :  c  t  d  j          B  —    ' 
then  will  the  rectangle  of  a  and  d  bo          ^  IZZT*"    ^ 
equal  to  the  rectangle  of  b  and  c  ;            -A 
or  the  rectangle  ad  =  b  .  c.  r^ ^ 

For,  let  the  four  lines  be  placed  I  ( 

with  their  four  extremities  meeting 

in  a  common  point,  forming  at  that 

point  four  right  angles ;  and  draw  Ihies  parallel  to   them  to 

complete  the  rectangles  p,  q,  r,  where   p  is  the  rectangle 

of  A  and  i>»  q  the  rectangle  of  b  ai^dc,  and  a  the  rectan^JKe 

efsatidD. 

Then  the  rectangles  p  and  r,  being  between  the  same 
parallels,  are  to  each  other  as  their  bases  a  and  b  (th.  79)  ; 
aiid  the  rectangles  q*ahd  r,  being  between  the  same  pa- 
rallels, are  to  each  other  as  their  bases  c  and  v.  But  the 
ratio  of  a  to  q,  is  the  same  as  the  ratio  of  c  to  n,  by  hypo- 
thesis ;  therefore  the  ratio  of  p  to  r,  is  the  same  as  the  ratio 
of  41  to  R ;  ^qd  coQ^Qqueptly  the  rqctaqgles  p  and  ^  ^e 
equal,    q  s.  d. 

Again,  if  the  rectangle  of  a  and  d,  be  equal  to  the 
rectangle  of  b  and  c  ;  these  lines  will  be  proportional,  or 

j^  •  B  •  *  c  •  n* 

For,  the  rectangles  being  placed  the  same  aa  before  :  then^ 
because  parallelograms  between  the  same  parallels  are  to  one 
another  as  their  bases,  the  rectangle  f  :  &  $  :  a  :  b,  and 
^  :  a  : :  c  :  D.  But  as  p  and  q  are  equals  by  supposition^ 
they  have  the  same  ratio  to  r,  that  is,  the  ratio  of  a  to  b  is 
equal  to  the  ratio  of  c  to  d,  or  a  «  fi  ::  c  :  d*    q  s.  i>. 

Corol,  I.  When  the  tnfo  meuis,  Qamely,  the  second  and 
third  terms,  are  equal,  their  rectangle  becomes  a  square  of 
the  second  term,  which  supplies  the  place  of  both  the  second 
and  third.  And  hence  it  follows,  that  when  three  lines  are 
PfoportionalS}  the  reotaogle  of  the  two  esttremes  is  equal  tq 
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the  square  of  the  mean  3  and,  conversely,  if  the  rectangle  of 
the  extremes  be  equal  to  the  square  of  the  mean,  the  thre6 
lines  are  proportionals.^ , 

Carol  2.  Smce  it  appears,  by  th6  ruleii  of  proportion  in 
Arithmetic  and  Algebra,  that  when  four  quantities  are  pro*- 
pbrtional,  the  product  of  the  extremes  is  equal  to  the  product 
of  the  two  means  j  and,  by  thJs  theorem,  t^e  rectangle  of  the 
OKtremes  is  equal  to  the  rectangle  of  the  two  means  ;  it  fol- 
lows, that  the  a.rea  or  space  of  a  rectangle  is  represented  or 
expressed  by  the  product  of  its  length  and  breadth  multiplied 
together.  And,  in  general,  a  rectangle  in  geometry  is  simi- 
lar to  the  product  of  the  measures  of  its  two  dimensions  of 
length  and  breadth,  or  base,  a&tfl  height.  Alsof  a  square  is 
simibir  to,  or  represented  by,  tne  measure  of  its  side  multi- 
plied by  itself.  So  that»  what  is  shown  of  such  products,  is 
to  be  understood  of  the  squares  and  rectangles. 

C^roL  3.  Since  the  same  reasoning,  as  in  this  theoremV 
holds  for  any  [Parallelograms  whatever,  as  well  as  for  the 
rectangles,  the  same  property  belongs  to  all  kinds  of  paral- 
lelograms, having  equal  angles^  and  also  to  triangles,  which 
are  the  halves  of  pai*a]ioIograms  ;  namely,  that  if  the  sideis 
about  the  equal  angles,  of  parallelograms  or  triangles,  be 
reciprocally  pr6portional,  the  parallelograms  or  triangles 
will  be  equal ;  and,  conversely,  if  the  parallelograms  or 
triabgles  be  equal,  their  sides  about  the  equal  angles  will  be  »; 

reciprocally  proportional. 


t 


Corol.  4.  Parallelog;rams,  oY  triangles,  having  an  angle  in 
each  equal,  are  in  proportion  to  each  other  as  the  reetangles 
of  the  sides  which  are  about  these  equal  angles.  "^^ 

THEOREM  LXXXIf. 

V  a  Line  be  drawn  in  a  Triangle  Parallel  to  one  of  its  sides^' 
it  will  cut  the  other  Sides  Proportionally. 

Let  de  be  parallel  to  the  side  do  of  the 
tdangle  abc  3  then  will  ad  ;  db  : :  ae  :  ec. 

For  draw  bb  and  en.  Then  the  tri- ' 
angles  dbe,  sge,  are  equal  to  each  other, 
because  they  have  the  same  base  de,  and 
are  between  the  sam'e  parallels  de,  bc 
(tb*  35).  But  the  two  triangles  ade,  bde, 
en  the  bases  ad,  dd,  have  the  same  altt- 

Cudei 
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tttde  i  and  the  two  triangles  adb,  cds, 
on  the  bases  aB»  eg,  have  also  the  same 
altitude ;  and  because  triangles  of  the 
same  altitude  are  to  each  other  as  their 
bases,  therefore 

the  triangle  a0K  :  bok  :  t  ad  :  dbi 

and  triangle  adb  •'  cde  : :  ms  :  bc. 

Bui  BDB  is  32  GDB )  and  equals  must  haTe  to  equals  the 
same  ratio ;  therefore  ad  ^  ob  :  :  ab  :  bc.    i^.  b.  d. 

OoroL  Hence,  also«  the  whole  lines  ab*  ac,  are  propor* 
tional  to  their  corresponding  proportional  segments  (corol. 
th.  66). 

viz.  ab  :  AC  :  :  AO  :  ab, 
and  AB  :  AC  :  :  BP  :  CB. 


THEOBEM  LSaXOL 

A  Line  which  Bisects  any  Angle  of  a  Trionglei  divides  the 
opposite  Side  into  Two  SegmentSy  ^^  which  are  Proportional 
to  the  two  other  Adjacent  Sides. 

Lbt  the  angle  acb,  of  the  triangle  abc, 
be  bisected  by  the  line  cD)  making  the 
angle  r  equal  to  the  angle  •  :  then  will  the 
segment  ad  be  to  the  segment  db,  as  the 
side  'Xc  is  to  the  side  cb.  Or,  i^  •  «.  - 
AD  I  BB  : :  AC  :  cb. 

For,  let  BB  be  parallel  to  cd,  meeting 
AC  produced  at  e.  Then,  beeause  the  line  bc  cuts  the  two 
parallels  cd*  bB)  it  makes  the  angle  cbb  equal  to  the  altera 
nate  angle  <  (th.  12),  and  therefore  also  equal  to  the  angle 
7*,  which  is  equal  to  •  by  the  supposition.  Again,  because 
the  line  ab  cuts  the  two  parallels  oc,  bb,  it  makes  the 
angle  B  equal  to  the  angle  r  on  the  same  side  of  it  (th.  U). 
Hence,  in  the  triangle  bcb,  the  angles  b  and  Bi  being  each 
equal  to  the  angle  r,  are  equal  to  each  other,  and  conse** 
quently  their  oppposite  sides  cB|  cs,  are  also  eqiMl(th»  S). 

But  now,  in  the  triangle  abb,  the  line  cd,  being  dcswn 
parallel  to  the  side  bb,  cuts  the  two  other  sides  ab,  ab  pro- 
ponionally  (th  82),  makmg  ad  to  bbj  as  ia  a^o  to  cb  or  to  ita 
equal  cb.    h-  b.  d. 

TH£OE£l^ 
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THEOREM  LXXXIV. 

Equiangular  Triangles  are  similar,  or  have  their  Like  Sides 

Proportional. 

Lbt  ABC,  DBFf  be  two  equiangular  tri« 
angles,  having  the  angle  a  equal  to  the 
an^le  0.  the  an^^le  b  to  the  angle  s,  and 
consequently  the  angle  c  to  the  angle  f  f 
then  will  AB  :  AC  :  ;  DB  :  of. 

.  For,  make  no  =s=  ab.  and  dh  «s  ac, 
and  join  oh«  Then  the  two  triangles 
ABC,  DOHf  having  the  two  sides  ab,  ac, 
equal  to  the  rwo  do,  dh,  and  the  con- 
tained angles  A  and  n  also  equal,  are  iden-  ^^____  

tical5orequalinallrespects(th.  l),namely  3)  6  JQ 

the  angles  b  and  c  are  equal  to  the  angles 

«  and  H     But  the  angles  b  and  c  are  eoual  to  the  angles  B  and 

V  by  the  hypothesis;  therefore  also  the  angles  g  and  Hare 

equdi  to  the  angles  b  and  F  (ax.  I),  and  consequently  tho  lino 

eH  is  parallel  to  the  side  bf  (cor.  I,  th.  U). 

Hence' then,  in  the  triangle  DEF,.the  line  on,  being  pt^ 

vallei  to  the  side   ef,  divides  the  two   other  sides  propor* 
.tionally,   making  do  :  dh  :  :  ns  :  df    (cor.  th.  82).     But 

Be  and  DH  <a*e  equal  to  ab  and  AC  ;  therefore  also  •  -  •  » 

AB  :  AC  :  :  DB  :  BF.     €(.  E.  D. 

THEOREM  tXXXV. 

Triangles  which  have  their  Sides  Proportional^  are  £qiu« 

angular. 

In  the  two  triangles  abc»  de^,  if 
AB  :  s  DB  : :  AC  :  DF  :  :  bc  :  ef  ;  the  two 
triangles  will  have  their  corresponding 
angles  equal. 

For,  if  the  triafigle  abc  be  not  equian*  g-  V 

galar  with  the  triangle  DBF,9uppose  some 
other  triangle,  as  dbg,  to  be  equiangular 
with  ABC  But  this  is  impossible  :  f  >r  if 
the  two  triangles  abc,  dbo.  were  equi- 
angul^rt  their  sides  would  be  proportional 
(th.  84).  So  that*  AB  being  to  db  as  ac 
to  no,  and  ab  to  db  as  bc  to  bo,  it  follows  that  do  and 
fo  bein^-Mirth  proportionals  to  the  same  three  Quantities 
H    Vol,  I.  U  a  ^ 


^^   ^ 
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• 

as  ivell  as  the  two  df>  ef,  the  former  d«9  eg.  voqM  be 
equal  to  the  latter,  dF)  ef.  Thu»  then»  tiie  two  trum^lea, 
DSF  DEO,  having  their  three  sides  equal,  would  be  idcnticalt 
(tb.  5)  i  which  is  absurdy- since  their  angles  are  unequal. 

THEOREM  LXXXVI. 

Triangles,  which  have  an  Angle  in  the  one  Equal  to  an  An^fo 
in  the  other,  and  the  Sides  about  these  angles  Proponional^ 
are  Equiangular. 

Let  ABC »  osF,  be  two  triangles,  having 
the  angle  a  =  the  angle  d,  and  the  sides 
AB  AC,  proportional  to  the  sides  de,  df  : 
then  will  the  triangle  abc  be  equiaoguhir 
with  the  triangle  def. 

For,  make  dg  =  ABi'and  oh  =  ac^ 
and  join  oh. 

Then^  the  two  triangles    abc,    doHi 
having  two  sides  equal,  and  the  contained 
angles  A    and  d  equal,  are  identical  and 
equiangular  (th«  1),  having  the  angles  o 
and  B  equal  to  the  angles  b  and  c.     But,  since  the.  sides 
OG,  DHt  are  proportional  to  the  sides  de.  df.  the  line,  oa  is 
parallel  to  ef  (ch.  82)  ;  hence  the  angles  e  and  f  are  equal  to 
the  angles  g  and  u  (th.  14),  and  consequently  to  their  eqitalt 
B  and  c.    Q.  E.  D. 

THEOREM  LXXXVn. 

In  a  Right- Angled  Triangle,  a  Perpendicular  from  the  Right 
Angle,  is  a  Mean  Proportional  between  the  Segmetts  of 
the  Hypothenuse  ;  and  each  of  the  Sides,  about  the  Right 
Angle,  is  a  Mean  Proportional  between  the  Hypothenuse 
and  the  adjacent  segment* 

C 

Let  ABC  be  a  right-angled,  tritogle,  and       fy^      v\  ' 
CD  a  perpendicular  from  the  right  angle       V^  ,  M 

c  to  the  hypothenuse  ab  ;  then  wUl  iL  D    B 

CD  be  a  mean  proportional  between  ad  and  db  ; 

AC  a  mean  proportional  between  ab  and  ad  ;  : 

Bc  a  mean  proportional  between  ab  and  bd. 

Or,  ad  :  CD  :  :  CD  •  DB  ;  and  ab  :  bc  :  ?  bc  :  bd  ;  ami 

ab  :  AC  :  *•  AC.  .'    . 

■Rer 
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For,  the  tvo  triangles  abc,  abc,  having  the  right  angles 
at  c  and  D  equal,  and  the  angle  a  common,  have  their  third 
angles  eqxuxU  and  are  equiangular  (corol.  1,  th.  17).  In  like 
xnrniier,  the  two  triangles  abc,  bdc,  having  the  right 
an,;les  at  c  and  d  equal,  and  the  angle  b  common,  have  . 
the  ihir4  angles  equal,  and  are  equiangular. 

Heiic©    ihent    all  Jthe  three  triangles  abc,    adc,    bdc, 

-^beiofr   equiangular   wUl  h^vc  their  like  sides  proportional 

(th-84).  ^)    r 


/' 


viz.  AD^:  CD  :  :  CD  :  DB  ; 
and  AB  :  AC  :  :  AC  :  An  ; 
and  aB  :  BC  :  :  BC  :  bd. 


f; 


fi,  E«  D. 


Corol*  Because  the  angle  in  a  semicircl^  is  a  right  angle 
<th  53);  it  follows,  that  if,  from  any  point  c  in  the  peri* 
phtTy  of  the  semicircle,  a  perpendicular  be  drawn  to  the 
diameter  ab  ;  and  the  two  chords  CA,  cb,  be  drawn  to 
the  exiremiiies  of  the  diameter :  then  are  ag#  bc,  cb,  the 

me^n  proportionals  as  in  this  theorem,  or  (ly  th.  77), 

l^i*  s=  AD  .  db  ;  AC*  =  ab  .  AD  J  and  bc*  =  ab.«  bd. 


THEOREM  LJCXXVm. 

Equiangular  or  Similar  Triangles,  are  to  each  other  as  th« 

Squares*ot  their  Like  Sides. 

Let  ABC,  DEF,  be  t^o  equi- 
angular triangles,  ab  and  p» 
being  two  like  sides ;  then  will 
the  triangle  abc  be  to  the  tri- 
angle def,  as  the  square  of  ab 
is  to  the  square  of  de,  or  as 

ab'  to  DE*. 

For,  let  AL  and  dk  be   the  —     -       ., 

squares  on  ab  and  de  ;  also  draw  their  diagonals  bk,  em,  and 
the  perpendiculars  CG,  fh,  of  the  two  triangles. 

Then,  since  equiangular  triangles  have  tlieir  like  sides 
proportional  (th.  84),  in  the  two  equiangular  triangles  abc, 
PEF,  the  side  ac  .  df  : :  ab  :  db  ;  and  in  the  two  aco, 
DFH,  the  side  ac  :  df  : :  co  :  fh  5  therefore,  by  equality 
CO  :  FH  :  t  AB  :  db,  or  cg  :  ab  :  :  fh  :  db. 

But  because  triangles  on  equal  bases  are  to  each  other  as 

their  altitudes,  the  triangles  abc,  abk,  on  the  same  base 

AB,  are  to  each  other,  as  their  altitudes  cg,  AKr^^  abi 
'  and 
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and  the  triangles  bbFi  dbm,  on  the  same  l^aae  bh,  are  m  Aetr 
aititttdes  FH,  DM,  or  be 
that  is,  trkmgle  abc  :  triangle  abk  : ;  cg  :  ab, 
and  triangle  b^f  :  triangle  bbm  - :  fu  :  bb. 

But  it  has  been  shown  that  co  :  ab-c  :  fb  :  be  ; 
tberef*  of  equality  A  abc  :  A  abr  :  s  A  bef  ;  A  bbvi 
Or  alternately)  aa  Aabo  t  Abbf  :  :  A  abk  :  Abem. 

Bnt  the  squares  al,  bb,  being  the  doilible  of  the  triangles 
ABHt  BE^I  have  the  same  ratio  with  them  ; 
therefore  the  A  abc  :  A  bef  : :  square  al  :  square  bk. 

*        '  <i.   £•  B* 


THEOREM  LXXXIX. 

All  Similar  Figures  are  to  each  other,  as  the  Gtquares  of  their 

Like  Sides. 


■4-'^ 


Let    ABC1A9    FGHiK,   be 

sny  two  similar  figures,  the  

like  sides  being  ab,  fg,  and    ""^fs.      1  \(}   Vv        1  Xji; 
80  *  GH>  and  so  on  in  the  same        \_sj/         \^n^  I 
order:  then  will  the  figure        JS — j^  V — Jl^ 

ABCBEbetothefigureFGHiK,   ,  JF       G- 

as  the  square  of  ab  to  the 
aquare  of  fg,  or  as  ab*  to  fg*. 

For,  dfciw  BK,  9B,  gk,  gi»  dividing  the  figures  into  an 
equal  number  of  triangles,  by  lines  from  two  equal  angles 
BandG  * 

The  two  figures  bm^  simMar  (by  sUfipos.),  they  are  equi* 
angular,  and  have  their  like  sides  proportional  (def.  70). 

Then,  since  the  angle  a  is  =  the  angle  f»  and  the  sides 
AB,  AB,  proportional  to  the  sides  fg,  fk,  the  triangles 
ABE^  FGK,  are  equiangular  (^th.  86).  In  like  manner,  the 
tWQ  triangles  BCB,'OHii  having  the  angle  c  =  the  angle  h^ 
and  the  sides  bc,  cb,  proportional  to  the  sides  gh,  hi,  are 
also  equiangular.  Also,  if  from  the  equal  angles  abb,  fki, 
there  be  taken  the  equal  angles  aeb,  fkg,  there  will  remain 
the  equals  beb,  gai  ;  and  if  from  the  equal  angles  cnSf 
BiK,  be  taken  away  the  equals  cdb,  hig,  there  will  remaia 
the  equals  bbe,  gik;  so  that  the  two  triangles  bbb,  gik, 
having  two  angles  equal,  are  also  equiangular.  Hence  each 
triangle  of  the  one  figurOf  is  equiangular  with  each  corres-* 
ponding  triangle  of  the  other. 

But  equiangular  triangles  are  similar,  and  are  proportional 
to  the  squares  of  their  like  sides  (th.  Uy 

Therefore 


Thefiefiire  tht  A  Abe  :  A  fok  : :  ab^  :  vas, 
and  A  BCD  :  A  ohi  : :  bc*  :  ou^ ; 
and  A  bde  :  A  6ik  : ;  dk*  :  ik*. 

Bat  as  the  two  |>olygonBare  umilar,  their  like  sides  are  pro- 
portional, and  con^equenily  their  squares  also  proportional  s 
lo  that  all  the  ratios,  ab'  to  fos,  and  bc'  to  ohs,  and  i>b'  to 
IK^  are  equal  among  themselvesi  and  consequently  the  cor- 
responding triangles  aiso^  abe.  to  yqk»  and  sen  to  OHiy  and 
BDE  to  GiK,  have  all  the  same  ratio,  viz.  that  ol  ab'  to  fg*  : 
and  hence  all  the  antecedents,  or  the  figure  abode,  have  to 
all  the  consequents,  or  the  figure  fohi&,  still  the  same  ratio^ 
viz.  thai  of  AB*  to  fg'  (ih*  73).     q.  e.  d. 


THEOBEM  X& 

• 

Similar  Figures  Inscribed  in  Circles,  have  their  Like  SideS| 
and  also  their  Whole  Perimeters,  in  the  Same  Ratio  as  the 
Diameters  of  the  Circles  in  which  they  are  Inscribed. 

Let    arcde,    fghik, 

be  two  similar  figures, 

inscribed  in  the  circles 
^  whose  diameters  are  al 
^andTM;  then  will  each 

side  ab,  fic,  &c,  of  the 

one  figure  be  to  the  like 

aide  gf^  gh,  Sec,  of  the 

other  figure,  or  the  whole  perimeter  ab  4-  ^^  +  kc»  ^^  the 

<me  figure,  to  the  whole  perimeter  fo  +  gh  -f  &c,  of  the 

other  figure,  as  the  diameter  al  to  the  diameter  fm. 

For,  draw  the  two  corresponding  diagonals  ac,  7H,  as 
also  the  lines  bl,  gh.  Then,  since  the  polygons  are  similar^ 
they  are  equiangular,  and  their  like  sides  have  the  same  ratio 
(def.  70);  therefore  the  two  triangles  abc,  fgb,  have  the 
angle  b  a  the  angle  e,  and  the  bides  ab,  bc,  proportional 
to  the  two  sides  fo,  gH)  consequently  these  •  two  triangles 
are  equiangular  (th.  86),  ^d  have  the  angle  acb  «»  fho. 
But  the  luigle  acb  s=  alb,  standing  on  the  same  arc  ab  ; 
and  the  angle  fhg  s=  fmg,  standing  oa  the  aamie  arc  fo  ; 
therefore  the  angle  alb  a=  fmg  (th.  i).  And  since  the 
angle  abl  s=  fgm,  being  both  right  angles,  because  in  a 
semicircle  ;  therefore  the  two  triangles  abl,  fgm,  having 
IW9  angles  equali  are  equiangular  j  and  consequently  their 
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like  sides  are  proportional  (th.  84)  >  hence  ab  :  r«  i :  the 
diattieter  al  :  the  diameter  fm. 

In  like  manner,  each  side  bc,  cd,  &c,  has  to  each  side 
•Hi  HI,  8cc,  the  same  ratio  of  al  to  fm  ;  and  consequently 
the  sums  of  them  are  still  in  the  same  ratio ;  y]z«  ab  -f.  bc  -f 
0D5  &c  :  FG  •{-  GH  +  HI,  Scc  : :  the^  diam.  AL  t  the  dianiT 
vu  (th.  72).     q.  E.  D. 


THEOREM  XCI. 


Similar  Figures  Inscribed  in  Circles,  are  to-  each  other  as 
the  Squares  of  the  Diameters  of  those  Circles. 

LST     ABCOE*     FGHIKi 

be  two  similar  fi^^ures  in- 
scribed in  the  circles 
vhose  diameters  are  al 
and  YM  ;  then  the  surface 
ef  the  polygon  abcde 
vill  bc  to  the  surfice  of 
the  polygon  fohik.  as  al'  to  fm'. 

For,  the  figures  being  similar,  are  to  each  other  as  the 
squares  of  their  like  sides,  ab^  to  fg'  (th.  88).  But,  by 
the  last  theoreQB,  the  sides  ab,  fg,  are  as  the  diameters  ALy 
7M  ;  and  therefore  the  squares  of  the  sides  ab'  to  fg',  as  the 
squares  of  the  diameters  al'  to  fm*  (th.  74).  Consequently 
the  polygons  abcde,  fghik,  are  also  to  each  other  as  the 
squares  of  the  diameters  al'  to  fm'  (ax.  1).    €(•  s.  P* 


THEOREM  XCn. 

The  Circumferences  of  all  Circles  are  to  each  other  as  their 

Diameters. 

Let  d«  iff  denote  the  diameters  of  two  circles^  and  Cj  o 
their  circumferences ; 

then  will  d  :  d  z--  c  :  e,  or  d  :  c  : :  c?  :  c. 

For,  (by  theor.  90),  similar  polygons  inscribed  in  circFes 
have  their  perimeters^  in  the  same  ratio  as  the  diameters  of 
those  circles.  ' 

Now,  as  this  property  belongs  to  all  polygons^  whatever 
the  number  of  the  sides  may  be ;  conceirejthe  number  of  the 
sides  to  be  indefinitely  great,  and  the  length  of  each  inde- 
finitely smaily  till  they  coincide  with  the  eircomference  of 

the 
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the  ^circki  and  be  equal  to  it,  iRdefinitely  near.  Then  4he 
perimeter  of  the  polygon  of  an  infinite  number  of  sides,  ia 
the  same  thing  as  the  circumference  of  the  circle.  Hence  it 
appears  that  the. circumferences  of  the  circles,  being  the  same 
as  the  perimeters  of  such  polygons,  are  to  each  other  in  the 
same  ratio  as  the  diameters  of  the  circles,    q.  s.  d. 

THEOREM  XCUL 

* 
The  Areas  or  Spaces  of   Circles,  are  to  each  other  as  the 
Squares  of  their  Diameters,  or  of  their  Radii. 

Let  a  O)  denote  the  areas  or  spaces  of  two  circles,  aoA 
D,  <^  iheir  diameters  ;  thenA:  a  t  i  i>*  i  d^. 

For  (by  theorem  91)  similar  polygons  inscribed  in  circles 
are  to  each  other  ^  the  squares  of  the  diametera  of  the 
circles. 

Hence,  conceiving  the  number  of  the  sides  pf  the  poly* 
gons  to  be  increased  more  and  more*  or  the  length  of  thoi 
sides  to  become  less  and  less,  the  polygon  approaches  nearer 
and  nearer  to  the  circle,  till  at  length,  by  an  infinitt  up* 
proach,  Coincide,  and  become  in  effect  equal ;  and  then 
It  follows  that  the  spaces  of  the  circles,  which  are  the  same 
as  of  the  polygons,  will  be  to  each  other  as  the^  squares  of  the 
diameters  of  the  circles,     q   x.  d. 

CoroL  The  spaces  of  circles  are  also  to  each  other  as  the 
squares  of  the  circumferences  i  since  the  circumferences  are 
in  the  same  ratio  as  the  diameters  (by  theorem  92>. 

THEOREM  XCIV. 

The  Area  of  any  Circle,  is  Equal  to  the  Rectangle  of  Half 
its  Circumference  and  half  its  Diameter. 

Conceive  a  regular  polygon  to  be 
inscribed  in  the  circle  :  and  radii  drawn  to 
all  the  angular  points,  dividing  it  into  as 
many  equal  triangles  as  the  polygon  has 
sides,  one  of  which  abc,  of  which  the 
altitude  is  the  perpendicular  cd  from  the 
centre  to  the  base  ab. 

Then  the  triangle  abc,  bemg  equal  to 
a  rectangle  of  half  the  base  and  equal  altitude  (th.  26,  cor.  8)i 
1%  equal  to  the  rectangle  of  the  halt  base  ad  and  the  altitude  cd  I 

conse- 
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c«»eqiiettllys  tto  whole  pcilygQnf  or  all 
die  triangles  added  together  which  com- 
pose it9  is  equal  to  the^  rectangle  of  the 
common  altitude  cDy  and  the  halves  of 
atl  the  sides,  or  the  half  perimeter  of 
the  polygon. 

Now,  conceive  the  number  of  sides  of  the  polygon  to  be 
indefinitely  increased }  then  will  its  perimeter  coincide  with 
the  circumference  of  the  circle,  and  consequently  the  alti- 
tude CD  will  become  equal  to  the  radius,  and  the  whole 
polygon  equal  to  the  circle.  Conseqaemly  the  space  of  the 
circle,  or  of  the  polygon  in  that  state,  is  equal  to  the  rectan- 
gle of  the  raditts  and  half  the  circumference,    q.  b.  0. 


OF  PLANES  AND  SOLIDS, 


DEHNITIONS. 


Dsr.  S8.  The  common  Section  of  two  Planesy  is  the 
line  in  which  they  meet^to  cut  each  other. 

89.  A  Line  is  Perpendicular  to  a  Plane,  when  it  is  per- 
pendicular to  every  line  in  that  plane  which  meets  it. 

90.  One  Plane  is  Perpendicular  to  Another,  when  every 
line  of  the  one,  which  is  perpendicular  to  the  line  of  their 
^mmon  section)  is  perpendicular  to  the  other. 

91.  The  inclination  of  one  Plane  to  another,  or  the  angle 
they  form  between  them»  is  the  angle  contained  by  two 
lines  drawn  from  any  point  in  the  common  section,  and  at 
right  angles  to  the  same,  one  of  these  lines  in  each  plane. 

92.  Parallel  Planes,  are  such  aB  being  produced  ever  so 
&r  both  ways,  will  never  meet,  or  which  ^  every  where  at 
an  equal  perpendicular  distance  ; 

■ 

93.  A  Solid  Angle,  is  that  which  is  made  by  three  or  more 
plane  angles^  meeting  each  other  in  the  sdone  point. 

94.  Similar 


Q 
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94.  Similar  Solids»  contained  by  plane  figures^  are  such  aa 
have  all  their  solid  angles  equal,  each  to  each,  and  are  bound- 
ed by  the  same  number  of  similar  pUnes,  alike  placed. 

95  A  Prism,  is  a  solid  whose  ends  are  parallel,  equal,  and 
like  plane  figures,  and  its  Bides>  connecting  those  ends,  are 
parallelograms. 

96.  A  Prism  takes  particular  names  according  to  the  fij^ure 
of  its  base  or  ends,  whether  triangular,  square^  rectangular^ . 
pentagonal,  hexagonal,  8cc. 

97.  A  Right  or  Upright  Prism,  is  that  which  has  the 
planes  of  the  aides  perpendicular  to  the  planes  of  the  ends 
or  base. 

98.  A  Parallelopiped,  or  Parallelopipedon,  is 
a  prism  bounded  by  six  parallelograms,  every 
opposite  two  of  which  are  equals  alike,  and  pa- 
faJlel. 

99.  A  Rectangular  ParaHelopipedony  Is  that  whose  bound- 
ing planes  are  all  rectangles,  which  are  perpendicular  to  each 
other. 

100.  A  Cube,  is  a  square  prism,  being  bound- 
ed by  six  equal  square  sides  or  faces,  and  are 
perpendicular  to  each  other. 

1 0 1  •  A  Cylinder,  is  a  round  prismy  having  cir- 
cles for  its  ends  ;  and  is  conceived  to  be  formed 
by  the  rotation  of  a  right  line  about  the  circum* 
ferences  of  iwa  equal  and  parallel  circles,  always 
parallel  to  the  axis. 

IX>%.  The  Axis  of  a  Cylinder,  is  the  right  line 
joining  the  centres  of  the  two  parallel  circles,  about  which 
the  figure  is  described. 

103.  A  Pyramid,  is  a  solid,  whose  base  is  any 
right-lined  plane  figure,  and  its  sides  triangles, 
having  all  their  vertices  meriting  together  in  a 
point  at)Ove  the  base,  called  the  Vertex  of  the 
pyramid. 

104.  A  pyrajnid,  like  the  prism,  takes  particularnamcs 
from  the  figure  of  the  base. 


of  a  circle,  one  end  of  which  is  fixed  at  a  point 
above  the  plane  of  that  circle. 

Vol,  I.  X  X  106.  The 
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106.  The  Axis  of  a  cone»  is  the  right  Uiie,  jmning  (be 
vertex,  or  fixed  point,  and  the  centre  of  the  circle  about 
which  the  figure  is  described. 

107  Similar  Cones  and  Cylinders,  are  such  as  have  their 
altitudes  and  the  diameters  of  their  bases  proportional. 

108.  A  Sphere*  is  a  solid  bounded  by  one  curve  8ur£icet 
which  is  every  where  equally  distant  from  a  certain  point 
within,  called  the  Centre.  It  is  conceived  to  be  ^nerated 
by  the  rotation  of  a  semicircle  about  its  diameter,  which  re- 
mains fixed. 

109.  The  Axis  of  a  Sphere,  is  the  right  line  about  which 
the  semicircle  revolves  ;  and  the  centre  is  the  same  as  that 
of  the  revolving  semicircle. 

110.  The  I}iameterof  a  Sphere,  is  any  right  line  pasung 
through  the  centre,  and  terminated  both  ways  by  the  surface. 

111.  The  Altitude  of  a  Solid,  is  the  perpendicular  drawv 
from  the  vertex  to  the  opposite  side  or  base. 

THEOREM  XCV. 

A  Perpendicular  is  the  Shortest  Line  which  can  be  drawa 

from  any  Point  to  a  Plane. 

Let  ab  be  perpendicular  to  the  plane  *^ 

DE  ;  then  any  other  line,  as  ac,  drawn  ^ 

from  the  same  point  a  to  the  plane,  will  \ 

be  longer  than  the  line  ab.  ^^  "T^ 

In  the  plane  draw  the  line  bc,  joining        B  C  b'— ^CyU 
the  points  b,  c.  ^ 

Then,  because  the  line  ad  is  perpendi- 
cular to  the  plane  J>e,  the  angle  b  is  a  right  angle  (def.  89), 
and  consequently  greater  than  the  angle  e  \  therefore  the 
line  ab,  opposite  to  the  less  angle,  is  less  than  any  other  line 
AC,  opposite  the  greater  angle  (th.  21).    q.  b.  d. 

THEOREM  XCVL 

A  Perpendicular  Measures  the  Distance  of  any  P<unt  from  a 

Plane. 

raE  distance  of  one  point  from  another  is  measured  by  a 
right  line  joining  them,  because  this  is  the  shortest  line  which 
can  be  drawn  from  one  point  to  another.  So,  also,  the 
distance  from  a  point  to  a  line,  is  measured  by  a  perpendU 
cular,  because  this  line  is  the  shortest  lyhich  ean  be  drawn 

ftom 
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from  the  point  to  tbe  line.  In  like  manner,  the  distance  from 
a  point  to  a  plane,  must  be  measured  by  a  perpendicular 
drawn  from  that  point  to  the  planef  because  this  is  the 
aiiortest  line  which  can  be  drawn  from  the  point  to  the  plane. 


THEOREM  XCVn. 


yhe  common  Section  of  Two  Planes,  is  a  Right  Line. 


C 


SA 


\ 


^ 


Lkt  acbda,  aebta,  be  two  planes 
cut'iug  each  other,  and  Ai  b,  two  points 
in  which  the  two  planes  meet :  drawing 
the  line  ab,  this  line  wHl  be  the  common 
intersection  of  the  two  planes. 

For  because  the  rif^ht  line  ab  touches 
the  two  planes  in  the  points  a  and  b,  it  ~^ 

touches  them    in  ail  other  points  (def. 
30)  :  this  line  is  therefore  common  to  the  two  planes.     That 
iS|  the  common  intersection  of  the  two  planes  b  a  right  line. 

Q.    E*  D« 


THEOREM  XCVin. 


B 


If  a  Line  be  Perpendicular  to  two  other  Lines,  at  thair 

Common  Point  of  Meeting;  it  will  be  Perpendicular  to 

the  Plane  of  those  Lines. 

Let  the  line  ab  make  right  angles 
with  the  lines  ac,  ad  s  then  will  it  be 
]ierpendicular  to  the  plane  cdb  which 
passes  through  these  lines. 

If  the  line  ab  were  not  perpendicular  £ 

to  the  plane  cob,  another  plane  might 
pass  through  the  point  a,  to  which  the  ^    * 

line  AB  would  be  perpendicular.  But 
this  is  imposible  ;  for,  since  the  angles  bac,  bad,  are  right 
angles,  this  other  plane  must  pass  through  the  points  C|  d. 
Hence,  this  plane  passing  through  the  two  points  a,  c  of  the 
line  AC,  and  through  the  two  points  a,  d,  of  the  line  ad,  ity 
will  pass  through  both  these  two  lineS)  and  therefore  be  the 
same  plane  with  the  former,    q.  e    d. 
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THEOREM   XaX. 


If  Two  Linei  be  Perpendicular  to  the  Same  Piane^  thejr  will 

be  Parallel  to  each  other. 

Lbt  the  two  line^  ab«  cd.  be  both  per- 
pendicular to  the  &ame  plane  ebdf;  then 
will  AB  be  parallel  to  cd« 

For,  join  b,  d,  by  the  line  bd  in  the 
plane.     Thenf  t>ecau8e  the  lines  ab,  00, 
are  peipendicuiar  to  the  plain  Er,  they 
are  both  perpendicular  to  the  line  bd  (def.  89)  in  that  plane  ; 
and  consequently  ihey  are  parallel  to  each  other  (corol.  tb. 

X3).     q   «    x>* 

Carol.    If  two  lines  be  parallel,  and  if  one    of  them  be 

Esrpendicular  to  any  piaixei  the  other  will  alao  be  perpendicu- 
r  to  the  tame  plane. 


A         C 


THEOREM  C. 


If  Two  planes  Cut  each  other  at  Right  Angles,  and  a  Lbe  be 
dr^wn  in  one  of  the  Planes  Perpendicular  to  their  Common 
Imersectioni  it  will  be  Perpendicular  to  the  other  Plane. 

Lbt  tlie  two  planes  acbd,  abbv,  cut 
each  other  at  right  angles  ;  and  the  line 
CG  be  perpendicular  to  their  common 
section  ab  i  then  will  cg  be  also  perpen- 
dicular to  the  other  plane  aebf. 

For,  draw  eg  perpendicular  to  ab. 
Then  because  the  two  lines  gc,  ge,  are 
perpendicular  to  the  common  intersection  ab,  the  angle  cge 
js  the  angle  of  inclination  of  the  two  planes  (def.  91).  But 
since  the  two  planes  cut  each  other  perpendicularly,  the 
angle  of  inclination  cge  is  a  right  angle.  And  since  the  line 
CG  is  perpendicular  to  the  two  lines  ga,  ge,  in  the  plane 
AEB7,  itb  therefore  perpendicular  to  that  plane  (th.  98). 

q.  B.  n. 


e  This  demonstration  of  Theorem  xcrx.  does  not  appear  to  nie  to 
he  conclusive.    Edit  oft. 
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THEOREM  CI. 


If  one  Plane  Meet  another  Plane,  it  will  make  Angles  with 
that  other  Plane,  which  are  together  equal  to  two  Right 
Angles. 

LsT  the  plane  acbc  meet  the  plane  abbf  ;.  these  planes 
make  with  each  other  two  angles  whose  sum  is  equal  to  two 
right  angles.  ^ 

For,  through  any  point  o,  in  the  common  seetion  ab,  draw 
CD^  BF«  perpendicular  to  ab  Then,  the  line  co  makes  with 
Br  two  angles  together  equal  to  two  right  angles.  But  these 
tifo  angles  are  (by  def.  91)  the  angles  of  inclination  of  tho 
two  planes.  Therefore  the  two  planes  make  angles  with 
each  other,  which  are  together  equal  to  two  right  angles. 

Carol.  In  like  manner  it  may  be  demonstrated,  that  planes 
which  intersect,  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal ; 
and  so  on,  as  in  parallel  lines. 


THEOBBM  Cn. 

If  Two  Planes  be  Parallel  to  each  other ;  a  Line  which  is 
Peipendicular  to  one  of  the  Planes,  will  also  be  Perpendi- 
cular  to  the  other. 

Let  the  two  planes  cn,  bf,  be  parallel, 
and  let  the  line  ab  be  perpendicular  to  the 
plane  cn  j  then  shall  it  also  be  perpendi- 
cular to  the  other  plane  ef. 

For,  from  any  point  g,  in  the  plane  bf, 
draw  OH  perpendicular  to  the  phme  cn,  and 
draw  AH,  D6. 

Then,  because  ba,  gh,  are  both  perpendi- 
cular to  the  plane  cn,  the  angles  a  and  i^  are 
both  right  angles.  And  because  the  planes  cn,  bf,  aie 
parallel,  the  perpendiculars  ba,  gh,  are  equal  (def.  93). 
H*  nee  it  follows  that  the  lines  bg,  ah,  are  pai;^lel  (deC  9> 
And  the  line  ab  being  perpendicular  to  the  line  ah,  is  also 
perpendicular  to  the  parallel  line  bg  (cor.  th.  13). 

In  like  manner  it  is  proved,  that  the  line  ab  is  perpendi- 
cular to  all  other  lines  which  can  be  drawn  from  the  point  b 
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IB  the  idaBe  sf*    Therefore  the  line  mm  is  perpeAdiculftr 
the  whole  plane  if  (def.  92).    s.  s.  o. 


fVEOREM  cm. 


If  Two  Lines  be  Parallel  to  a  Third  Line,  though  not  in  the 
same  Plane  with  it ;  they  will  be  Parallel  to  each  other. 

Let  the  lines  ab>  en,  be  each  of  them 
parallel  to  the  third  line  xf»  thoufb  not  in 
the  same  plane  with  it ;  then  will  ab  be 
parallel  to  cd. 

For,  from  any  point  g  in  the  line  ef,  let 
«B,  oi,  be  each  perpendicular  to  ef,  in  the 
planes  ca  ed,  of  the  pniposed  parallels. 

Then,  since  the  line  ef  is  perpendicular 
to  the  two  lines  ohi  oi,  it  is  perpendicular 
to  the  plane  gbi  of  those  lines  (th.  98).  And  because  ev 
is  perpendicular  to  the  plane  CHi,  its  parallel  ab  is  also  per- 
pendicular to  that  plane  (cor  th.  99).  For  the  same  reason » 
the  line  cd  is  perpendicular  to  the  same  plane  oi(i.  Uepcei 
because  the  two  lines  ab,  cd,  are  perpendicular  to  the  same 
ploney  iheae  two  lines  are  parallel  (th.  99).    q.  b.  d. 


THEOREM  err. 


If  Two  Lines*  that  meet  each  other,  be  Parallel  to  Two  other 
Lines  that  meet  each  other,  though  not  in  the  same  Plane 
with  them  ;  the  Angles  contained  by  those  Lines  will  be 
equal. 

Let  the  two  lines  ab,  bc  be  parallel  to 
the  two  lines  db,  ef  ;  then  will  the  angle 
ABC  be  equal  to  the  angle  def. 

For,  make  the  lines  ab,  bc,  dx,  bf,  all 
equal  to  each  oiher»  and  join  ac,  df,  ad,  be, 

Then,  the  lines  ad,  be,  joining  the  equal 
and  parallel  lines  ab,  de,  are  equal  and  paral- 
lel (th.  24).  For  the  same  reason,  cf,  be, 
are  equal  and  parallel.  Therefore  ad,  of,  are  equal  and  pa- 
rallel (th.  15> ;  and  consequently  also  Ac,  df  (th.  24).  Hence, 
the  two  triangles   abc,   def,   having  all  their  sides  equal, 

each 
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each  to  each»  hare  their  angles  also  eqnalj  and  CMsequentljr 
the  angle  abc  =  the  angle  oef.    4.  b.  d. 

THEOREM  CV. 


The  Sections  made  by  a  Plane  cutting  two  other  Parallel 
Planes^  are  also  Parallel  to  each  other. 

» 

Lkt  the  two  parallel  planes  ab*  cd,  be 
cut  bf  the  third  plane  ByHO,  in  the  lines 
ET,  OH  :  these  two  sections  sf,  gH)  will 
be  parallel. 

Suppose  BO9  Fii)  be  drawn  parallel  to 
each  other  in  the  plane  efhg  ;  also  let 
jsi,  F&,  be  perpendicular  to  the  plane  cD ; 
and  let  ig,  &h,  be  joined. 

Then  BOy  FH9  being  parallelSf  and  eZ|  fk,  being  botk. 
perpendicular  to  the  plane  cD)  are  also  parallel  to  each  othe^ 
(th.  99) ;  consequently  the  angle  hfk  is  equal  to  the  angle 
GEi  (th.  104).  But  the  angle  fkh  is.  also  equal  to  the  anglo 
KiG,  being  both  right  angles ;  therefore  the  two  triangles  are 
equiangular  (cor.  1,  th.  17)  ;  and  the  sides  fk  ei,  being 
the  equal  distances  between  the  parallel  planes  (def  93  )>  it 
follows  that  the  sides  fH,  eg,  are  also  equal  (th.  3)  But 
these  two  lines  are  parallel  (by  suppos.),  as  well  as  equal  ; 
consequently  the  two  lines  sFy.|^H,  joining  those  equal  pax^dl* 
lels,  are  also  parallel  (th.  34).  ^  q   b   d. 


THEOREM  CVL 

m 

XT  any  Prism  be  cut  by  a  Plane  Parallel  to  its  Base,  the  Sec- 
tion will  be  equal  and  Like  to  the  Base. 

Let  AG  be  any  prism,  and  il  a  plane 
parallel  to  the  base  ac  ;  then  will  the  piano 
II.  be  equal  and  like  to  the  base  ac,  or  the 
two  planes  will  have  all  theiitside%  and  all 
their  angles  equal. 

For  the  two  planes  ac  il.  being  parallel, 
by  hypothesis ;  and  two  parallel  planes,  cut 
by  a  third  plane,  having  parallel  sections 
(th.  105) ;  therefore  ik  is  parallel  to  ab,  and 
RL  to  BC,  and  lm  to  cd,  and  im  to  ad.  But  At  and  bx  are 
^rallels  (by  def.  95)  consequently  a&  is  a  parallelogram; 
Biid  the  opposite  sides  ab,  ir,  are  equal  (th.  32).    In  like 

manneri 


^ 
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iiM]iiier»  it  is  shown  tkat  &l  is  »  bc,  and  uu 

:a  CD9  and  m  =  ad,  or  the  two  planes  ac»  iL| 

are  mutualljr    eauilateraL      But  these    two 

planes,  having  their  corresponding  sidea  pa- 

rallel,  have  the  angles  contained  by  them  also 

equal  (th,  104),  namely,  the  angle  a  =  the 

angle  i,  the  angle  b  »  the  angle  k,  the  angle 

c  :==  the  angle  l,  and  the  angle  o  ss  the  angle 

M.     So  that  the  two  planes  ac,  il,  have  all 

their  corresponding  sides  and  angles  eqaal»  or  they  are  equal 

and  iil^e.    4-  £•  »• 

THEOBEM  CVa 

If  a  Cylinder  be  cut  by  a  Plane  Parallel  to  its  Base,  the  Sec« 
tion  will  be  a  Circle,  Equal  to  the  Base. 

Lbt  af  be  a  cylinder,  and  ohi  any 
section  parallel  to  the  base  abc  ;  then  will 
OBi«  be  a  circle  equal  to  abc. 

For,  let  the  planes  ke,  kf.  pass  through 
the  axis  of  the  cylinder  mk,  and  meet  the 
section  ohi  in  the  three  poinu  h,  i,  l  ; 
and  join  the  points  as  in  the  figure. 

Then,  since  &u  ci,  are  parallel  (by  def. 
101);  and  the  plane  ki,  meeting  the  two 
parallel  planes  abc,  ghi,  makes  the  two  sections  kc,  li,  pa- 
rafiel  (th.  105) ;  the  figure  Kigp  is  therefore  a  paraOelogramf 
and  consequently  has  the  op[#site  sides  li,  kc,  equal,  where 
KC  is  a  radius  of  the  circular  base. 

In  like  manner  it  is  shown  that  lh  is  equal  to  the  radius 
KB  *  and  that  any  other  lines,  drawn  from  the  p<nnt  t  to  the 
circumference  of  the  section  ghi,  are  all  equal  to  radii  of  the 
base  ;  consequently  ohi  is  a  circle,  and  equal  to  abc    q.  e.  d. 

THBOBEM  CVHL 

All  Pnsms  and  Cylinders,  of  Equal  Bases  and  Altitudes,  are 

Equal  to  each  other* 


Let  AC,  DF,  be  two 
prisms,  and  a  cylinder, 
on  equal  bases  ab,  de, 
and  having  equal  alti- 
tudes BC,  FF  i  then  will  ^ 
the  solids  ac,  df,  be 

equal.  A! 

For,  let  P<t,  as,  be 

any 


THEOBEM^  (MS 

niy  mo  sectiensiMralM  to  the  bases,  and  equidistant  -frain 
them-  Then,  by  the  last  two  theorems,  the  setiioD  pq  is 
cqna)  to  the  base  ab,  and  the  section  bs  equal  to  the  tuse 
HE.  But  the  bases  an,  he,  are  equal,  by  the  hypothesis  ; 
thererore  Ihe  sections  pq,  hs,  are  equal  also.  In  like  manner, 
it  may  be  shown,  that  any  other  corresponding  sections  ore 
equal  to  one  another. 

Since  then  every  sectioB  iti  the  prism  ac.  in  cqu^  to  its 
corresponding  section  in  the  prism  or  cylinder  at,  the  prisms 
xnd-  cyUnder  themseWes,  which  are  composed  of  an  equal 
Dumber  or  all  those  equal  sections,  must  also  be  equal.  Q  e  o. 

Coral.  Every  prism,  or  cylinder,  is  equal  to  a  rectangular 
parallelopipedon,  of  an  equal  base  and  altitude. 


THBOREHCIX. 

XectaDgnlar  Parallelopipedons,  of  Equal  AJUtudes,  are  to 
each  other  as  their  Buses. 

Lkt  AC,  KG.  be  two  rectan- 
gular paralletapipedoDS,  having 
the  equal  altitudes  ad,  eh  ; 
then  witl  the  solid  ac  be  to  the 
<olid  Eo  as  the  base  ab  is  to 
the  base  ur. 

For,  let  the  proportion  of  the 
bnae  ab  to  the  base  ef,  be  th^  ■        ' 

■of  any  one  number  m  (3)  to  any 

otber  number  n  (3).  And  conceive  ab  to  he  divided  into  n 
equal  parts,  or  recungles,  ai,  lk,  hb,  (by  dividing  am  into 
tluu  number  of  equal  parts,  and  drawing  il.  km,  parallel 
-to  IN].  And  let  RF  be  divided,  in  like  manner,  into  n  equal 
parts,  or  rectangles,  ko,  p>  :  all  of  these  parts  of  both  bases 
being  mutually  equal  among  themselves.  And  through  the 
lines  of  division  let  the  plane  aectioDs  lr,  ms,  pv,  pass  parallel 
to  A4,  ST. 

Then,  the  parallelopipedons  ar,  ls,  uc,  bv,  po,  are  all 
equal,  hdving  equal  bases  and  aliiiudes.  Therefore  the  solid 
AC  is  to  the  solid  bo,  as  the  number  of  purta  m  the  fiatnaer, 
to  the  number  of  equal  parts  in  ihe  latter ;  or  as  the  number 
of  parts  in  ab  to  th^number  of  equal  parts  in  z>,  that  is,  as 
the  base  ab  to  the  base  bf.    4.  k.  d. 

Coroi.  From  this  theorem,  and  the  corollary  to  the  last,  it 

appea.B,  that  all  prisms  and  cylinders  ef  squat  altitudes,  are 

Vol..  J.  Yj  t» 
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to  each  other  as  their  bases  ;  every  pHsni  and  cylinder  bein^ 
equal  to  a  rectangular  parallelopipedon  of  an  equal  base  aiMl 
altitude. 

'niEOREM  ex. 

Rectangular  Parallelopipedonsy  of  Equal  Bases,  are  to  each 

other  as  their  Altitudes. 


a  ^ 


B 


Lkt  ab,  CD,  be  two  rectan- 
l^ular  parallelopipedons,  stand-  , 

ing  oil  the  equal  basrs  ae,  cf  ;  / 

then  will  the  solid  ab  be  to  the 
solid  cDf  as  the  altitude  eb  is  to 
the  altitude  rn. 

For,  let  AG  be  a  rectangular 
parallelopipedon  on  the  base  ae^ 
and  its  altitude  eg  equal  to  the  altitude  fd  of  the  solid  ci>. 

Then  AG  and  cd  are  equal,  being  prisms  .of  equal  bases 
;and  altitudes.  But  if  hB)  hg^  be  considered  as  bases,  the 
solids  AB,  AG,  of  equal  altitude  ah,  will  be  to  each  other 
as  those  bases  bb,  hg.  But  these  bases  hb,  ug^  being 
parallelograms  of  equal  altitude  ub»  are  to  each  other  as 
their  bases  eb,  eg  ;  therefore  the  two  prisms  ab,  ag^  are 
to  each  other  as  the  lines  eBi  eg.  But  ag  is  equal  t» 
Qi}y  and  eg  equal  to  fd  ;  consequently  the  prisms  aCi  cd^ 
are  to  each  other  as  their  altitudes  eb«  fd  ;  that  bs--* 
|LB  :  CD  :  :  SB  :  fd.     q.  e.  d 

Corol.  1.  From  this  theoromy  and  the  corollary  to  theorem 
108,  it  appears,  that  all  prisms  and  cylinders,  of  equal  basa^ 
are  to  one  another  as  their  altitudes. 

CoroL  2.  Because,  by  corollary  1,  prisms  and  cylinders  are 
as  their  altitudes,  when  their  bases  are  equal.  And,  by  the 
corollary  to  the  last  theorem,  thef  are  as  their  bases,  when 
their  altitudes  are  equal.  Therefore,  universally,  when  nei- 
ther are  equal,  they  are  to  one  another  as  the  product  of  their 
bases  and  altitudes.  And  hence  also  these  products  are  the 
proper  numeral  measures  of  their  quantities  or  magnitudes, 

THEOREM  CXI. 

Similar  Prisms  and  Cylinders  are  to  each  other,  as  the 
Cubes  of  their  Altitudes,  or  of  any  ^ther  Like  Linear  Di* 
mensions. 

Let  abgd,  efgh,  be  two  similar  prisms  ;  then  will  the 
prism  CD  be  to  the  prism  oK)  as  ab^  to  sf'  or  ad^  to  eh'. 

For 
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For  ite  solids  are  to  each  other  as 
the  product  of  their  bases  ancf  alii- 
tudets  (ih.  llOi  cor.  2j,  that  is,  as 
AC  AO  to  EG  .  EH-  But  the  baseS) 
being  similar  planes,  are  to  each 
other  as  the  t^qnares  of  their  like 
sides,  thai  is,  ac  to  eg  as  ab*  to 
»F*.  therefore  the  solid  cd  is  to 
the  solid  oHv  as  ab*  .  ad  to  ef*  .  eh.        B  IB* 

But  BO  and  fHi  heing  similar  planes,  have  their  like  sides 
proporiional,  thut  is,  ab  :  ef  :  :  ad  :  eh,  --.--- 
or  AB^  lEF^::  AD*  :  eh*:  therefore  ab'.ad:  ef'.eh  ::  ab*:ef3, 


Till 


1r(\ 


or 


AD^  :  eh'  ;  conaeq.  the  solid  cd   :  solid  gh  : 

&H'«      ^-  £.  9. 


ab' 


Ap*  : 
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In  any  Pyramidf  a  Section  Parallel  to  the  Base  is  sinoilar  to 
tht;  Base ;  and  these  two  planes  are  to  each  other  as  the 
Squares  of  their  Distances  from  the  Vertex. 

Let  abcd  be  a  pyramid,  and  efg  a  sec* 
tion  parallel  to  the  base  bcd,  also  aih  a 
line  perpendicular  to  the  two  planes  at  h  and 
I  :  then  will  bd,  eg,  be  two  similar  planes, 
and  the  plane  bd  will  be  to  the  plane  eg,  as 

AH*  to  AI*. 

For,  join  ch,  fi.  Then,  because  a  plane 
•tttting  two  parallel  planes,  makes  parallel 
sections  (th.  105),  therefore  the  plane  abc, 
meeting  the  two  pandlei  planes  bd^  eg,  makes  the  sections 
Bc,  EF,  parallel  :  In  like  manner,  tiie  plane  acd  makes 
the  sections  cd,  fg,  parallel.  Again,  because  two  pair  of 
parallel  lines  make  equal  angles  (th.  104),  the  two  eFi  fg, 
which  are  parallel  to  bc^  cd,  make  the  angle  efo  equal 
the  angle  bcd.  And  in  like  manner  it  is  shown,  that 
each  angle  in  the  plane  eg  is  equal  to  each  angle  in  the 
plane  bd,  and  consequently  those  two  planes  are  equian- 
gular. • 

Again,  the  three  lines  ab,  ac,  ad,  making  with  the 
parallels  bc,  ef,  and  cd,  vg,  equcd  angles  (th.  14),  and 
the  angles  at  a  being  common,  the  two  triangles  abc,  aef, 
are  equiangular,  as  also  the  two  triangles  acd,  afg»  and 
have  therefore  their  like  sides  proportional  namelyi  -  *  - 

AS 


sa 
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jkc  :  Av  f :  Bc  :  sr  : !  CD  :  fg.    And  in 

like  manner  it  may  be  she  wn,  that  all  the 

lines  in  the  plane  fg,  are  proportional  to  all 

the  corresponding  lines  in  the  base    bd. 

Hence  these  tivo  planes,  having  their  angles    • 

equal,  and   their    sides   proportional)    are 

similar,  by  deL  68.  

B  O 

BQt,  similar  planes  being  to  each  other  as  the  squares  of 
their  like  sidea^  the  plane  bo  :  so  ;  :  bc'  :  «f^>  or : :  4C> 
AF*»  by  what  is  shown  above  Also,  the  two  triangles 
ARC,  AiF,  having  the  angles  h  and  i  right  ones  (th.  96), 
snd  the  angle  a  common,  are  equiangular,  and  have  there- 
fore their  like  sides  proporuonah  namely,  ac  :  af  :  :  ah  :  *i« 
or  AC*  :  AF*  : :  ah'  ;  ai*.  Consequently  the  two  planes 
BD,  BG,  which  are  as  the  fornier  squares  ac^,  af',  will 
be  also  as  the  latter  squares  ah*,  ai^,  that  is^  -  -  -  -  - 
BD  :  BO  : :  ah>  :  ai'.    q.  e-  d. 


THEOREM  CSm. 

Jn  a  Cone,  any  Section  Parallel  to  the  Base  is  a  Circle  i  ani 
'  this  Section  is  to  the  Base,  as  the  Squares  of  their  Distances 

from  the  Vertex. 

Let  abcd  be  a  cone,  and  ohi  a  section 
parallel  to  the  base  bcd  ;  then  will  gbi 
be  a  circle,  and  BCD,  GHi,  will  be  to  each 
Dther,  as  the  squares  of  their  distances 
from  the  vertex. 

'  For,  draw  alf  perpendicular  to  the 
two  parallel  planes ;  and  let  the  planes 
ACB,  ADB,  pass  through  the  axis  of  the 
cone  AKB,  meeting  the  section  in  the  three 
points  H,  I,  K. 

Then,  since  the  section  gri  Is  parallel  to  the  base  bcd,  and 
the  planes  ck,  dk,  meet  them,  ur  is  parallel  to  cb>  and 
Xft  to  db  (th.  105}.  And  because  the  triangles  formed  by 
these  lines  are  equiangular,  kh  :  ec  s :  ak  :  ab  : :  xi :  bd. 
But  EC  is  equal  to  bd,  being  radii  of  the  same  circle  ;  there- 
fore Ki  is  also  equal  to  kr.  '  And  the  same  may  be  shown  of 
any  other  lines  drawn  from  the  point  &  to  the  perimeter  of 
the  section  GRI,  which  is  therefore  atircle  (def.  44). 

Agah),   by  similar   triangles,  al   :  af  : :  ar  :  ab    or 

r  :  Bi  :  ed,  hence  al*  •  af*  : :  ri*  :  ed*  j  but  ki*  :  aD*  :  : 

circle  GHr  :  circle  bcd  (th.  93);  therefore  al*  -  af*  :  » 

circle  gbi  :  circle  bcd.    q.  e.  d« 

THEORBM 
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All  Pymnidlt  and  Cones,  of  Equal  B^ises  and  AlUtudes,  are 

&qu»t  to  oDe  another. 

Let  ABC.  Bay, 
b«  any  pyramids  and 
ccuiet  of  equal  basea 
BG,  Eii  and  equal 
altitudes  ao.  db 
tben  will  the  pyra- 
midB  atid  cone  abc 
and  DEV,  be  equal. 

For,  parallel  to  tbb 
'  bases  and  at  equal    distances    an,  so,  from  tlte  veitices, 
suppose  the  planes  is,  lm,  tobe  drawn. 

Then,    by    the    two    preceding  theoretnst ••---••>- 
BO*  :  DB*  :  ;  LH  I  ET,  and 
AM*  :  Ao*  :  :  IK  :  bc. 

Butunce  an*,  ao*,  are  equal  to  do*,d8*, 

therefore  iK  :  ae  :  :  im  :  Br.  But  bc  is  equal  ta  ctf 
Sq  hypothesis ;  tberefore  iK  is  also  equal  to  lm. 

In  like  manner  it  is  shown,  that  any  other  sections)  at 
equal 'distance  from  the  vertex,  are  equal  to  each  other. 

Since  then,  eyery  section  in  the  cone,  is  equal  to  the  co^. 
responding  section  in  the  pyramids,  and  the  heights  are  equd, 
the  solids  abc.  def,  composed  of  all  those  aeoions,  moWbe 
equal  also.  q.  e.  s. 


THEOBEH  CXT. 

Every  Pyramid  is  the  Third-  Part  of  a  Prism  of  the  Sane 
Base  and  Altitude. 
Let  abcdk*  be  a  prism,  and  SDKr  i 
pyramid,  on  the  same  triangular  base  def  :  ', 

then  will  the  pyramid,  bdbe  be  a  third  part 
of  the  prism  abgdef. 

For,  in  the  planes  of  the  three  sides  ofiha 
prism,    draw   the    diagonals   bf,    BD,  CD. 
Then  the  two  planes  sni.  ecu,  divide  the 
whole   prism    into  the  three  pyramids   bdcf,  sabg,  dbcf, 
which  are  proved  to  be  all  equal  to  one  another,  as  ibllowi. 

Since  the  opposite'  ends  of  the  prism  arc  equal  t(;  each  other, 

the  pyramid  wbose  base  is  ab*  aad  vertex  d,  is  equal  to  the 

pyramid 


3S0 
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pyraniid  wkose  base  is  okf  and  vertex  s 
(th  i  li),  being  pynunids  of  equal  base  and 
altitude 

But  the  latter  pyramid,  whose  base  is 
DKF  and  vertex  b,  is  the  same  solid  as  the 
pyramid  whose  base  is  bsf  and  vertex  d, 
«nd  this  is  equal  to  the  third  pyramid 
whose  base  is  bcf  and  vertex  d,  being  py"' 
ramids  of  the  same  altitude  and  equal  bases 

BXF^  BCF. 

Consequently  all  the  three  pyramids,  which  compose  the 
prism,  are  equal  to  each  other,  and  each  pyranad  \%  the 
third  part  of  the  prism,  or  the  prism  is  triple  of  the  pyra- 
mid     q  E.  o. 

Hence  also,  every  pyramid,  whatever  its  figure  may  be,  is 
the  third  part  of  a  prism  of  the  same  base  and  altitude  ;  since 
the  base  ot  the  prism,  whatever  be  its  figure,  may  be  divided 
into  triangles,  and  the  whole  solid  into  triangular  prisms  and 
pyramids. 

Corol.  Any  cone  is  the    third  part  of  a  cylinder,  or  of  a 
prism,  of  equal  base  and  altitude  ;  since  it  has  been  proved 
that  a  cylinder  is  equal  to  a  prism,  and  a  cone  equal  to  a  py- 
ramid, of  equal  base  and  altitude.  » 

Scholiitm.  Whatever  has  been  demonstrated  of  the  propor- 
tionality of  prisms,  or  cylinders,  holds  equally  true  of  pyra« 
mids,  or  cones  ;  the  former  being  always  triple  the  latter ;  vis. 
that  similar  pyramids  or  cones  are  as  the  cubes  of  their  like 
linear  sides,  or  diameters,  or  altitudes,  &c.  And  the  same 
for  all  similar  solids  whatever,  viz.  that  they  ai^  in  proportion 
to  each  other,  as  the  cubes  of  their  like  linear  dimensions^ 
since  they  are  composed  of  pyramids  every  way  similar. 


THEOBEM  CXVI. 


If  a  Sphere  be  cut  by  a  Plane,  the  Section  will  be  a  Circle 

Lbt  the  sphere  aebf  be  cut  by  the 
plane  adb  ;  then  will  the  section  adb 
be  a  circle. 

Draw  the  chord  aB)  or  diameter  of 
the  section  ;  perpendicular  to  which,  or 
to  the  section  adb,  draw  the  axis  of  the 
sphere  ecgf,  through  the  centre  C| 
which  will  bisect  the  chord  ab  in  the 
point  «(th.  41^.    Alsoj  join  ca,  cb^* 

aifd 
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and  draw  cd»  gd,  to  any  point  i>  in  the  perimeter  of  Ihe 
section  apb. 

Then*  because  cg  is  perpendicular  to  the  plane  ai>b»  it 
is  perpendicular  both  to  ga  and  od  (def.  90).  So  that  coa* 
con  are  two  right-angled  triangles,  having  the  perpendicular 
CG  common,  and  the  two  hypothenuses  ca.,  cd,  equal,  being; 
both  I'adii  of  the  sphere  ;  therefore  the  third  sides  ga.  od, 
are  also  equal  (cor.  %,  th  34).  In  like  manner  it  is  shown* 
that  any  other  linei  drawn  from  the  centre  g  to  the  circum- 
ference of  the  section  adb*  is  equal  to  ga  or  qb  ;  conse- 
quently that  section  is  a  circle. 

Corol.  The  section  through  the  centre,  is  a  circle  having 
the  same  centre  and  diameter  as  the.  sphere*  and  is  called  a 
great  circle  of  the  sphere  ;  the  other  plane  sections  being 
little  circles. 


THEORBM  CXVJL 

JEvery  Sphere  is  Two-Thirds  of  its  Circumscribing  Cylinder*. . 

.  Let  a  BCD  be  a  cylinder^  circum- 
scribing the  sphere  bfgh  ;  then  will 
the  sphere  bfg^  be  two-thirds  of  the 
cylinder  ABC  D. 

For,  let  the  plane  ac  be  a  section  of 
the  sphere  and  cylinder  through  the 
centre  i.  Join  ai,  bi.  Also,  let  fik 
be  parallel  to  An  or  bc,  and  eig  and 
XL  parallel  to  ab  or  nc,  the  base  of 
the  cylinder;  the  latter  line  kl  meeting  bi  in  m^  and  the 
circular  section  of  the  sphere  in  n. 

Then,  if  the  whole  plane  hfbc  be  conceived  to  revolvd 
about  the  line  hf  as  an  axis,  the  square  fg  will  describe 
a  cylinder  ag,  and  the  quadrant  ifg  will  describe  a  hemlT 
sphere  efg,  and  the  triangle  ifb  will  describe  a  cone.  iab» 
Also^  in  the  rotation,  the  three  lines  or  parts  rl,  kn«  km,  as 
radii,  will  describe  corresponding  circular  sections  of  those 
solids,  namely,  kl  a  section  of  the  cylbder,  kn  a  section  of 
the  sphere,  and  rh  a  section  of  the  cone. 

Now,  fb  being  equal  to  ti  or  lo,  and  at  parallel  to 
TB,  then  by  similar  triangles  ik  is  equal  to  km  fth.  82)  And 
since^  in  the  right-angled  triangle  ikn,  in*  is  equal  to  ik* 
4>  KK^  (th.  34} ;  and  because  ah  is  equal  to  the  radius  i« 

or 
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or  itr,  and  kMsfS,  therefore  ill*  is' 
equal  to  km*  +  aH*>  or  the  square  of 
the  longest  radius,  of  the  said  circular 
sections,  is  equal  to  the  sum  of  the 
squares  of  the  two  others.  And  be- 
cause circles  are  to  each  other  as  the 
squares  of  their  diameters,  or  of  their 
radii,  therefore  the  circle  described  by 
XL  is  equal  to  both  the  circles  de- 
scribed bv  KM  and  kn  ;  or  the  section  of  the  cylinder,  is 
equal  to  both  the  corresponding  sections  of  the  sphere  and 
cone.  And  as  this  is  always  the  case  in  every  parallel  posi- 
tion of  kl;  it  follows,  that  the  cylinder  kb,  which  is  com- 
posed of  all  the  former  sections,  is  equal  to  the  hemibphere 
XFa  and  cone  iab,  which  are  composed  of  ail  the  latter 
sections. 

But  the  cone  iab  is  a  third  part  of  the  cylinder  bb 
(cor.  S,  tb.  115);  consequently  the  hemisphere  efo  is  equal 
to  the  remaining  two-thirds;  or  the  whole  sphere  bfgs 
equal  to  two-thirds  of  the  whole  cylinder  abcd.    q.  b.  d. 

Carol  I.  A  cone,  hemisphere,  and  cylinder  of  the  same 
base  and  altitude^  are  to  each  other  as  the  numbers  1, 3, 3. 

Carol.  2«  All  spheres  are  to  each  other  as  the  cubes  of  their 
diameters  ;  all  these  being  Uke  (mrta  of  their  circumscribing 
cylinders. 

CoroL  3«  From  the  foregoing  demonstration  it  also  ap« 
penrs,  that  the  spherical  zone  or  frustnim  bonp,  is  eqiMl 
to  the  difference  between  the  cylinder  bolo  and  the  cone 
XM(|,  adl  of  the  same  common  height  ijl.  And  that  the 
spherical  segment  pfm,  is  equal  to  the  difference  betweeo 
the  cylinder  ablo  and  the  conic  fruatrum  a^mbi  all  of  tbe 
same  common  altitude  fk» 
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PROBLEM  L 


1*0  Bisect  a  Line  ab  ;    that  is,  to  divide  it  into  two  Equid 

Parts, 

Froh  the  two  centres  a  and  b,  with 
any  equal  radii)  describe  arcs  of  circlest 
intersecting  each  other  in  c  and  d  j  and 
draw  the  line  cd,  which  will  bisect  the 
given  line  ab  in  the  point  e. 

Fory  draw  the  radii  ac,  bc,  ad,  Bb, 
T*hen»  because  all  these  four  radii  are 
equal,  and  the  side  cd  common,  the  two 
trianf^les  acd,  bcd,  sire  mutually  equilateral :  consequently 
they  are  also  nmtually  equiangular  (th.  5),  and  have  the  angle 
AI:e  equal  to  the  angle  bcb« 

Hence,  the  two  triangles  ace,  bcb,  having  the  two  sides 
AC«  GS-,  equal  to  the  two  sides  bc^  ce,  and  their  contained  an« 
gles  equal,  are  identical  (th.  1),  and  therefore  have  the  side  ab 
equal  to  £b.    q.  s.  d. 


PROBI£M  n. 


To  Bisect  an  Angle  bac. 

• 

Frou  the  centre  a,  with  any  radius,  de- 
scribe an  arc,  cutting  off  the  equal  lines 
AD9  AB  ;  and  from  the  two  centres  d>  b, 
irith  the  same  radius,  describe  arcsinier- 
aecting  in  f  ;  then  draw  af,  which  will  bi« 
sect  the  angle  a  as  required. 

For,  join  nv,  ef.  Then  the  two  tri- 
angles ABF,  AEF.  having  the  two  sides 
AD,  OF,  equal  to  the  two  ae,  ef  (being  equal  radii),  and  th9 
aide  af  common,  they  are  mutually  equilateral ;  consequently 
thev  are  also  mutually  equiangular  (th.  5)9  and  have  the  angle 
BAF  equal  to  the  angle  caf. 

Scholium*    In  the  same  manner  is  an  arc  ef  a  circle  bi- 
sected. 

Vol.  L  Z  2 
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PROBLEM  m. 

At  a  Given  Point  c,  in  a  Line  ab,  to  Erect  a  Perpendicular, 

From  the  given  point  c,  with  any  radius, 
Cui  off  any  equal  pans  cd»  ce,  of  the  given 
line ;  and,  from  the  two  centres  d  and  k, 
with  any  one  radiiiB,  describe  arcs  intersect- 
ing in  F  ;  then  join  cf,  which  will  be  per- 
pendicular as  required. 

For,  draw  the  two  equal  radii  df,  ef.  Then  tbe  iwo 
triangles  CDF.  CEF  having  tbe  two  sides  CD,  df«  equal  to 
the  two  cs^  EFt  and  cf  common,  are  mutually  equiiaieral ; 
consequently  they  are  also  mutually  equiangular  (th.  5}^  and 
have  the  two  adjacent  angles  at  c  equal  to  each  other ;  there- 
fore the  line  cf  is  perpendicular  to  ab  (de£  11). 

Othertffiac, 
When  the  Given  Point  c  is  near  the  End  of  the  lino« 

• 

From  any  point  d,  assumed  above  the 
line,  as  a  centi  e,  through  the  given  point 
o  describe  a  circle,  cutting  tbe  given  line 
at  B  ;  and  through  b  and  the  centre  O, 
draw  the  diameter  edf  ;  then  join  cf,' 
which  will  be  the  perpendicular  required. 

For  the  angle  at  c,  being  an  angle  in  a  semicircle,  is  a 
right  angle,  and  therefore  the  line  cs  is  a  perpendicular 
(by  def.  15). 

PROBLEM  rv. 

From  a  Given  point  a  to  let  fall  a  Perpendicular  on  a  ^vea 

Line  ae. 

From  the  given  point  a  as  a  centre,  with 
any  convenient  radius,  describe  an  arc,  cut- 
ting the  given  line  at  the  two  points  d  and 
s ;  and  from  the  two  centres  o,  £.  with 
any  radius,  describe  two  arcs,  intersecting 
Rt  F  ;  then  draw  aof,  which  will  be  perpen* 
dicular  to  bc  as  required* 

For,  draw   the  equal  radii  ad,  ab,  and  JB*' 

BF.  EF.     Then  the  two  triangles  adf,  aef,  having  the  tW9 
sides  Ai>}  BF)  equal  to  the  two  ae^  bf^  and  ajt  common,  are 

mutually 
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mutually  equilateral ;  consequently  they  are  also  mutually 
equiangular  (tb  5),  and  have  the  angle  dag  equal  the  an^lo 
mAO  Kence  then,  the  two  triangles  adg,  abg,  having 
the  two  sides  ad,  ag,  equal  to  the  1\vo  ae,  ag,  and  their 
included  angles  equ'dl^  are  therefore  equiangular  (th.  I),  and 
have  the  angles  at  o  equal ;  oonsequently  ao  is  perpendicular 
to  Bc  (dcf  1  !)• 


Otherwise, 

When  the  Given  Pomt  is  nearly  Opposite  the  end  of  the 

Line. 

From. any  point  d,  in  the  given  line 
3C,  AH  d  centre^  describe  the  arc  of  a 
circle  through  the  given  point  a,  cutting 
BC  in  B  ,  and  froni  the  centre  b«  with  the 
radius  ba^  describe  another  arc,  cutting 
the  former  in  f  ;  then  draw  agf,  which 
>ViH  be  perpendicular  to  bc  as  required.  Jff 

For,  draw  the  equal  radii  da  df,  and  ea-  ef.  Then  the 
two  triangles  dae,  dfb^  will  be  mutually  equilateral ;  conse- 
quently they  are  also  mutually  equiangular  (th.  5),  and  huve 
the  angles  at  d  equal.  Honce,  the  two  triangles  oag,  dfg, 
having  the  two  sides  da,  dg^  equal  to  the  two  df,  dg,  and 
tlie  included  angles  at  d  equal,  have  also  the  angles  at  o 
€qual  (th.  1)  ;  consequently  those  angles  at  g  are  righ( 
angleS)  and  the  line  ao  is  perpendicular  to  do. 


niOBLBM  y. 

At  a  Given  Point  A|  in  a  Line  ab,  to  make  an  Angle  Equsl 

to  a  Given  Angle- c* 

From  the  centres  a  and  c,  with  any  one 
Eadius.  describe  the  arcs  de»  fg.  Then* 
with  radius  de,  and  centre  f>  describe  an 
arc,  cutting  fg  in  g  Through  g  draw 
the  line  AO9  and  it  will  form  the  angle  re- 
4|uired. 

For,  conceive  the  equal  lines  or  radii,        A  FB 

DB,  FO,  to  be   drawn.    Then  the  two  triangles  coe«  afg^ 
heing  mutually  equilateral,  are  mutually  equiangular  (th.  5]^ 

fad  have  the  angle  at  a  c(]Wd  to  t^e  angle  g* 
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FROBL£M  VI. 

Through  a  Given  Point  a,  to  draw  a  Line  Parallel  to  ^ 

Given  Line  bc. 

From  the  gircn  point  ▲  draw  a  line  ad         JEA  y 

to  any  i>obr  in  the  given  line  bc.     Tnen  N. 

draw  the  line  eaf  nauking  the  .ingle  at  a  n. 

equal  to  the  angle  at  n  (by  prob  5)  ;  so         « \  ^ 

shall  EF  be  parallel  to  bc  as  required. 

For,  the  angle  d  being  cq^uul  to  the  alternate  angle  a,  the 
lines  BC5  EVi  are  parallel,  by  th.  13. 

PfiOBLBM  Vn. 

To  Divide  a  Line  ab  into  any  proposed  Number  of  Equal 

Parts. 


Draw  any  other  line  ac,  forming  any 
angle  with  the  given  line  ab  ;  on  which 
aei  off  as  many  of  any  equal  parts,  ad,  de, 
XF«  Fc,  as  the  line  ab  is  to  be  divided  into. 
Join  bc  ;  parallel  to  which  draw  the  other 
lines  FG,  EB,  Di :  thei\  these  will  divide 
AB  in  the  manner  as  required — ^For  those  parallel  lines  di- 
vide both  the  sides  ab,  ac,  proportionally,  by  th.  82. 

PROBLEM  Vm. 
To  find  a  Third  Proportional  to  Two  given  Lines  ab,  ac. 

Place  the  two  given  lines  abi  ac, 
forming  any  angle  at  a  ;  and  in  ab  take  A  ■  B 

also  AD  equal  to  ac-    Join  bc,  and  A C 

draw  DE  parallel  to  it ;  so  will  as  be 
the  third  proportional  sought. 

For,  because  of  the  parallels  bc  .  de,  

the  two  lines  ab,  ac,  arc  cut  propor-  "^  D  B 

tionally  (th.  82)  -,  so  that  ab  :  ac  : :  ad  or  ac  ;  ae  s  there* 
fore  AB  is  the  third  proportional  to  ab,  ac. 


^^ 
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FBDBLEM  IX, 

To  find  a  Fourth  Proportional  to  tlirce  Lines  ab,  ac,  ad. 

Place   two  of  the  given  lines  ab,    ac,   making  any 
fngte  at  a  't  also  place  ao  on  ab.    Join  bc  ;  and  parallel 
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3ST 


Co  it  draw  db  :  so  shall  ab  be  the  fourth 
proponional  as  required. 

For,  because  of  the  parallels  bci  dt., 
the  two  sides  ab,  ac,  *rc  cut  propor- 
tiohaily  (th  82) ;  so  that  -  -  - 
AB  :  AC  :  :  AD  :  ae. 


PROBUEM  X. 


To  find  a  Mean  Proportional  between  Two  Lines  ab,  bc. 


Placb  ab.  bc,  joined  in  one  straight 
line  AC  :  on  which  as  a  diameter,  des- 
cribe the  semicircle  adc  {  to  meet  which 
erect  the  perpendicular  bd  ;  and  it  will 
be  the  mean  proportional  soughtj  be- 
tween AB  and  BC  Cby  cor.  th.  87). 


■B 
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PROBLEM  XI. 

To  find  the  Centre  of  a  Circle* 

Draw  any  chord  ab  ;  and  bisect  it  per- 
pendicularly with  the  line  cd,  which  will 
be  a  diameter  (th.  41,  cor.).  Therefore, 
CD  bisected  inj^o  o,  will  give  the  centre, 
Its  required. 


PROBLEM  XIL 


To  describe  the  Circumference  of  a  Cirple  through  Three 

Given  Points  a,  b,  c.   . 

From  the  middle  point  b  draw  chords 
BA,  BC,  to  the  two  other  points,  and  bi- 
sect these  chords  perpendicularly  by 
lines  meeting  in  o,  which  will  be  tJie  v 
centre.  Then  from  the  centre  o,  at  the 
distance  of  any  one  of  the-  points,  as  oa, 
describe  a  circle,  and  it  will  pass  through 
the  two  other  points  b,  c.  as  required. 
^  For,  the  two  right-angled  triangles  oad,  obd,  having  the 
udes  AD,  DB,  equal  (by  constr.),  and  op  coromoQ  with  the 
included  right  angles  at  d  equal,  have  their  third  sides  oa, 
OB^  also  equal  Cth.  I).  And  in  like  manner  it  is  shown,  that 
oc  is  equal  to  ob  or  oA.     So  that  all  the  three  0A9  ob,  .qc, 

j^eing  equaJf  will  be  radii  of  the  same  cireie. 

**  ^  problem; 
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PROBLEM  Xin. 

To  draw  a  Tangent  to  a  Cn  cJc,  through  a  Given  Point  a. 

When  the  given  point  a  is  in  the  cir- 
ffumfeience  uf  the  circle  :  J/in  a  and  he 
centre  o  ;  perpendicular  to  which  dr<iW 
BAG,  and  it  will  be  the  langent,  by  th.  46. 

But  when  the  given  point  a  is  out  of 
the  circle  :  draw  ao  to  the  centre  o ; 
on  which  as  a  diameter  describe  a  semi- 
circle, cuding  the  given  citcumference 
in  D  ;  through  which  draw  BAnCi  which 
will  be  the  tangent  as  required. 

For,  join  do  Then  the  angle  ado, 
in  a  semicircle,  is  a  right  angle,  and 
consequently  ad  is  p  rpeudicular  to  the 
radius,  dO)  or  i»  a  tangent  to  tue  circle 
<th.  46). 

PROBLEM  xnr. 

On  a  Given  Line  b  to  describe  a  Seginent  of  a  Circle,  t^ 

Contain  a  Given  Angle  c. 

At  the  ends  of  the  given  line  make 
angles  dab,  dba,  each  equal  to  the 
given  angle  c  Then  draw  ae,  bei 
perpendicular  to  adi  bd  .  and  wuh  the 
centre  e,  and  radiub  ea  or  rb,  describe 
a  circle;  so  shall  afb  be  the  s'^^ment 
required,  as  an  angle  f  made  in  it  will 
be  equal  to  the  given  angle  c 

For,  the  two  lines  ad.  bd«  being  per- 
pendicular to  the  radii  ea  eb  (by  constF.),are  tangents  to  tho 
circle  (th.  46)  ;  and  the  angle  a  or  b,  which  is  equal  to  tho 
given  angle  c  by  construction,  is  equal  to  the  angle  v  in  the 
alternate  6egment  afb  (th  53). 
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PROBLEM  XV. 

To  Cut  off  a  Segment  from  a  Circle,  that  shall  Contain  % 

Given  Angle  e. 

^  Draw  any  tangent  ab  to  the  given 
circle  ;  and  a  chord  ad  to  make  the 
angle  dab  equal  to  the  given  angle  c  ; 
then  DEA  will  be  the  segment  required, 
an  angle  e  niade  in  it  k^ing  equal  to 
the  given  angle  o, 
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For  the  angle  Ai  made  by  the  tangent  and  chord,  which  is 
equal  to  the  given'  angle  c  by  construction  ts  also  equal  to 
aby  angle  b  in  the  aitemate  segment  (th.  63). 


PUOBLBM  XVL 
To  make  an  Equilateral  Triangle  on  a  Given  Line  ab. 

From  the  centres  a  and  b   with  the  q 

distance  ab,  describe  arcs,  intersecting  "^  " 

in  c.     Dr.'W  AC,  ac  and  \bc  v\iU  be  the 
equilateral  tri angle* 

For  the  equal  radii  a9)  bC)  are>  each 
•f  themj  equal  to  ab. 


PROBLEIM  Xnt 
To  make  a  Triangle  with  Three  Given  Lines  aB|  ac.  bc«* 

With  the  centre  a,  and  distance  AC9 
describe  an  arc  With  the  centre  B) 
and  distance  bC)  describe  another  arc, 
eutting  the  former  in  c.  Draw  ac,  bc, 
and  ABC  will  be  the  triangle  required. 

For  thd  radii,  or  sides  of  the  triangle, 
AC.  Bc  are  equal  to  the  g^veu  lines  ac, 
Be,  by  construction. 


l^OBLBM  XVHL 

To  make  a  Square  on  a  Given  Line  AS* 

Raise  ad,  bc,  each  perpendicular  and 
equal  to  ab  ;  and  join  dc  ;  so  shall  abcb 
¥e  the  square  sought. 

For  all  the  three  ^sides  ab.  ad  bc,  are 
equal,  by  the  construction,  and  dc  is  equal 
and  parallel  to  ab  (by  th.  34)  ;  so  that  all 
the  four  sides  are  equal,  and  the  opposite 
ones  are  parallel.  Again,  the  angle  a  or  b,  of  the  parallelo- 
gram, being  a  right  angle,  the  angles  are  all  right  ones  (cor. 
1,  th.  22)  Hence,  then,  the  figure,  having  all  its  aides  equals 
and  all  Ita  angles  rights  is  a  square  (def.  d4)« 


FROBLEM 
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PROBLEM  XIX. 

To  make  a  Rectangle,  or  a  ParalleJogram,  of  a  Given  Le&gtli 

and  Breadth,  ab>  bc. 

Erect  aDi  bc,  -perpendicular  to  ab^  and 
each  equal  to  bc  ;  then  join  nc,  and  it  is 
done. 

The  demonstration  is  the  same  as  the 

laat  problem.  ^  _  ^ 

And  in  the  same  manner  is  described  any  oblique  parallel- 
ogram, only. drawing  ad  and  bc  tp  make  the  given  oblique 
angle  with  ab,  instead  of  perpendicular  to  it* 

PROBLEM  XX. 

To  Inscribe  a  Circle  in  a  Given  Triangle  abc. 

Bisect  any  two  angles  a  and  b,  with  ^ 

the  two  lines  ad,  bd.     From  the  inter- 
bection  d,  which  will  be  the  centre  of 
the  circle,  draw  the  perpendiculars  de, 
3>F,  dg,  and  they  will  be  the  radii  of  the     « 
circle  required* 

A  E        B 

For,  since  the  angle  das  Is  equal  to 
tlie  angle  dag.  and  the  angles  at  k,  g, 
right  angles  (by  coitstr.),  the  two  triangles  ade,  ado,  are 
•   equiangular;  and,  having  also  the  side  ad  common,  they  are 
identical,  and  have  the  sides  de,  do    equal  (th   3).     In  like 
nmner  it  is  shown,  that  df  is  equal  to  db^  dg.. 

Therefore,  if  with  the  centre  p,  and  distance  db,  a  circle 

be  described,  it  will  pass  through  all  the  three  points  e,  f,  Gy 

-  in  which  poipts  also  it  will  touch  the  three  sides  of  the  triangle 

(th.  46),  because  the  radii  de,  df,  dg,  are  perpendicular  to 

them* 


-   PROBLEM  XXL 

To  Describe  a  Circle  about  a  Given  Triangle  abc. 

Bisect  any  two  sides  with  two  of  the 
perpendiculars  de,  df,  dg,  and  d  will  be 
the  centre. 

For,  join  da,  db,  dc  Then  the  two 
right-angled  triangles  dae,  DBE,have  the 
two  sides  de,  ea,  equal  to  tlie  two  de, 
£B,  and  the  included  angles  at  e  equal : 
those  two  triangles  are  therefore  identical 


(ih* 
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(th.  l)t  and  have  the  side  da  equal  to  db.  In  like  manner 
it  is  «bown,  that  dc  is  also  equal  to  da  or  db  So  that  all 
the  three  da,  db>  do,  being  equal,  they  are  radii  of  a  circle 
passing  through  a,  b,  and  c. 


PROBLEM  XXn. 
To  Inscribe  an  Equilateral  Triangle  in  a  Given  Circle. 

Through  the  centre  c  draw  any  dia« 
saeter  ab.  From  the  point  b  as  a  centre, 
VII h, the  radius  bc  of  the  givcQ  circlci 
describe  an  arc  di'e  Join  ad  ae,  db, 
Bxid  ADB  is  the  equilateral  triangle  souj^hu 

For,  join  db^  dc,  bb  bc.  Then  dcb 
18  an  equilateral  triangle,  h  vine  each 
aide  equal  to  the  radius  of  the  given  circle. 
In  lilLe  manner,  bce  is  an  equilateral  triangle.  But  the  angle 
ADB  is  equal  to  tlv&  an^jle  abb  or  c be,  suinding  on  the  same 
arc.AB  ;  also  the  an{;le  abd  is  equal  to  the  angle  cbd,  on  the 
same  arc  ad  ;  hence  the  triangle  dab  has  two  of  its  angles^ 
ADB,  AED,  equal  to  the  angles  of  an  equilateral  triangle,  and 
therefore  the  third  angle  «t  a  is  also  equal  to  the  same ;  so 
<that  triangle  is  equiangular,  and  therefore  equilateral. 


PROBLEM  XXm. 

To  Inscril^jfe  a  Square  1^  a  Given  Circle. 

Draw  two  diameters  ac,  bd,  crossing 
at  right  angles  in  .fhe  centre  b.  Then 
join  the  four  extremities  a,  b,  c,  d,  with 
right  lines,  and  these  will  form  the  in- 
scribed square  abcd. 

For,  the  four  right-angled  triangles 
ABB*  BBC«  CBD,  DBA,  are  identical,  be- 
cause they  have  the  sides  BAt  bb,  bc,  bd* 
all  equal,  being  radii  of  the  circle,  and 
the  four  included  angles  at  b  all  equaU 
being  right  angles,  by  the  contttruction.  Therefore  all  their 
third  sides  ab,  bc,  cd,  da,  are  equal  to  one  another,  and  the 
figure  abcd  is  equilateral.  Aiao,  all  iis  four  ant^les,  a,  b,  c, 
D,  are  r^ght  ones,  beln^  angles  in  a  semicircle.  Consequently 
the  figure  is  a  square. 


T01..  X. 
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PROBLEM  XXn . 

To  Describe  a  Square  about  a  Given  Circle. 

Draw  two  diameters  ac.  bd«  crossing 
at  right  angles  in  the  cenire  b.  ,  Then 
through  their  four  extremities  draw  fo, 
IH,  parallel  to  ac,  and  ri,  en.  parallel  to 
BD,  and  they  will  form  the  square  pgbi. 

For,  the  opposite  sides  of  parallelo- 
grams being  equal,  fg  and  ih  are  each 
equal  to  the  diameter  ac,  and  fx  and  oa 
each  equal  to  the  diameter  bd  ;  so  that 
the  figure  is  equilateral.  Again,  because  the  opposite  angles 
of  parallelograiHS  are  equal,  all  the  four  angles  f^  g«  n*  u  are 
right  angles,  being  equal  to  the  opposite  angles  at  b.  So  that 
the  figure  fghi,  having  its  sides  equal,  and  its  angles  right 
ones,  is  a  square,  and  its  sides  touch  the  circle  at  the  four 
]>oints  A,  B,  c,  D)  being  perpendicular  to  the  radii  drawn  t* 
those  points. 

PROBLEM  JXV, 

To  Inscribe  a  Circle  in  a  Given  Square* 

Bisect  the  two  sides  fg,  fi,  in  the  points  a  and  b  (last  fig.}. 
Then  through  these  two  points  draw  ac  parallel  to  fg  or  ib, 
and  BO  parallel  to  fi  or  gm.  Then  the  point  of  interseciioQ 
£  will  be  the  centre,  and  the  four  lines  ea,  eb,  ec,  ex>,  radii 
of  the  inscribed  circle. 

For,  because  the  four  parallelograms  bf,  eg,  bhi  ei,  have 
their  opposite  sides  and  angles  equal,  thereiore  all  the  four 
lines  £A,  SB,  ec,  ed,  are  equal,  being  each  equal  to  half  a 
side  of  the  square.  So  that  a  circle  described  from  the  centre 
s,  with  the  distance  ka,  will  pass  through  till  the  points  a,  b, 
c,  D,  and  will  be  inscribed  in  the  square,  or  will  touch  its  four 
sides  in  those  points,  because  the  angles  there  are  right  one?... 

PROBLEM  XXVt 

To  Describe  a  Circle  about  a  Given  Squar6j 
(see  fig.  Prob.  xxiii.) 

Draw  the  diagonals  ac,  bd,  and  their  intersection  b  will  b» 
the  centre. 

For  the  diagonals  of  a  square  bisect  each  other  (th.  40), 

making  xa,  bb,  ec»  bd,  all  equal,  and  (onsequentlf  these 

are  radii  of  a  circle  passing  through  the  four  points  a>  b,  c,  d. 

PROBLEM 
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To  Cut  a  Given  Line  in  Extreme  and  Mean  Ratio. 

Lbt  a b  be  the  given  line  to  be  divided 
in  cxtreniti  and  mean  ratio,  that  is,  so  as 
that  the  whole  line  may  be  to  the  greater 
jiart,  as  the  greater  part  ia  to  the  less  part. 

Draw  BC  perpendicular  to  ab,  and  equal 
to  half  AB.  Join  AC  ;  and  yrilh  centre  c 
and  distance  cb,  describe  the  circle  bo  ; 
then  with  centre  a  and  distance  ad^  de- 
scribe the  arc  db  ;  so  shall  ab  be  divided 
in  B  in  extreme  and  mean  ratio>  or  so  that 
AB  ;  AB  :  :  AB  :  bb. 

For,  produce  ac  to  the  circumference  at  7.  Then,  aof 
being  a  secant,  and  ab  a  tangent,  because  b  is  a  right  angle  : 
therefore  the  rectangle  af  .  ad  is  equal  to  ab^  (cor.  1,  th.  61)  ; 
consequently  the  means  and  extremes  of  these  are  proportion-^ 
al  (ih.  77),  viz.  ab  :  af  or  ad  +  df  2  s  ad  j  ab»  But  ab  is 
equal  to  ad  by  construction,  and  ab  =»  3bc  =  df  ;  therefore^ 
ab  :  AB  4-  AB  :  :  AB  s  ab  ;  and  by  division^ 
ab  :  ab  ;.:  ab  :  bb. 


FROBLBM  XXVm. 

To  Inscribe  an  Isosceles  Triangle  in  a  Given  Circle,  that  shall 
have  each  of  the  Angles  at  the  Base  Double  the  Angle  at 
the  Vertex. 

Dbaw  any  diameter  ab  of  the  given 
circle  9  and  divide  the  radius  cb,  in  the 
point  D)  in  extreme  and  mean  ratio,  by 
the  last  problem.  From  the  point  b 
apply  the  chords  bb,  bf,  each  equal  to 
the  greater  part  cd.  Then  jom  ab,  af, 
XF  ;  and  abf  will  be  the  triangle  requir- 
ed. 

For,  the  chords  be,  bf,  being  equal,  their  arcs  are  equal ; 
therefore  the  supplemental  arcs  and  chords  ab,  af,  are  also 
equal ;  consequently  the  triangle  abf  is  isosceles,  and  has 
the  angle  b  equal  to  the  angle  f  ;  also  the  angles  at  o  are 
right  angles. 

Draw  CF  tuid  df.  Then,  bc  :  cd  :  :  cd  :  bd,  or 
BC  :  BF  : :  bf  :  bd  by  constr.  And  ba  :  bf  : :  bf  :  bo 
(by  th.  87).  But  bc  =  Jba  ;  therefore  bg  =  ^bd  s  od  ; 
therdfore  the  two  triangles  gbf^  gdF)  are  i^lentical  (th.  i)» 

and 
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and  each  equiangrulAi*  ^o  ab'  ^^^  aov  (th.  87).  Therefore 
their  doubles,  bfd,  afe,  are  isosceles  and  equi&np^lar,  as 
well  as  the  triangle  bcf  ;  having  the  two  sides  bc,  ct,  equsJ^ 
and  the  angle  a  common  with  the  triangle  bfd.  But  cd 
is  ssE  DF  or  BF  ;  therefore  the  angle  c  ==  the  angle  dfc  (th. 
i)  ;  consequently  the  angle  bdFi  which  is  equal  to  the  sum  of 
these  two  equal  angles  (th.  16),  is  double  of  one  of  them  c  »  or 
the  equal  angle  b  or  cfb  double  the  angle  c  So  that  esF  is 
an  isosceles  trianglei  having  each  of  its  two  equal  aitgles 
double  of  the  third  angle  c  C<>tistquently  the  triangle  akjt 
(which  it  has  been  shown  is  equiangular  to  the  triangle  cbt^ 
has  also  each  of  its  angles  at  the  base  double  the  angle  a  at 
the  vertex. 

PBOBUM  XXIX. 

To  Inscribe  a  Regular  Pentagon  in  a  Given  Circle. 

Inscribk  the  isosceles  triangle  abc 
having  euch  of  the  angles  abc,  acb, 
double  the  angle  bag  (prob.  28).  Then 
bisect  the  two  arcs  adb«  afc,  in  the 
points  Bs  E  ;  and  draw  the  chords  ad, 
Mf  AE,  ECy  so  shall  adbce  be  the  in- 
scribed equilateral  pentagon  required. 

For,  because  equal  angles  stand  on 
cqufil  arcs,  and  double  angles  on  double  arcs,  also  the  anglea 
ABC,  ACB,  being  each  double  the  angle  bac,  therefore  the  arcs 
ADB,  AEC,  subtending  the  two  former  angles,  each  one  double 
the  arcs  bc  subtending  the  latter.  And  since  the  two  former 
arcs  are  bisected  in  d  and  i^,  it  follows  that  all  the  five  area 
AD,  DB«  BC,  GE,  B4,  are  i^qual  to  each  other,  and  consequently 
the  chords  also  which  subtend  them,  or  the  five  sides  of  the 
pentagon,  are  all  equal. 

JVbie,  In  the  construction,  the  points  d  and  b  are  mosteasily^ 
fotmdy  by  applying  bd  and  ce  each  equal  to  bc. 

PROBLEM  XXX 

To  Inscribe  a  Regular  Hexagon  in  a  Circle. 

Apply  the  radiua  ao  of  the  given  circle 
as  a  chord,  aB)  bc  cd,  &cc,  quite  round  the 
circumference,  and  it  will  complete  the 
regular  hexagon  abcdbf^ 

For,  draw  the  radii  ao,  bo,  co,  do,  bo, 
TO,  completing  six  equal  triangles  ;  of 
which  any  onei  as  abq,  being  equilateral 
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«>> 
%y  coQBtr^  tt9  three  angles  are  all  equal  (cor.  2,  th.  3^y»  and 
any  one  of  them,  as  aob,  is  one-third  of  the  whole,  or  of  two 
right  angles  (th.  17),  orone^sixth  of  four  right  angles.  But 
the  whole  circumference  is  the  measure  of  four  right  angles 
(cor  4,  th.  6).  Therefore  the  arc  ab  is  one-sixth  of  the 
circumference  of  the  circle,  and  consequently  its  chord  ab 
one  Me  of  an  equilateral  hexagon  inscribed  in  the  circle. 
And  the  sanie'of  the  other  chords. 

Corol.  The  side  Of  a  regular  hexagon  is  equal  to  the  radius 
of  the  circumscribing  circle,  or  to  the  chord  Of  one-sixth 
part  of  the  circumference. 


PBOBISM  XSSL 

m 

To  describe  a  Regular  Pentagon  or  Hexagon  about  a  Circle. 

Im  the  given  circle  inscribe  a  regular 
polygon  of  the  same  name  or  number 
of  sides,  as  abcdb,  by  one  of  the  fore- 
going problems.  Then  to  all  its  angu- 
lar points  draw  tangents  (by  prob.  13) 
and  these  V  ill  form  the  circumscribing 
polygon  required. 

For,  all  the  chords,  or  sides  of  the 
Inscribing  figure^  ab,  bc,  Sec.  being  equal,  and  all  the  radii 
OAt  OB.  &c,  being  equal,  all  the  vertical  angles  about  the  point 
o  are  equal.  But  the  angles  obf,  oav,  oao,  obg,  made  by 
the  tangents  and  radii,  are  right  angles  ;  therefore  oef  +  oaf 
ss  two  right  angles,  and  oag  +  qbg  _  two  right  aupm^uf 
consequently,  also,  aoe  +  afe  *-  two  right  angless  and  aob 
-f  AGB  —  two  right  angles  (cor.  2,  th.  18).  Hence,  then,  the 
angles  aoe  -f  afb  being  «»  aob  +  agb,  of  which  aob  is  =» 
AOE  ;  consequently  the  remaining  angles  f  and  g  are  also 
equal.  In  the  same  manner  it  is  shown,  that  all  the  angles  f^ 
o,  H.  I,  k,  are  equal. 

Again,  the  tangents  from  the  same  point  fe,  fa,  are  equal|. 
as  also  the  tangents  ag,  gb  (cor.  2,  th.  61)  ;  and  the  angles 
7  and  g  of  the  isosceles  triangles  afe,  agb,  are  equal,  as  well 
as  their  opposite  sides  ab,  ab  ;  consequently  those  two  trian- 
gles are  identical  (th.  I),  and  have  their  other  sides  bf,  fa,  aG| 
OB,  all  equal,  and  fo  equal  to  the  double  of  any  one  of  them^ 
In  like  manner  it  is  shown,  that  all  the  other  sides  gh,  hI| 
IK)  KF  ,  are  equal  to  fg,  or  double  of  the  tangents  gb,  bh,  8cc* 

HencCy  then^  the  circumscribed  figure  is  both  equilateral 
and  equiangular,  which  was  to  bc  shown. 

CoroL 
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Carol.  The  in8crif>ed  circle  touches  the  middles  of  the  sides 
•f  the  polygon. 

PROBLEM  XXXIL 

To  inscribe  a  circle  in  a  Regular  Polygou. 
Bisect  any  two  sides  of  the  polygon 
by  the  perpendiculars  go,  ro,  and  their 
intersection  o  will  be  the  centre  of  the 
inscribed  cisele,  and  oo  or  of  will  be  the 
radius. 

For  the  perpendiculars  to  the  tangents 
AV,  AG,  pass  through  the  centre  (cor.  th. 
47) ;  and  the  inscribed  circle  touches 
the  middle  points  f,  g,  by  the  last  corollary, 
aides  ao«  ao,  of  the  right-angled  triangle  aog,  being  equal 
to  the  two  sides  af,  ao,  of  the  nght*angled  triangle  aof.  the 
third  sides  of.oo,  will  also  be  equal  (cor,  th.  45}  Therefore 
the  circle  described  with  the  centre  o  and  radius  oG|  will  pass 
through  F,  and  will  touch  the  sides  in  the  points  g  and  v. 
And  the  same  for  all  the  other  sides  of  the  figure. 


c        jy 

Also,  the  two 


PROBLEM  XSSm, 

To  DescHbe  a  Circle  about  a  Regular  Polygon. 

Bisect  any  two  of  the  angles,  c  and  d, 
with  the  lines  co»  no ;  then  their  intcr- 
aeetllMi  o  will  be  the  centre  of  the  cir- 
eumscribing  circle  i  and  oc,  or  on,  will 
be  the  radius, 

For,  draw  ob,  oa>  oe,  8cc,  to  the 
angular  points  of  the  given  polygon. 
Then  the  triangle  ocd  is  isosceles,  having  the  angles  at  c,and 
D  equal,  being  the  halves  of  the  equal  angles  of  the  polygon 
BCD,  CDS  >  therefore  their  opposite  sides  co,  do,  are  equal 
(th.  4).  But  the  two  triangles  ocd,  ocb,  having  the  two  sides 
oc,  CD,  equal  to  the  two  oc,  cb,  and  the  included  angles  ocd, 
OCB  ^so  equal,  will  be  identical  (th.  1),  and  have  their  third 
aides  bo,  od,  equal.  In  like  manner  it  is  shown,  that  all  the 
lines  OA,  ob,  oc,  od,  ob,  are  equal.  Consequently  a  circle 
described  with  the  centre  o  and  radius  oa,  will  pass  through 
all  the  other  angular  points,  b,  C)  d,  kCj  and  will  circumscribe 
the  polygon. 
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PROBLEM  XXXrV. 

To  make  a  Square  Equal  to  the  Sum  of  two  or  more  Oiyen 

Squares. 

Let  ab  and  ac  be  the  sides  of  two 
given  squares.  Draw  two  indefinite 
lines  A  Ft  Aq,  at  right  angles  to  each 
other ;  in  which  place  the  sides  ab^ 
AC9  of  the  given  squares  ;  join  bc  ; 
then  a  square  described  on  bc  will  be 
equal  to  the  sum  of  the  two  squares  . 
described  on  ab  and  ac  (th.  $4)  P     B  X)    A^ 

In  the  same  manner,  a  square  may  be  made  equal  to  the 
sum  of  the  three  or  more  given  squares  For,  if  ab>  ac«  adj 
be  taken  as  the  sides  of  the  given  squares,  then,  making 
AE  —  bc,  ad  -a  ad,  and  drawing  de,  it  is  evident  that  the 
square  on  db  will  be  equal  to  the  sum  of  the  three  squareji 
on  ab,  AC,  ad.    And  so  on  for  more  squares. 


PROBJLEM  XXXV. 

To  make  a  Square  Equal  to  the  Difference  of  two  Givei^ 

Squares. 


C^ 


Let  ab  sod  ac,  taken  in  the  same 
straight  line,  be  equal  to  the  sides  of  the 
two  given  squares.— From  the  centre  a» 
with  the  distance  ab.  describe  a  circle  ;  ____ 

and  make  gd  perpendicular  to  ab  meet-  ^'    ^^  B 

ing  the  circumference  in  d  :  so  shall  a  square  described  on  cb 
be  equal  to  ad"— ac>,  or  ab" — ac',  as  required  (cor.  th.  34). 

PROBLEM  XXXVI. 

To  make  a  Triangle  Equal  to  a  Given  Quadrangle  abcd* 

Draw  the  diagonal  ac,  and  parallel 
to  it  DE,  meeting  ba  produced  at  £,  and 
join  CE  ;  then  will  the  triangle  ceb  be 
equal  to  the  given  quadrilateral  abcd. 

For,  the  two  triangles  ace,  acd,  be- 
ing on  the  same  base  ac,  and  between 
the  same  parallels  ac,  de,  are  equal  (th.  25) ;  therefore,  if 
ABC  be  added  to  each,  it  will  make  dcb  equal  to  abcd  .  c  3), 
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PROBLEM  XXXVn. 

To  make  a  Triangle  Equal  to  a  Given  Pentagon  abode. 

Draw  da  and  db»  and  also  bv, 
CO,  parallel  to  them»  meeting  ab  pro- 
duced at  F  and  o  ;  then  draw  ur  and 
DO  i  80  shall  the  triangle  dfo  be  equal 
to  the  giren  pentagon  abcdb* 

For  the  triangle  dfa  =  d£a,  and 
the  triangle  dob  "=  dcb  (th.  35); 
therefore,  by  adding  dab  to  the  equalty 

the  sums  are  equal  (as.  2)i  that  is,  dab  -f  daf  +  dbg  s>  oab 
+  DAE  +  dbc,  or  the  triangle  dfo  ==  to  the  penUgon  abode*' 


PROBLEM  XXXVDL 

To  make  a  Rectangle  Equal  to  a  Given  Triangle  abc. 

Bisect  the  base  ab  in  d  ;  then  raise 
db  and  «f  perpendiciilar  to  ab,  and 
meeting  cf  parallel  to  ab,  at  b  and  f  : 
so  shall  DF  be  the  rectangle  equal  to  the 
given  trinngle  abc  (by  cor.  3,  tb.  26}, 


PROBLEM  XXXIX. 


To  make  a  Square  Equal  to  a  Given  Rectangle  abcd« 


Produce  one  side  ab,  iill  be  be 
equal  to  the  other  side  bc.  On  ab 
as  a  diameter  describe  a  circle,  meet- 
ing bc  produced  at  f  :  then  will  bf 
be  the  side  of  the  square  bfgH| 
equal  to  the  given  rectangle  bd,  as 
required  $  as  appears  by  cor.  U*  ^^» 
and  th,  77. 
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APPLICATION  OF  ALGEBRA 

TO 

GEOMETRY. 


W 


HEN  it  is  proposed  to  resolve  a  geometrical  problecd 
algebraically)  or  by  algebra,  it  is  proper,  in  the  first  place^ 
to  draw  a  figure  that  shall  represent  the  several  parts  or  con- 
ditions of  the  problem}  and  to  suppose  that  figure  to  be  the 
true  one.  Then,  having  considered  attentively  the  nature  of 
the  problem,  the  figure  is  next  to, be  prepared  for  a  solution^ 
if  necessary,  by  producing  or  drawing  such  lines  in  it  as  ap-* 
pear  most  conducive  to  that  end.  This  done,  the  usual  sym-« 
bols  or  letters,  for  known  and  unknown  quantities,  are  em- 
ployed to  denote  the  several  pans  of  the  figure^  both  the 
known  and  unknown  parts,  of  as  many  of  them  as  necessary^ 
.  as  dlso  such  unknown  line  or  lines  as  may  be  easiest  found, 
-whether  required  or  not.  Then  proceed  to  the  operation^ 
hj  observing  the  relations  that  the  several  parts  of  the  figure 
.  .:^'i^ave  to  each  other  ;  from  which,  and  the  proper  theorems  ia 
-  "^^  ^  the  foregoing  elements  of  geometry,  make  out  as  many  equa- 
tions independent  pf  each  other,  as  there  are  unknown  quan- 
tities employed  in  UMm  :  the  resolution  of  which  equations,  in 
the  same  manner  as  in  arithmetical  problems,  will  detQnojflit ' 
tha  unknown  quantities,  and  resolve  the  problem  pressed. 

As  no  general  rule  can  be  given  for  dravdng  the  lines,  and 
selecting  the  fittest  quantities  to  substitute  for,  so  as  always 
to  bring  out  the  most  simple  conclusion,  because  different 
problems  require  different  modes  of  solution  ;  the  best  way  to 
gain  experience,  is  to  try  tlie  solution  uf  the  same  problem 
in  different  ways,  and  then  apply  that  which  succeeds  beat, 
to  other  cases  of  the  same  kind,  when  they  afterwards  occur. 
The  following  particular  directions,  however,  may  be  of  some 
use, 

l«r,  In  preparing  the  figure,  by  drawing  lines,  let  them  be 
either  parallel  or  perpendicular  to  other  lines  in  the  figure, 
or  so  as  to  form  similar  triangles  And  if  an  angle  be  given, 
it  will  be  proper  to  let  the  perpendicular  be  opposite  to  that 
angle,  and  (o  &11  from  one  end  of  a  given  line^  if  possible. 
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2</,  In  selecting  the  quantities  proper  to  substitute  for, 
Uiose  are  to  be  chosen,  whether  required  or  not,  ^hich  lie 
nearest  the  known  or  given  parts^of  the  figure,  and  by  means 
of  which  the  ncrft  .adjacent  parts  way  be  expressed  by  addi- 
tion and  subtraction  only,  without  using  suids 

3d  When  two  lines  or  quantities  are  alike  related  to  other 
parts' of  the  figure  or  problem,  the  best  way  is,  not  to  makfi 
use  of  cither  of  them  separately,  bui  to  substitute  for  their 
sum,  or  difference,  or  rectangle,  or  the  sum  of  their  aliernaW 
quotients,  or  for  some  line  or  lines,  in  the  figure,  to  wYiich 
they  have  both  the  same  relation. 

4thy  When  the  area,  or  the  perimeter,  of  a  6gure,  is  griven, 
or  such  parts  of  it  as  have  only  a  remote  relation  to  the  parts 
required:  it  is  sometimes  of  use  to  assume  another  ti^rurc 
similar  to  the  proposed  one,  having  one  side  equal  to  unity.  ^ 
some  other  known  quantity.  For,  hence  the  other  parts  ol  iftc 
figure  may  be  found,  by  the  known  proportions  of  the  like 
sides,  or  parts,  and  so  an  equation  be  obtained.  For  exam- 
ples, lake  the  following  problems. 

« 

PROBLEM  L 

« 

In  a  Hight-angled  Triangle^  having  given  the  Bate  (S^yOadtM. 
Sum  of  (he  Hyfiothenuse  and  Ferpendicular  ifi)  ;  tojini^ 
both  these  tvfo  Sides. 

.--.  ^  Let  ABC  represent  the  proposed  triiiiigle, 
^  '  nght-anglcd  at  b.  Put  the hase  ab  =s  3  —  *, 
^  and  the  sum  ac   +  bc  of  the   hypothenuse 

and  perpendicular  =  9  =  «  ;  also,  let  x  de- 
note the  hypothenuse  ac,  and  y  the  perpen- 
dicular BC 

Then  by  the  question      -     -     -    :r  +  y=s«» 
and  by  theorems  34,    -    -    ;    J:*^y*+**. 
By  transpos.  y  in  the  1  st  cqu.  gives  x  =  t  —  y, 
This  value  oix  subsu.  in  the  2d,  _ 

gives «»  — 2»y+y»  =  y'^+^'j 

Taking  away  y  'on  both  sides  leaves  «*  — .  2«y  =  dK 
By  transpos.  2»i/  and  6*,  gives        «*  —  *«=:  3*y, 

««  — 6* 
And  dividing  by  2*,  gives  -  -        ■  =  y  —  4  c=r  »c, 

2s 
Hence  j:  =  a»— y  =  5  =  ac. 

N.  B.    In  this  solution,  and  the  following  ones,  the  cota* 
lion  is  made  by  using  as  many  unknown  lettersj  x  aad  y,  as 

there 


TO  GEOMETRY.  a?  I 

th«re  %re  uokiiown  sides  of  the  triangle,  a  senarate  letter  for 
each  ;  in  preference  to  using  only  one  unknown  letter  for  one 
«idey  and  fixpressing  the  other  unknown  side  in  terms  of  that 
letter  and  ihe  given  aura  or  diffei^ence  of  the  sides  ;  though 
this  latter  way  would  render  the  solution  shorter  and  sooner ; 
because  the  former  way  gives  occasion  for  more  aitd  better 
practice  in  reducing  equations,  which  is  the  ycry  end  and  rea- 
i^on  for  which  these  problems  are  given  at  all. 


PROBLEM  ir. 

In  a  Right-angled  Triangle^  having  given  the  Hypothenuse 
(5)5  and  the  9Um  i^  the  Base  amd  Perpendicular  {J)  \  to 
Jind  both  thene  tvo  Sides*. 

LsT  ABC  represent  ti^  proposed  triangle^  rigkt-angled  at 
B«     Put  the  given  hypothenuse  ac  =  5  =  a,  and  the  stim 
/  AB  +  BC  of  the  biise  and  perpendicular  =  7  =  « ;  also  let  x 
denote  the  baso  ab,  and  y  the  perpendicular  bc. 
Then  by  the  qutstion     -     -     -     x  +  y  :=  s 

and  by  theorem  34     -    -    -    a:^  +  y*=a' 
By  transpos.  y  in  the  1st,  gives    a?  =  » —  y 
By  substitu.  this  valu.  for  x,  giyes  **  —  28y  +  2i/*  =  a* 
By  transposing: «',  gives     -     -    Sy*  —  2«y  =  a*  —  «* 
By  dividing  by  2,  gives       -     -     y*  —  *y  =  i^* — *«* 
By  completing  the  square,  gives  y*  —  $y  +i»*  =  \a^  — 1«* 

By  extracting  the  root,  gives       y  —*  j«  ==   v^^«— }«« 

■  ■     % 

By  transposing  ^^  gives    -    -    y  =  i»  ±   \/ia*- 1««  =« 

4  and  3,  the  values  of  x  and  y . 


PROBLEM  III. 


In  a  Rect angle y  having  given  the  Diagonal  (lO),  and  the  Peri» 
meter^  or  Sum  of  all  the  Four  Sides  (28)  ;  to  Jind  each  of  the 
Sides  severally. 

Let  a  BCD  be  the  proposed  rectangle ; 
and  put  the  diagonal  ac  =  10  =  df  and 
half  the  perimeter  ab  +  bc  or  ad  +  i^c    * 
=s  14  ^  a ;  also   put  one  side   ab  =  Xy 
and  the  other  side  bc  s=  y,    Hence^  by 

right-angled 
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right-angled  triinglea,    •    -    •    -    x^^y*  sad^ 
And  by  the  question,      -     -    -    -    op  +y  ^^  a 
Then  by  traDsposing  y  in  the  2d.  givesj?  =  a  —  y 
This  value  substituted  in  the  lst,givetta*  —  2ay  -f  2j/* 
Transposing  fl»,  gives     -     -     2y*  —  %ay  =:d*-^  a* 
And  dividing  by  2,  gives     -    y^  —  ay  =»  itfl  —  j«» 
By  completing  the  square,  it  is  y'  .^  ay  4.  }o>  =  ^c^ 


=  rf^ 


—  ia^ 


And  extracting  the  root,  gives  y  —  ja  s  y^  ic^  —  }a> 


and  transposing  ia^  gives 
or  6y  the  values  of  x  and  y. 


ia±  Vi^'— i<**  — « 


PROBLEM  ly. 

HavinjB^  given  the  Bate  and  Perfiendicular  of  any    T\iangle  s 
to  find  the  Side  of  a  Square  Inscribed  in  the  Same, 

Let  ABC  represent  the  given  tn'&ngle, 
and  xFGH  its  inscribed  square.  Put  the 
base  AB  =  ^,  the  perpendicular  en  s=  a> 
and  the  side  of  the  square  gf  or  gh  =3 
HI  as  x;  then  will  ci  =  cd  — -  ni  ss 
a  —  jr. 

Then,  because  the  like  lines  in  the 
similar  triangles  abc>  gfc,  are  propor- 
tional (by.  theor    84,  GtomO»  ab  :  en 


EB 


:  GS  :  ci,  that 
is.  6  :  a  :  :  jc  :  a  — •  jr.  Hence,  by  muUiplying  extremes 
and  means,  06  -*  6jr  =  ox,  and  tran^posLng  bx^  gives  ah  sss  ax- 

ab 

4.iur;  then  dividing  by  a  +  by  gives  x  = =  gf 

a  +  b 
or  gh  the  side  of  the  inscribed  square :  which  therefore  is 
of  the  same  magnitude,  whatever  the  species  or  the  angles  of 
the  triangles  may  be* 

PROBLEM  V. 

Xn  an  Mqtdlateral  Triangle^  having  given  the  lengths  of  the 
three  Perfiendicular 9^  drawn  from  a  certain  Point  within^  en 
the  thret  Sides  ;  to  determine  the  Sides, 

Let  ABC  represent  the  equilateral  tri- 
angle, and  DE,  DF,  DG,  the  given  per- 
pendiculars from  the  point  d;  Dt*aw  the 
lines  DA,  BBf  DC,  to  the  three  angular 
points;  and  let  fall  the  perpendicular  CH 
on  the  base  ab.  Put  the  three  given  per- 
pendiculars  DE  sss  a,   DF  =  6,    DO    =    C, 

and  put  jp  =  AH  or  bh,  half  the  side  of 
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the  equHateiral  triangle.    Then  b  ac  or  bc  '^  Sor,  and  by 
right  angled  triangles  the  perpendicular  ca  =  \/Ac*»-Aa^ 

s=  V'4jr*  —  X*  =5  i/  8ar*  =  j?  v^  S. 

Now,  since  the  area  or  space  of  a  rectanglei  is  expressed 
by  the  product  of  the  base  and  height  (cor.  2,th.  81  Geom.)^ 
and  that  a  triangle  is  equal  to  half  a  rectangle  of  equal  base 
and  height  (cor.  1,  th.  86),  it  follows  that, 
the  whole  triangle  abc  is  =  4ab  X  cni=xx  Xy/S^^x^  V^3, 
the  triangle  abd  s=  ^ab  X  dg  =  x  x  c  «  ex, 
the  triangjle  bcd  =  4bc  X  de  ==  jc  x  a  =  ax, 
the  triangle  acd  =  4ac  X  df  =  x  x  b  ss  bx» 

But  the  three  last  triangles  make  up,  or  are  equal  to,  the 
i|irhole  former,  or  great  triangle  ; 
.  that  is,  X-  -v/  3  =  ax  +  Ax  -f  ex ;  hence,  dividing  by  x,  giycs 
X|/3=:a    +6    +c,  and   dividing  by   ^  3,  gives 

X  cs— — ■ — — ,  half  the  side  of  the  triangle  sought. 
V3 

Also,  since  the  whole  perpendicular  *h  is  s=  ^y^3,  it  is 
therefore  =:  a -^  6  +  c.  That  is,  the  whole  perpendicular 
cu,  is  just  equal  to  the  sum  of  all  the  three  smaller  perpen- 
diculars DE  -f  nr  +  no  taken  together,  wherever  the  point 
B  is  situated. 


PROBLEM  VI. 

Is  a  Right-angled  Triangle,  having  given  the  Base  (3),  and 
the  Difference  between  the  Hypotbenuse  and  Perpendicular 
(1)  s  to  find  both  these  two  Sides. 


PfiOBL£M  Vn. 


[ 


In  a  Right-angled  Triangle,  having  given  the  Hypotbenuse 
5),  and  the  Difference  between  the  Base  and  Perpendicular 
i)  ;  to  determine  both  these  two  Sides. 


PROBLEM  Vm. 


Havmo  given  the  Area,  or  Measure  of  the  Space,  of  a 
Recungle,  inscribed  in  a  given  Triangle  ;  to  determine  the 
Sides  of  the  Rectangle* 


> 


V 


» 
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PROBLEM  DL 


In  a  Triangle,  having  given  the  Ratio  of  the  two  Sides, 
together  with  both  the  Segments  of  the  Base,  roniic  by  a 
Ptrpctidicular  from  the  Vertical  Angle;  to  determine  the 
Sides  of  the  Trinngle. 


PROBLEM  X. 


Iv  a  Triangle,  having  given  the  Base,  the  Sum  of  the 

other  two  Sides,  and  the  length  of  a  Line  drawn  from  the 
Vtrticat  Angle  to  the  Middle  of  the  Base  ;  to  find  the  Sides 
of  the  Triangle. 


PROBLEM  XI. 


Is  a  Triangle,  having  given  the  two  Sides  ahout  the  Ver- 
tical Angle,  with  the  Line  bisecting  that  Angle,  and  terminat- 
ing in  the  Base  ;  to  fiTnd  the  Base. 


PBOBIXM  XXL 


To  determine  a  Right-angled  Triangle  ;  having  given  the 
Lengths  of  two  Lines  drawn  from  the  acute  angles,  to  the 
Middle  of  the  opposite  Sides, 


PROBLEM  Xm. 


To  determine  a  Right- Angled  Triangle ;  having  given  the 
Perimeter,  and  the  Radius  of  its  Inscribed  Circle. 


PROBLEM  XIV. 


To  determine  a    Triangle ;  having  given  the  Base  the 
Perpendicular,  and  the  Ratio  of  the  two  Sides. 


PROBLEM  XV. 


To  determine  a  Right-angled  Triangle ;  having  given  the 
Hypothenuse,  and  the  Side  of  the  Inscribed  Square. 


PROBLEM 
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PROBLEM  XVL 

To  determine  the  Radii  of  three  Equal  Circlesi  described 
iti  a  given  Circle,  to  touch  each  other  and  also  the  Circumfer* 
ience  of  the  given  Circle. 


PROBLE^fJvn. 

In  a  Right-angled  Triangle,  having  given  the  Periineter 
or  Sum  of  all  the  Sides,  and  the  PeipendicuJar  let  full  from 
the  Right  Angle  on  the  Hypotkenuse ;  to  determine  the  Tri* 
angle>  that  is^  its  Sides* 


PROBLBM  XVUL 

To  determine  a  Right-angled  Triangle  ;  having  given  th« 
Hypothenuse,  and  the  Difference  of  two  lines  drawn  from  i 
the  two  acute  angles  to  the  Centre  of  the  Inscribed  Circle* 


PROBLEM  XIX. 

To  determine  a  Triangle ;  having  given  the  Base,  the  Per 
pendiculaT)  and  the  Difference  of  the  two  other  Sides. 


PROBLEM  XX.  .  '   ' 


PROBLEM  XXL 


To  determine  a  Triangle ;  having  given  the  Lengths  of 
three  Lines  drawn  from  the  three  Angles^  to  the  Middle^of 
the  opposite  Sides. 


PROBLEM  XXII. 

In  a  Triangle)  having  given  all  the  three  Sides ;  to  find  the 
Radius  of  the  Inscribed  Circle. 

t  FBOBLEM 


v^ 


To  determine  a  Triangle  $  havbg  given  the  Base,  the  Per- 
pendicular^  and  the  Rectangle  or  Product  of  the  two  Sides.  ~  ^'L 
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PROBLEM  XXra. 

To  determine  a  Right-aagled  Triangle ;  havinj?  given  the 
Side  of  the  Inscribed  Square,  and  the  Radius  of  the  Inscribed 
Circle. 


PROBLEM  XXIV. 

*!► 

To  determine  a  Triangle,  and  the  Radius  of  the  Inscribed 
Circle  ;  haying  given  the  Lengths  of  three  Lines  drawn  from 
the  three  Anglesi  to  the  Centre  of  Uiat  Circle* 


PROBLEM  XXY. 

To  determine  a  Right-angled  Triangle ;  having  given  the 
Hjpothenuse,  and  the  Radius  of  the  Inscribed  Circle. 


PROBLEM  XXVL 

^  To  determine  a  Triangle ;  having  given  the  Base,  the  Line 
bisecting  the  Vertical  Angle,  and  Uie  Diameter,  of  the  Cir- 
comscribing  Circle. 


s 
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DEFINITIONS. 

I.  JrL\NE  TRIGONOMETRY  treats  of*  the  reltf 
tlons  and  calcQlatiotls  of  the  sides  and  angles  of  plane  tri^ 
angles. 

2  The  circumference  of  every  circle  (as  before  observed 
in  Geom  Oef  57)  is  supposed  to  be  divided  into  360  equal 
parts,  called  Degrees  ;  also  each  degree  into  60  MinuteSf 
each  minute  into  60  Seconds,  and  so  on.  Hence  a  siaiicirclo 
contains  180  degrees,  and  a  quadrant  90  degrees. 

3  The  measure  of  an  angle  (Oef.  58,  Geom.)  is  an  arc 
of  any  circle  contained  between  the  two  lines  which  form 
that  an$;le,  the  angular  point  being  the  centre ;  and  it  U 
estimated  by  the  number  of  degrees  containisd  in  that  arc 

Hence,  a  right  angle,  being  measured  by  a  quadranti  or 
quarter  of  the  circle,  is  an  angle  of  90  degrees  ;  and  thp 
evfls  of  the  three  angles  of  every  triangle,  or  two  right 
angles,  is  equal  to  180  degrees.  Therefore,  in  a  right-angled 
triangle,  taking  one  of  the  acute  angles  from  90  degrees, 
leaves  the  other  acu^c  ailg-Ie  ;  and  the  sum  of  two  angles,  ia 
any  triangle,  taken  from  ISO'^egrees,  leaves  the  third  angle  ^ 
or  one  angle  being  taken  from  180  degrees,  leaves  the  sun^ 
of  the  other  two  angles. 

4.  Degrees  are  marked  at  the  top  of  the  figure  with  a 
small  ^,  minute  with  ',  seconds  with  ^',  and  so  on.  Thut 
570  30'  13'',  denote  57  degrees  30  minutes  and  13  seconds. 

5»  The  Coniplemeni  of  an  arc,  is 
what  it  wants  -of  a  quadrant  or  9o^. 
Thus,  if  AD  be  a  quadrant,  then  bo  is 
the  compliment  of  the  arc  ab  ;  and, 
reciprocallyi  ab  is  the  compliment  of 
BD  So  that,  if  AB  be  an  arc  of  50«, 
then  its  complenicnt  bd  will  be  40^. 

6.  The  S-ippUnient  of  an  ^rc,  is 
what  it  wants  ot  a  semicircle,  or  180*** 

Thus,  if  ADS  be  a  semicircle^  then  bdx  is  the  supplement  of 
the  arc  ab  ;  and,  reciprocally,  ab  is  the  supplement  of  the 
arc  bde.  So  that,  if  ab  be  an  arc  of  50^}  then  ica  supple** 
ment  bdb  will  be  130^. 
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7.  The  Sine,  or  Hight  Sine,  of  an  arc.  is  the  line  drftwfl 
from  one  extremity  of  the  arc,  perpendicular  to  the  diameter 
which  pa&ses  through  the  other  extremity.  Thus,  bf  is  the 
sine  of  the  |trc  ab,  or  of  the  supplemetital  arc  bde.  Hencei 
the  sine  (Br)  is  half  the  chord  (bg)  of  the  double  arc  (bag). 

8.  The  Versed  Sine  of  atl  are,  in  the  part  of  the  diameter  in« 
tercepted  between  the  arc  and  its  sine  So,  af  is  the  versed 
sine  of  the  arc  ab,  and  ef  the  versed  sine  of  the  arc  edb. 

9.  The  Tangent  of  an  arc,  is  a  line  touchitig  the  circle  in 
one  extremity  of  that  arc,  continued  from  thence  to  meet  a 
line  drawn  from  the  centre  through  the  other  extremity  $ 
which  last  line  is  called  the  Secant  of  the  same  arc.  Tbua^ 
AH  is  the  tangent,  and  ch  the  secant  of  the  arc  ab-  Alao^ 
•El  is  the  tangent^  and  ci  the  secant,  of  the  supplemental  arc 
bdb.  And  this  latter  tangent  and  secant  are  equal  to  the 
former,  but  are  accounted  negative,  as  being  drawn  in  aa. 
opposite  or  contrary  direction  to  the  former. 

10.  The  Cosine.  Cotangent,  and  Cosecant,  of  an  arc^ 
mre  the  sine,  tangent,  and  secant  of  the  complement  of  that 
arc,  the  Co  being  only  a  contraction  of  the  word  comple* 
nent.  Thus,  the  arcs  ab,  bd,  being  the  complements  ^ 
each  other,  the  sine,  tangent,  pr  secant  of  the  one  of  these^ 
28  the  cosine,  cotangent,  or  cosecant  of  the  other.  So,  bf^ 
the  sine  of  ab.  is  the  cosine  of  bd  ;  and  bk,  the  sine  of 
jBD,  is  the  cosine  of  ab  :  in  lite  manner,  ah,  the  tangent 
of  AB»  is  the  cotangent  of  bd  ;  and  dl,  the  tangent  of 
z>b,  is  the  cotangent  of  ab  :  also,  ch,  the  secant  of  aB| 
is  the  cosecant  of  bd  ;  and  eLydie  secant  of  bD|  is  the  co^ 
secant  of  ab< 

■ . 

CoroL  Hence  several  remarkable  properties  easify  follow 
from  these  definitions  ;  as, 

l«r,  That  an  tfrc  and  its  supplement  hare  the  same  siae^ 
tangent  and  secant;  but  the  two  latter,  the  tangent  and 
secant  are  accounted  negative  when  the  arc  is  greater  than  a 
quadiiant  or  90  degrees. 

2^,  When  the  arc  is  0,  of  nothing,  the  sine  and  tangent 
are  nothing,  but  the  secant  is  then  the  radius  ca,  the  least  it 
ean  be.  As  the  arc  increases  from  0,  the  sines,  tangents^ 
and  secants,  all  proceed  increasing,  till  the  arc  becomes  a 
whole  quadrant  ad,  and  then  the  sine  is  the  greatest  it  can  b^ 

^eins 
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being  the  radius  cd  of  the  circle ;  and  both  the  tangent  and 
Becant  are  infinite. 

■ 

^d^  Of  an  arc  ab,  the  versed  une  ap,  and  cosine  Bk« 
or  CF,  tpgeth^r  make  up  the  radius  ca  of  the  circle.»-The 
radius  ca,  the  tangent  ah,  and  the  secant  ch,  form  a 
right-angled  t^ian^le  car.  So  also  do  the  radius,  sinei  and 
cosine,  form  another  right-angled  triangle  cap  or  cbr.  As' 
also  the  radius,  cotupgent,  and  cosecant,  another  right-angle4 
triangle  cdl-  And  al|  thesp  right-angled  triangles  are  simi^ 
lar  to  each  other, 

11.  The  sine,  tangent,  op 
secant  of  an  angle,  is  the  sine, 
tan^^ent.  or  secant  of  the  arc 
hf  which  the  angle  is  mea* 
sured,  or  of  the  degrees,  Sec. 
fn  the  same  arc  or  angle. 

•  12.  The  method  of  con<f 
Btrucilngthe  scales  of  chordsi 
sines,  ian$;enis,  and  secantSy 
usually  engraven  on  instru- 
Haeciis.  for  practice,  is  exhi- 
bited in  tl|e  annexed  figure, 

13.  A  Trigonometrical 
Canon,  is  a  table  showing 
the  length  of  the  sine,  tan-  ^ 
gent,  and  secant,  to  every  «  oo\ 
degree  and  minute  of  the  f^  ^ 
quadrant,  with  respept  to  the 
paduii,  which  is  expressed  by 
unity  or  1,  with  any  number 
of  cyphers.  The  logarithms 
of  these  sines,  tangents  and 
secants,  are  also  ranged  in  the 
tables  'y  and  these  are  most  commonly  used,  as  they  perform 
the  calculations  by  only  addition  and  subtraction,  instead 
of  the  multiplication  and  division  by  the  natural  sines^ 
9cc.  according  to  the  nature  of  logarithms.  Such  a  table  of 
)og.  sines  and  tangents,  as  well  as  the  logs,  of  common  num- 
bers, are  placed  at  the  end  of  the  second  volume,  and  the  des- 
cription and  use  of  them  are  as  follow  ;  viz.  of  the  sines  and 
tangents  ;  and  the  other  table,  of  common  logs,  has  beeii 
already  es^piwed* 


1 


)g^  PLANE  TRIGONOMETRY. 


jOe9cnfliion  of  the  Table  qfLo^,  Sine9  and  TangenU. 


In  th«  first  colamn  of  the  table  are  contained  all  the  arcs, 
Or  angles,  for  every  minute  in  the  quadrant,  viz.  from    I  '  to 
450*   descending  ^m   top  to  bottom  by   the  left-hand  side, 
and  then  returning  back  by  the  right-hand  side,  ascending 
from  bottom  to  top    from  45^  to  90*^;  the  degrees  bting  set 
at  top  or  bottom,  and  the  minutes  m  the  coluirn.    Then 
the  sines,  cosines,  tangents,  cotangents,  of  the  degrees  and 
minutes,  are  placed  on  the  same  lines  with  them,  and  in 
the  annexed  columns,  according  to  their  several  respective 
names  or  titles,  which  are  at  the  top  of  the  columns  for  the 
degrees  at  the  top,  but  at  the  bottom  of  the  columns  for  the 
degrees  at  the  bottom  of  the  leaves.     The  secants  and  cose- 
cants are  omitted  in  this  table,  becaude  they  are  so  easily- 
found  from  the  sines  and  cosines ;  for,  of  every  arc  or  angle, 
the  sine  and  cosecant  together  make  up  20  or  double  the   ra- 
dius, and  the  cosme  and  secant  together  make  up  the  same 
90  also.     Therefore,  if  a  secant  is  wanted,  we  have  only  to 
subtract  the  cosind  from  30 ;  or,  to  find  the  cosecant,  take 
the  sine  from  20,     And  the  best  way  to  perfprm  these  sub- 
tractions, because  it  may  be  done  at  sight,  is  to  begin  at  the 
left  hand,  and  take  every  figure  from  9,  but  the  latft  or  right 
band  figure  from  10,  prefixing  1,  for  lO^  before  the  first 
j^gure  of  the  remainder. 

PROBLEM  L 


To  compute  the  ^Tatural  Sine  and  Comnt  of  a  Given  Arc, 

This  problem  is  resolved  after  various  ways.     One  of  these 
is  as  follows,  viz.  by  means  oi  the  ratio  beiween  the  ^meter 
and  circumference  of  a  circle,  together  with  the  known  series 
for  the  sine  and  cosine,  hereafter  demonstrated.     Thus,  the 
aemicircumference  of  the  circle,  whose  radius  is  1,  being 
P.14I592653589793   Sec.    the  proportion    will  therefore  be, 
as  the  number  of  degrees  or  minutes  in  the  aemicirclei 
is  to  the  degrees  or  minutes  in  the  proposed  arc, 
ao  is  3  14159365  Sic.  to  the  length  of  the  said  arc*  \ 

^his  length  of  the  arc  being  denoted  by  the  letter  a  ;  and 


it? 
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itt  sine  and  cosine  by  *  and  r ,-  then  will  these  two  be  express* 
ed  by  the  two  following  aeries,  viz. 


*  =  a- 


+  &C. 


2.3         2.3  4.5      2.3.4.5  6.7 
flS         a*         a 

—  a H . 1  +  &c. 

6        120      5040 

a*         a*  fl« 

C=r  1 + ^ +j^<., 

S        2  3.4       2  3.4.5  6 
fl*       a*        o* 

r=  1 + +  ate. 

2         24       720 

fexAM.  1 .  If  it  be  required  to  find  the  sine  and  cosine  of 
©nc  minute.  Then  tbe  number  of  minutes  in  180o  being 
10800,  it  will  he  first,  as  10800  :  1  :  :  3  14159265  &c  • 
;OO0290888208665  =  the  length  of  an  arc  of  one  minute! 
Therefore,  in  this  case, 

a  =   0002908882 
and  Ja*  =  000000000004  &c. 
the  difT.  is  a  z=z  -0002908882  the  sme  of  1  minute. 
Also,  from       I . 

take4«*  =  0-0000000423079  &c. 
leave  c  «    -9999999577  the  cosine  of  I  mbiite. 

Exam.  2   For  the  sine  and  cosine  of  5  degrees. 
Here,  as   180«  :  S**  : :  314i5926^lcc  ;    08726646  «  a  til© 
length  of  5  degrees.     Hence  a  -=  -08786646 

— Ja»  =  —  '0001 1076 

+yi^a'  =    00000004 

these  collected  give  «  =  08715574  the  sine  of  5?. 

And,  for  the  cosine    1  =  1" 

""    i^*  «  —  00380771 

+  ^^*  3sa        -00000241  ^ 

these  co!|  ced  give  c  ==        -99619470  the  c^ine  of  5»; 

After  the  same  manner,  the  sine  and  cosine  of  any  other 
arc  m^Y  be  computed.  But  the  greater  the  arc  is  the  slower 
the  series  wUl  converge,  in  which  case  a  greater  number  of 
terms  must  be  t  iken,  to  bring  out  the  conclusion  to  the  same 
negree  ot  exactness. 
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Off  having  found  the  sine,  the  cosine  will  be  found  frai^ 
It,  by  the  property  of  the  right  anKled  triangle  cbf,  viz.  the 

cosine  cf  =5  •  cb*  -  bf*,  or  c  =  y'  l  — *>. 

There  are  also  other  methods  of  constructing  the  canon 
of  sines  and  cosines,  which,  for  brevity's  sake,  are  here 
omittei}. 


PROBLEM  n. 
To  comfiufe  the  Tangents  and  8ecanta» 

Trb  sines  and  cosines  being  known,  or  found  by  tha 
foregoing  problem ;  the  tangents  and  secants  will  be  easily 
found,  from  the  principle  of  similar  triangles,  in  the  follow- 
ing manner : 

Id  the  first  figure,  where,  of  the  arc  ab,  bf  is  the  sine, 
GF  or  Ba  the  cosine,  ah  the  tangent,  ch  the  secant.  di« 
the  cotangent,  ahd  cl  the  cosecant,  the  radius  being  ca  or 
CB  or  CO ;  the  three  similar  triangles  cfb,  cah,  cdl,  give  the 
fi[>llowing  proportions: 

Utf  CF  :  FB  : :  ca  :  ah  ;  whence  the  tangent  is  known, 
being  a  fourth  proportional  to  the  cosine,  sine,  and  radius. 

3(^,  CF  :  CB  :  :  CA  :  CH  s  whence  the  secant  is  knowa^ 
feeing  a  third  proportional  to  the  cosine  and  radius. 

3^,  BF  :  Fc  :  :  CD  :  Dz. ;  whence  the  cotangent  is  knowDi 
being  a  fourth  proportional  to  the  sine,  cosbe,  and  radius 

4thi  BF  :  BC  : :  CD  :  cl;  whence  the  cosecant  is  knowUi 
Wog  a  third  proportioDal  (o  the  sine  and  radius. 

As  for  the  log.  sines,  tangents,  and  secants,  in  the  tables, 
they. are  only  the  logarithms  of  the  natural  sines,  tangentSi 
imd  secants,  calculated  as  above. 

HAVING  given  an  idea  of  the  calculation  and  use  of  unes, 
tangents,  and  secants,  we  may  now  proceed  to  resolve  the 
several  cases  of  Trigonometry  ;  previous  to  which,  howeveri 
it  may  be  proper  to  add  a  few  preparatory  notes  and  observa* 
lions,  as  below. 

JVb/e  1.  There  are  usually  three  methods  of  resolving  tri« 
angles,  or  the  cases  of  trigonometry  ;  namely.  Geometrical 
Construction,  Arithmetical  Computation,  and  Instrum^tal 
Operation. 

In  thejirat  Method^  The  triangle  is  constructed,  by  making^ 
the  parts  of  the  given  magnitudes,  namely,  the  sides  from  a 
«cale  of  e<iual  partS;  and  Uie  angles  from  »  scale  of  chordsi 
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tt  by  tome  other  instrument.  Then  measuring  the  tiri^ 
known  parts  by  the  same  scales  or  instrumentSi  the  solution 
will  be  obtained  near  the  truth 

In  the  Second  Method^  Having  stated  the  terms  of  the  pro* 
portion  according  to  the  proper  rule  or  theorem,  resoWe  it 
like  any  other  proportion,  in  which  a  fourth  term  is  to  be 
ibund  from  three  given  terms,  by  multipiying  the  second 
and  third  together,  and  dividing  the  product  by  the  first,  in 
working  with  the  natural  numbers ;  or,  in  working  with  the 
logarithms,  add  the  logs,  of  the  second  and  third  terms  to- 
gether, and  from  the  sum  take  the  log.  of  the  first  term  ^ 
then  the  natural  number  answering  to  the  remainder  i  the 
fourth  term  sought. 

In  the  Third  Method^  Or  Instrumentally,  as  suppose  by  the 
log.  lines  on  one  side  of  the  common  two-foot  scales ;  Ex- 
tend the  Compasses  from  the  first  term,  to  the  second  or 
third,  which  happens  to  be  of  the  same  kind  with  it ;  then 
that  extent  will  reach  from  the  other  term  to  the  fourth 
term,  as  required,  taking  both  extents  towards  the  same  end 
cf  the  scale. 

Mte  2.  Every  triangle  has  six  parts«  via,  three  sides  and 
three  angles.  And  in  every  triangle,  or  case  in  trig^onometry^ 
there  must  be  given  three  of  these  parts,  to  find  the  other 
three.  Also,  of  the  three  parts  that  are  gifen,  one  of  then» 
at  least  must  be  a  side  ;  because,  with  the  same  angles,  the 
sides  may  be  greater  or  less  in  any  proportion. 

J^ote  9.  All  the  cases  in  trigonometry,  may  be  comprised 
in  three  varieties  only ;  via* 

It/,  When  a  side  and  its  opposite  angle  are  given. 

2(/,  When  two  sides  and  the  contain^  angle  are  given. 

3(/,  When  the  three  sides  are  given. 

For  there  cannot  possibly  be  more  than  these  three  varieties  ^**^ 

of  cases ;  for  each  of  which  it  will  therefore  be  proper  to 
give  a  separate  theorem^  as  follows  : 


THEOREM  t 
n^en a  Side  audits  Ofiposite  Jingle  are  two  qfthe  Given^PartM. 

^  Then  the  unknown  parts  will  be  found  by  this  theorem  ; 
viz.  The  sides  of  the  triangle  have  the  same  proportion  to 
each  other,  as  the  sines  of  their  opposite  angles  have. 
That  iS|  As  any  one  side, 

Is  to  the  sine  of  its  opposite  angle  $ 

So  is  any  other  side, 

To  the  sine  of  its  opposite  angle. 

i>em(m9trl 
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Demormtr^  For,  let  abc  be  the  pro- 
posed triani^leY  having  jlb  the  greatest 
side,  and  bc  the  least.  Take  ao  =» 
Bc,  considering  it  as  a  radius  ;  and  let 
fail  the  perpendiculars  db,  cf,  which 
vUl  evidently  be  the  sines  of  the  an- 
gles A  and  B,  to  the  radius  ad  or  bc. 

Now  the  triangles  adb$  acf,  are  equiangular ;  they  therefore 
have  their  like  sides  proporiionaU  namely,  ac  :  cv  ; :  az» 
or  BC  :  DE ;  that  is,  the  side  ac  is  to  the  sine  of  its  opposite 
angle  a,  as  the  side  bc  is  to  the  sine  of  its  opposite  an^ie  a. 

JSTote  1.  In  practice,  to  find  an  angle,  begin  the  proportiaii 
with  a  side  opposite  to  a  given  angle.  And  to  find  a  side^ 
begin  with  an  angle  opposite  to  a  given  side. 

J^ott  3.  An  angle  found  by  this  rule  is  ambig^uoua,  or  un* 
certain  whether  it  bt  acute  or  obtuse,  unless  it  be  a  right 
angle,  or  unless  its  magnitude  be  such  as  to  prevent    the 
anAbiguity  ;  because  the  sine  answers  to  two  angles,  which, 
are  supplements  to  each  other;  and  accordingly  the  geome* 
trical  construction  forms  two  triangles  with  the  same  parts 
that  are  given,  as  in  the  example  below ;  and  when  there  is 
no  restriction  or  limitation  included  in  the  question,  either  of 
them  may  be  taken.     The  number  of  degrees  in  the  table^ 
answering  to  the  sine,  is  the  acute  angle ;  but  if  the  ang^  be 
obtuse,  subtract  those  degrees  from  180^,  and  the  remainder 
will  be  the  obtuse  angle.     When  a  given  angle  is  obtuse,  or 
a  right  one,  there  can  be  no  ambiguity  ;  for  then  neither  of 
the  other  angles  can  be  obtuse,  and  the  geometrical  coostnic^ 
ij»n  will  form  only  one  triangle. 


EXAMPLE  L 

In  the  plane  triangle  abC| 

Tab  345  yards 
Given  <  bc  233  yards 

I  Z.  A  37*^  20' 
Required  the  other  parts. 


I.  Geometrically. 

Draw  an  indefinite  line;  on  which  set  off  ab  a=  S4S 
from  some  convenient  scale  of  equal  parts. — Make  the  aoglo 
a  =  37<^^.— With  a  radius  of  333,  taken  from  the  same 
scale  of  equal  parts,  and  centre  b,  cross  ac  in  the  two 
points  Qf  <;.—- Laatlfi  join  BC|  bC|  snd  the  figure  is  con- 

structedi 
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strucfedf  whidi  gives  two  triangles,  and  showing  that  the 

case  is  ambiguous. 

Then,  the  sides  ac  nieasured  by  the  scale  of  equal  partS) 

and  the  angles  b    and   c  measurt^d  by  the  line  of  chords,  or 

•ther  instrument,  will  be  tbund  to  be  nearly  as  below  ;  viz. 
AC  174  Z.  B  27<>  Ji  c  llS^i, 

or  374 J  or78i  or      64  J. 


3.  Arithmetically* 

First,  to  find  the  angles  at  c. 

As  side         bC  232  -         -     log.  3*365488 

To  sin.  op   L.  A  37<'  20'      -         -  9  7827^6 

So  side  AB  345  -         -  2  5o78i9 

So  sin.  op.  Z  c  \  \  5«  36'     or  64«>  24'      9  955 127 

add     Z  A  37     20  37     20 

the  sum  152     56  or  101     44 

taken  from  180     00        180     00 

leaves  Z  b       27     04  or    78     16 

• 
Then,  to  find  the  side  ac.  « 

A8  sine         Z.  a    ZT'  20'  -  -  log.  9-782796 

To  op.  side  bc  232  -  -  2  365488 

Q       .  C  27**  04'  *  -  9  65803/ 

;>0  sm.     Z  B      ^  yg      jg  ^  ^  9  990829 

To  op.  side  ac         174  07         -  -  8  2407 29 

or        374-56         -  -  2  573531 

3.  Instrumentally* 

In  the  first  proportion. — Extend  the  compasses  from  23S^ 
to  345  on  the  line  of  numbers ;  then  that  extent  will 
reach,  on  the  sines,  from  ^7^^  to  64^ i.  the  anglOs^c. 

In  the  second  proportion. — Extend  the  compasses  from 
37** J  to  27^  or  78**^,  on  the  sines;  then  that  extent  will 
Teach,  on  the  line  of  numbers,  from  232  to  174  or  374ii 
the  two  values  of  the  side  ac 

EXAMPLE  n. 


*m* 


In  the  plane  triangle  abC| 

f     AB  365  poles  r  2[c  98®  3' 

Given4    ^k    57o  13'  Ans.-{     ac  154-33 

(.   ZB     24     45  (^     BC  309*86 

Required  the  other  parts. 

Vol.  L  Ddd      .  MUJOnJ^ 
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EXAMPLE  m. 
In  the  plane  triangle  a&C| 


i 


r  /  B  64*  3* 

AC     120  feet  1  or  115      25 

Given'{     bc     112  feet  Kn%,j  ^c  57     57 

I   Za     57**  28'  ^  or       T       f 

I  AB  112  6  feet. 

Required  the  other  parts.  \  or  16  47  feeU 

THEOREM  U. 
H^Affi  tv>Q  SidcM  and  their  Contained  Angle  are  given* 

First  add  the  two  given  sides  together^  to  get  their  sum^ 
and  Bubimct  them,  to  get  their  difference.  Next  subtract 
the  given  angle  from  180*^,  or  two  right  angles,  and  the  re- 
mainder will  be  the  sum  of  the  two  other  angles  ;  then  divide 
that  by  2,  which  will  give  the  half  sum  of  the  said  unkuown 
angles*    Then  say> 

.^    As  the  sum  of  the  two  given  sides, 
Is  to  the  difference  of  the  same  ^ides  ; 
So  is  the  taug.  of  half  the  sum  of  their  op.  angles. 
To  the  tang,  of  half  the  diff.  of  the  same  angles 

Then  add  the  half  difference  of  the  angles,  so  found,  t» 
their  half  sum,  and  it  will  give  the  greater  angle,  and  sub- 
tracting the  same  will  leave  the  less  angle  ;  because  the  half 
sum  of  any  two  quantities,  increased  by  their  half  difference, 
gives  the  greater,  and  diminished  by  it  gives  the  less. 

Then  all  the  angles  being  now  known,  the  unktK)wn  sidt 
will  be  found  by  the  former  theorem. 

J^ote.  Instead  of  the  tangent  of  the  half  sum  of  the  un- 
known angles,  in  the  third  term  of  the  proportion,  may  bo 
used  the  cotangent  of  half  the  ginren  angle,  whith  is  the 
same  thing. 

Demons t.  Let  abc  be  the  proposed 
triane;le,  having  the  two  given  sides 
AC,  Bc  including  the  given  angle  c« 
Wiih  the  centre  c,  and  radius  ca, 
the  less  of  these  two  sides,  describe 
a  semicircle,  meeting  the  other  side 
Bc  produced  in  d>  b>  and  the  un* 
known  side  ab  in  a,  o.  Join  ab, 
AD   CG,  and  draw  df  parallel  to  ab. 

Then  BE  is  the  sum  of  the  two  given  sides  ac,  cBfOrof 
£Cj  CB ',  and  BD  is  the  difference  of  the  same  two  given  sides 

AC, 


T-" 


s 
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▲et  BOi  or  of  €B,  CB.  Also,  the  external  an|1e  ace,  is  equal 
to  die  given  sunn  of  the  two  internal  angle  cab,  cba  ;  but 
the  ao^le  abb*  ai  the  circumi'trence*  is  e(^<il  to  half  the 
ani^le  ace  at.  the  centre  ;  therefore  the  sanne  angle  abe  is 
equal  to  half  the  given  sum  of  the  angles  cab,  cba.  Also, 
the  external  angle  A6c,of  the  triangle  aco,  is  equal  to  the 
sum  of  the,  two  internal  angles  gcb,  obc,  or  the  angle  gcb 
is.equHl  to  the  difference  of  the  two  angles  aoc,  obc  ;  but 
the  angle  cab  is  equal  to  the  said  angle  aoc,  these  being  op- 
posite to  the  equal  sides  ac,  cg  ;  and  the. angle  dab,  at  the 
circumference,  is  equal  to  half  the  angle  ocg  at  the  centre  ; 
therefore  the  angle  dab  is  equal  to  half  the  difference  of  the 
tw'i  angles  cab,  cba  ;  of  which  it  has  been  shown  that  aoe  or 
CDA  is  the  half  sum. 

Now  the  angle  dae,  in  a  semicircle,  is  a  right  angle,  or  ab 
jiB  perpendicular  to  ab  ;  and  df,  parallel  to  ae,  is  also  per- 
pendicular to  ad  :  consequently  ab  is  the  tangent  of  cpa  the 
half  sum,  and  df  the  tangent  of  dab  the  half  difference  of 
the  ai.gles,  to  the  same  radius  ad»  by  the  definition  of  a  tan- 
gent. But  the  tangents  ae,  df,  being  parallel,  it  will  be  as 
BK  :  BD  :  :  ab  :  DF ;  that  is,  as  the  sum  of  the  sides  is  to 
the  difference  of  the  sides,  so  is  the  tangent  of  half  the  sum 
of  the  opposite  angfeis^  to  the  tangent  of  half  their  dif- 
ference. 

EXAAGPl^I 

In  the  plane  triangle  abc^ 


r  AB  345  yards 


CiTen<  AC  174*07  yards 
(  ^A  37»  20' 
Required  the  other  parts* 

}.  Qeometricaily* 

Draw  AB  srs  545  from  a  scale  of  equal  parts.  Make  the 
angle  a  =  37®  20'.  Set  off  ac  ==  )74  by  the  scale  of  equal 
parts.    Join  BC,  an4  it  isdone. 

Then  the  other  parts  being  measure^,  they  are  found  to  be 
nearly  as  follows  ;  viz.  the  side  bc  232  yards^  the  angle  b  27®, 
and  the  angle  c  1  U^J. 

2.  Arithmetically. 

The  Side  AB     345  From         lfiC«  00' 

the  side  ac     174  07  take  Z  a       37    20 


their  sum         519  07  sum  of  c  and  b   142    40 

their  differ.      17093  half  siim  of  do.      71    20 


I 


As 


38S 


<*-.- 


PLANE  TRIGONOMETRY. 

log. 


170  93 


7jo 

44 
15 


As  sum  of  ttdes  ab.  ac^    -    •< 
To  diff  of  *idcs  AB,  AC,    -     - 
Su  taug.   hMif  8U1*  Z  » <^  and  b 
To  taiig.   iWlf  d:fr  /I  s  c  aud   b 
Uiebe  aciGcU  give  ^  .. 
and  aubtr.     givt^  ^    b 
Tiien,  by  ihe  lormti  wiitoreniy 
As  sin,  il  c  U  5*»   36'  or  64<»  24' 
To  its  op    side  AB  34S  «         •   . 

6o  bin.  ot  Z  A  37*>  20' 
To  its  op.  Slue  bc  2^2 

3.  InatrumentaUy. 


20' 
16 
36 

4 


a-7»52W 

3  232818 

10*47  1398 

9*988890 


1(^.  9*955126 

2  537819 
9-782796 
2*305489 


In  the  first  proportion.— Extend  the  compasses  from  519. 
to  l7i«on  the  line  of  numbers  ^  then  that  extent  will  reacfa^ 
on  the  tangents,  front  71*^^  (the  contrary  way,  because  the 
tangents  are  set  back  again  from  45*^)  a  little  bey«)nd  45^ 
which  being  set  so  far  back  from  45,  falls  upon  44^^>  the 
fourth  term. 

In  the  second  proportion  ^Extend  from  64**^  to  37^-|.'on 
the  sines  ;  then  that  extent  will  reach  od  the  DumberS|  irom 
345  to  232>  the  fourth  term  bought. 

EXAMPLE  IL 


In  the  plane  triangle  abc, 
r  AB  365  poles 

Given  <    ac  154  33 
t  Za  57**  12' 

Required  tlie  other  parts. 


'     r  BC  309  86 
Ans.-J  iLB  240  45' 
t  ^c  98       3 


EXAMPLE  m. 


Ill  the  plane  triangle  abC| 

r    AC  120  yards 
Given  <    bc  l  i  2  yards 

Required  the  other  parts. 


r  ^ 


AB 
B 


112-6 
57*»28 
64  3S 


THEOREM  HL 
When  the  Three  Sidea  qf  a  Triangle  are  given. 

First,  let  fall  a  perpendicular  from  the  greatest  angle  on 
the  opposite  sine*  or  base,  dividing  it  into  two  segments,  and 
the  whole  triangle  into  two  right*angled  triangles :  then  the 

proportion  will  be^ 

As 


THEOREM  in.  S89 

As  tlie  baae«  or  Mims  of  the  ^e^ents^'. 

Is  to  the  sum  of  the  other  two  sides  ; 

So  is  the  difference  of  those  sidesi 

To  the  diff.  of  the  segments  of  the  base.^ 
Then  take  half  this  difference  of  the  segments,  and  add  it 
to  the  half  sum,  or  the  half  base,  for  the  greater  segment ; 
and  subtract  the  same*for  the  less  segment. 
.  Hence,  in  each  of  the  two  right-angled  triangles,  Oiere 
will  be  known  two  sides,  and  the  right  angle  opposite  t^'ono  . 
of  them ;  consequently  the  other  angles  will  be  found  by  the 
fir&t  theorem. 

Demomtr:  By  theor.  35,  Geom.  the  rectangle  of  tho 
sum  and  difference  of  the  two  Mdes,  is  equal  to  the  rec- 
tangle of  the  sum  and  difference  of  the  iwo  segments* 
Therefore,  by  forming  the  sides  of  these  rectangles  into  a 
proportion  by  theor.  76,  Geometry,  it  will  appear  that  the 
sums  and  differences  are  proportional  as  in  this  theorem. 

fiXAiMfPLBI. 

In  the  plane  triangle  abc^ 


I 


^.       . .     ^  AC  233 
^«"^«sl»c   174-07 


To  find  the  angles. 

1.  Geometrically, 


Draw  the  base   ab  s  345  by  a  scale  of  eqotl  partaJ 
With  radius  232.  and  centre  a,  describe  an  arc  i  and  with  ^. 

ludius  174,  and  centre  Bi  describe  another  arc,  cutting  the      .       '^^ 
former  in  c      Join  ac,  bc,  and  it  is  done. 

Theui  by  measuring  the  angles,  they  will  be  found  to  be 
nearly  as  follows,  viz. 

Z  A  S7*^,>Z  B  37»f  and  Z  c  1 15^ J. 

2.  Arithmetically, 

Having  let  fall  the  perpendicular  cp,  it  will  be, 
As  the  base  ab  :  ac  -f  bc  : :  ac  —  ac  '•  ap  —  bp, 
that  iSj  as  345  :  406*07  : :  57  93  :  68  18  =  AP  —  BP. 

its  half  is        .  -  3409 

the  half  base  is  172  50 

the  sum  of  these  is    206-59  »  ap 

and  their  diff.  is         l38-4i  «9  bf 

Theoi 


3H  FLAWE  TRTGOVOMETRY; 

Then,  in  the  UJangle  apc,  rightHuigled  nt  r. 

As  ihe  side       ac    -    •    233        -  log.  !)'3654SS 

To  sin.  op.       ^.P     -     -       90«       -  •       10  000000 

So  is  the  side    ap     -     -    206-59   -  -        2*3i5f09 

To  sin.  op.  Z,  AC  P     -     -       6?o  56'  -        9-94^621 
Wiiich  ukeo  trom     •      90    00  . 
leaves  the  Z,  a  27    04 

Againy  in  the  triangle  bpc,  right-angled  at  p, 

As  the  side    no    -    -     17407  -  log,  2?40724 

Tosin.  op.  Z-p    -    -      90O  -  -      iouoo<*oo 

So  is  side       bp     -     -     138  41  -  -        3  1 41  (68 

Tosin.opZBCP     -     -     52*40'  -  -         9-900444 
which  taken  from  -    90    00 
leaves  the  ^B     37    20 

Also,  the  Zacp    62*56' 

added  to  ^bcp    52    40 

gives  the  whole  ^acb  K5'   36 

« 
So  that  all  the  three  angles  are  as  follow,  viz. 

the  ^A  27«  4' ;  the  Zb  37*  20* j  the  ^c  1 15*  36'. 

3.  Imfrumentaliy, 

bi  the  first  proportion  -^Extend  the  compasses  from  345 
to  406,  on  the  line  of  numbers  ;  then  that  extent  will  reincht 
cm  the  same  line,  from  58  to  68*2  nearly,  which  is  the  dif- 
ference of  the  segments  of  the  base 

In  the  second  proportion.— Extend  from  232  to  206|,  on 
the  tine  of  numbers)  then  that  extent  will  reach,  on  the 
sines,  from  90**  to  63^. 

In  the  third  proportiQn.«-Extend  from  174  to  138{i  then 
that  extent  will  reach  from  90^  to  52«|  on  the  sines. 

EXAMPLE  n. 

In  the  plane  triangle  abC} 

Given  r^®  ^^^  P^^**  f  Za  57*  12' 

the  sides  V^i^*f^  ^H^'ot    t' 

I^BC  309  66  ^^c  98    3 

To  find  the  angles. 

EXAMPLE 


THEOREM  IV.  -  3JI 


Given 
tile  sides 


ElCAMPLBtlt      * 

In  the  plane  triangle  abC| 
r  AB  120  r  ^A.57^  28* 

<    AC   112  6  Ans*^     Zb.57     sT 

I   BC    112  I    ^Q  64     35 

To  find  the  angles. 


The  three  foregoing  theorems  include  all  the  cases  of 
plane  trianf^les,  both  right-angled  and  oblique.  But  there 
are  other  theorems  suited  to  some  particular  forms  of  trihU* 
gles«  vlach  are  sometimes  more  expeditious  in  their  use 
than  the  general  ones ;  one  of  which,  as  the  case  for  which  it 
serves  so  frequently  occurs,  may  be  here  takeui  as  follows : 

THEOREM  IV. 

When  a  Triangle  is  Right-angled, ^  any  qfthe  unknown  par$9 
may  be  found  hy  the  following  firo/iQrgionM  :  viz. 

As  radius 

Is  to  either  leg  of  the  triangle  ; 

So  is  tang,  of  its  adjacent  angle. 

To  its  opposite  le^  j 

And  so  is  secant  of  the  same  angte^ 

To  the  hypothenuse. 

DemonBtr,  ab  being  the  given  leg,  in  the 
right-angled  triangle  k^^^  ;  with  the  centre 
A,  and  any  assumed  radius  ad,  describe  an 
arc  OE,  and  draw  dp  perpendicular  to  ab, 
or  parallel  to  bc.  Then  it  is  evident,  from 
die  definitions,  that  dv  is  the  tangent,  and 
AT  the  secant  of  the  arc  db>  or  of  the  an- 
gle A  which  is  measured  by  that  arc,  to  the  radius  ao.  Then^ 
because  of  the  parallels  bc,  df,  it  will  be,  ....  at 
AD  :  AB  s  :  dv  :  BC  and  :  :  at  :  ac»  which  is  the  same  ai 
the  theorem  is  in  words. 

J^ote,  The  radius  is  equal,  either  to  the  sine  of  90*,  or  (he 
tangent  of  45<» ;  and  is  expressed  by  I9  ia  a  table  ef  natunl 
sines,  or  by  10  in  the  log.  sines. 

EXAMPLE  L 

Ih  the  right-angled  triangle  abc^ 
Siren  \  ^^Jg j*»  JJfj  T.  find  AC  ««d  b«. 

1.  Qe^metrinUgp 


393 


PLANE  TRIGONOMETRY.* 


1.  Geometrically. 

Make  ab  =  162  equal  parts,  and  the  angle  a  =  53*^  7[  48''  ; 
then  r^se  the  perpendicular  bc,  meeting  AC  in  c.  So  shall 
AC  measure  270^  and  bc  216. 


*As  radius 
To  leg  AB 
So  tang  Z^ 
To  leg.  BC 
So  s^ecant  J^k 
To  hyp.  AC 


2.  Arithmetically. 


m 

« 

log. 

lo-oooooo 

162 

• 

^w 

2  20^5  15 

53*^ 

r  48"  . 

10  124937 

216 

M 

2*33445^ 

53<> 

r*  48"  - 

10  221848 

270 

•               • 

2  431363 

3.  hutrumentojQy. 


Extend  the  compasses  froth  4$»  to  S'^^\s  on  the  tangents. 
Then  that  extent  will  reach  from  163  to  216  on  the  Ime  of 

numbers. 

EXAMPLE  IL 


AC  392*0146 
BG  348  2464 


In  the  right-angled  triangle  abc, 
^._    C   the  leg  AB  180  ^„,  ) 

^'^  \   the  Z  A  620  40-  ^»-  5 

To  find  the  other  two  sides. 

J^Qte.   There  is  sometimes  given  another  method  for  right- 
angled  triangles,  which  is  this  : 

ABC  being  such  a  triangle,  make  one 
leg  AB  radius  ;  that  is,  with  centre  At 
and  distance  ab,  describe  an  arc  bf. 
Then  it  is  evident  that  the  other  leg  bc 
represents  the  tangentf  and  the  hypo- 
thenuse  ac  the  secant,  of  the  arc  bv>  or 
of  the  angle  a. 

In  like  manner,  if  the  leg  bc  be  made 
radius ;  then  the  other  leg  ab  will  .re- 
present the  tangent,  and  the  hypothenuse  ac  the  secant,  of 
the  arc  bo  or  angle  c. 

But  if  the  hypothenuse  be  made  radius ;  then  ea«h  leg 
will  represent  the  sine  of  its  opposite  angle  ;  namely,  the  leg 
ab  the  sine  of  the  arc  ab  or  angle  c,  and  the  leg  bc  the  sum 
of  the  arc  en  or  angle  a. 

Then  the  general  rule  for  all  these  cases  is  this,  namely, 
that  the  sides  of  the  triangle  bear  to  each  other  the  same  pro- 
portion as  the  parts  which  they  represent. 


And  this  is  called.  Making  every  side  radius* 


J^hXt 


OF  HEIGHTS  AND  DISTANCES.  999 

M}te  %.  When  there  are  givea  two  sides  of  a  right-angled 
triangle,  to  find  the  third  side ;  this  is  to  be  found  by  the 
property  of  the  squares  of  the  sides,  in  theorem  34,  Geoau 
viz.  that  the  square  of  the  hypothenuse*  or  longest  side,  is 
equal  to  both  the  squ<ires  of  the  two  other  sides  together. 
Therefore,  to  find  the  longest  side,  add  the  squares  of  the 
two  shorter  sides  together,  and  extract  the  square  root  of 
that  sum  ;  but  to  find  one  of  the  shorter  sides,  subtract  the 
one  square  from  the  other,  and  extract  the  root  of  the  re* 
nikdnder. 


OF  HEIGHTS  AND  DISTANCES,  «cc. 

BY  the  mensuration  and  protraction  of  lines  and  angles, 
are  determined  the  lengthsi  heights,  depths,  and  distances  of 
bodies  or  objects* 

Accessible  lines  are  measured  by  applying  to  them  some 
certain  measure  a  number  of  times,  as  an  inch,  or  foot,  or 
yard.  But  inaccessible  lines  must  be  measured  by  taking 
angles,  or  by  sucn-hke  method,  drawn  from  the  principles  of 
geometry. 

When  instruments  are  used  for  taking  the  magnitude  of 
the  angles  in  degrees,  the  lines  are  then  calculated  by  trigo- 
nometry :  in  the  other  methods,  the  lines  are  calculated  from 
the  principle  of  similar  triangles,  or  some  other  geometrical 
fvoperty,  without  regard  to  the  measure  of  the  angles. 

Angles  of  elevation,  or  of  depression,  are  usuaUy  t^Emi 
cither  with  a  theodolite,  or  with  a  quadrant,  divided  into 
degrees  and  minutes,  and  furnished  with  a  plummet  suspend* 
ed  from  the  centre,  and  two  open  sights  fixed  on  one  of  the 
radii,  or  else  with  telescopic  sights. 

To  take  an  Angle  of  Altitude  and  Defiresmon  toith  the  Quadrant 

Let  A  be  any  object,  as  the  sun, 
xioon,  or  a-  star,  or  the  top  of  a 
tower,  or  hill,  or  other  eminence  ; 
and  let  it  be  required  to  find  the 
measure  of  the  angle  abc,  which  a 
line  drawn  from  the  object  makes 
above  the  horisontal  line  bc. 

Place  the  centre  of  the  quadrant 
b  the  angular  point,  and  move  it 

Vot.  L  E  e  e  '  round 


$u 


OF  HEIGHTS 


round  there  as  m  centre,  till  with  one  eye  nt  i>f  tie  (fU>er 
bein^  shut,  you  perceive  the  object  a  through  the  sigbtt; 
then  will  the  arc  oh  of  the  quadrant,  cut  off  bj  the  plumb- 
line  BB,  be  the  measure  of  the  angle  abc  as  required. 

The  angle  abc  of  depression  of  « 

any  object  At  below  the  horizontal 
line  BC|  is  taken  in  the  same  man- 
ner ;  except  that  here  the  eye  is  ap- 
plied to  the  centre,  and  the  measure 
of  the  angle  is  the  arc  oa,  on  the 
other  ude  of  the  plumb-line. 

The  following  examples  are  to  be  constructed  and  caki»- 
lated  by  the  foregomg  methods,  treated  of  in  Trigponometry. 

EXAMPLB  L 

Having  measured  a  distance  of  300  feet,  in  a  direct  hO' 
rizontal  line,  from  the  bottom  of  a  steeple,  the  angle  of 
elevation  of  its  top,  taken  at  that  distance,  was  found  to  be 
470  30^ .  ffQQi  hence  it  is  required  to  nnd  the  height  of  the 
steeple. 

Construciion. 

Draw  an  indefinite  line  ;  on  which  set  off  ac  sr  300  eqinl 
parts  for  the  measured  distance.  Erect  the  indefinite  per- 
pendicular  ab  ;  and  draw  en  so  as  to  make  the  angle  c  s 
47<»  30^,  the  angle  of  elevation ;  and  it  is  done.  Then  ab» 
taeaaured  on  the  scale  of  equal  parts,  is  nearly  2lsi* 


As  radius 
To  AC  300      - 
So  tang.  Z  c  4r»  30' 
To  ab  218*36  required 


CalculaHon. 

10-000000 

3*301030 

10  0371^48 

1J-3389TS 


KXAMPhBU, 

What  was  the  perpendicular  hdght  of  a  cloud,  or  of  a 
balloon,  when  its  angles  of  elevation  were  35*  and  54*,  ss 
taken  by  two  observers,  at  the  same  time,  both  on  the  same 
aide  of  it,  and  in  the  same  vertical  plane  $  the  distance  be* 
tween  them  being  half  a  mile  or  880  yards.  And  what  was 
its  distance  from  the  sa^  two  observers  ? 


AND  DISTANCES. 


^4 


Corufruetion. 

Draw  aa  tadefinite  grotmd  line,  on  which  set  off  thd 
gSv^n  distance  ab  ««  880 ;  then  a  and  b  are  the  places  of 
the  observers.  Make  the  angle  a  =  35<>,  and  the  angle 
B  :=  64^  ;  then  the  intersection  of  the  lines  at  c  will  be  the 
place  of  the  balloon  :  whence  the  perpendicular  cb^  being  let 
&1U  will  be  its  perpendicular  height.  Then  by  measure* 
meat  are  found  the  distances  and  height  nearly  as  follow, 
viz.  AC  1631,  BC  1041,  DC  936. 

Oalculaiiou. 


Hrst,  from  Z  B        64* 
take     Z  A        35 
leaves  ^  acb    89 


Then  in  the  triangle  abc, 


As  sin.  /i  ACB 

290 

To- op.  4ide  ab 

880 

So  sin.  ^  A 

35«> 

To  op.  side  Bp  . 

1041-125 

As  sin  Z  ACB            29<>  - 
To  op.  side  ab             880 

So  sin.  Z  B  116®  or  64*»  - 

To  op.  side  ac       1631  '442  - 

And  in  the  triangle  bcd, 

As  sin.  ^  D              90*>  - 

To  op.  side  BC      1041*125  - 
So  sin  Z  B               64<» 

To  op.  side  co      935-757  - 


9685571 
2*944483 
9  758591 
3'017503 

9-685571 

2944483 
9*953660 
3-212573^ 


lOKXXKKK) 
3-017503 
9953660 
$•971163^ 


EXAMPLE  HL 

Having  to  find  the  height  of  an  obelisk  stan^ng  on  the 
top  of  a  declivity,  I  first  measured  from  its  bottom  a  distance 
ef  40  feet,  and  there  found  the  angle,  formed  by  the  oblique 
plane  and  a  line  imagined  to  go  to  the  top  of  the  obelisk, 
41**;  but  after  measuring  on  in  the  same^  direction  60  feet 
brther,  the  like  angle  was  only  33  <>  45'.    What  then  was 

the  height  of  the  obelisk  ? 

Cotutruction. 


r 


SM 
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Constructionm 

Draw  m  indefinite  Jine  for  the  sloping  plan?  or  decliyiej, 
in  which  assume  any  point  a  ior  the  bottom  of  the  obtrliski 
from  which  set  off  the  distance  ac  =t  40,  and  again 
CD  =  60  equal  parts.  Then  make  the  angle  c  =  41**,  and 
the  angle  z»  =  23^  45^ ;  and  the  point  b  where  the  two  lines 
meet  will  be  the  top  of  the  obelisk.  Therefore  ab,  joined^ 
will  be  its  height. 

Calculation. 

FiomtheZc        4l«>oo' 
take  the    Z  i>        33    45 
leaves  the  Z  DBC    i^    i^ 


Then  in  the  triangle  dbc. 

As  sin  Z  MC  ir»  15' 

To  op.  iide  DC  60      -  -         * 

So  sin.  i^  D      23     45 

To  op.  side  CB  8l-4b8 

And  in  the  triangle  abc. 
As  sum  of  sides  CB,  c A         121*488 
To  diff.  of  sides  cb,  c a  41  •488 

So  tang,  half  sum  Z  s  a,  B     69 «  30' 
To  taug.  half  diff.  Z.s  a,  b      43     34^ 

the  diff.  of  these  is  ^  cba  27      5| 

Lastly*  as  sin  JL  cba  Tt^  5^1 
To  op.  side  ca  40 

Qosin.  ^.  c        .        41*  0' 
To  op.  side  Ab  57*623 

EXAMPLE  IT. 


9-472086 
1-778151 
9  605032 
1-9 11097 


2084533 

1-617923 

10427262 

9  960652 


9-658284 
1-603060 
9  816943 
1760719 


Wanting  to  know  the  distance  between  two  inaccessible 
trees,  or  other  objects,  from  the  top  of  a  tower  |20  feet 
high,  which  lay  in  the  same  right  line  with  the  two  objec^^ 
I  took  the  angles  formed  by  the  perpendicular  wall  and  lines 
conceived  to  be  drawn  from  the  top  of  the  tower  to  the 
bottom  of  each  tree,  and  found  them  to  be  33^  and  64^. 
Wbat  then  may  be  the  distance  between  the  two  objects  ? 
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OmMtTuction, 


Draw  the  indefinite  ground  line 
JI9,  and  perpendicular  to  it  ba  =s 
120  equal  parts.  Then  draw  the 
two  lines  ac,  ad,  making  the  two 
angles  baC|  bad,  ei^nal  to  the 
given  angles  33^  and  64^^  So 
shall  c  and  d  be  the  places  of  th^ 
two  objects. 


First|in  the  right-angled  triangle  abc» 
As  radius        .....  10000000 

ToAB  -       120      .        -        .  2-079181 

Socang-^BAC       33*    -        -         -  9  813517 

ToBC  -77*929      ...  1.891698 

Then  in  the  right-angled  triangle  ABDy 
As  radius       •        .        .        -        - 
TOAB      -         -         -    120 
So  tang./.  BAD  64*}      - 

ToBD  -  -  251*585 
From  which  take  Bc  77  929 
leaves  the  dist.  cd  173*656  as  required. 


10000000 
2-079181 

10  321604 
2-400685 


< 


EXAMPUS  V« 

Being  on  the  side  of  a  riveri  and  wanting  to  know  the 
^sunce  to  a  bouse  which  was  seen  on  the  other  side,  I  mea- 
sured 200  yards  in  a  strait  line  by  the  side  of  the  river ; 
and  then,  at  each  end  of  this  line  of  distai^e,  took  the  hori- 
zontal angle  formed  between  the  house  and  the  other  end  of 
the  line ;  which  angles  were,  the  one  of  them  68^  2',  and 
the  other  73«  15^  What  then  were  the  distances  from  each 
end  to  the  bouse  ? 

CoTMlrBr/ton, 

Draw  the  line  ab  <=  200  equal  parts.  Then  draw  ac  so 
as  to  make  the  angle  a  =  68^  2^,  and  bc  to  make  the  angle 
B  =  73^  15^  So  jshall  the  point  c  be  the  place  of  the  house 
required. 

CHalculfltion, 
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Calculation. 

To  the  given  ^  jl 
add  the  ^iven  ^  b 
then  their  sum 
beipg  taken  from 
leaves  the  third  Zc 


68^ 

73 
141 
180 

38 


2' 

15 

17 

O 

43 


38*^ 
200 

68« 
296  54 
380  43' 
200 

73*»  15' 
306-19 


43v 


Hencet  As  sin.  ^c 

To  op.  side  ab 

So  sin.     ^  A 

To  op.  side  bc 
Andy  As  sin.  ^  c 

To  op.  side  ab 

So  sin.  Z  B 

To  op.  side  ac 

Exam.  vi.  From  the  edge  of  a  ditch,  of  36  feet  wide, 
surrounding  a  fort,  having  taken  the  angle  of  elevatioD  of 
the  top  of  the  wall,  it  was  found  to  be  62<>  40'  •  required  the 
height  of  the  wall,  and  the  length  of  a  ladder  to  reach  {ram 
my  station  to  the  top  of  it  ?  a       S  ^^^S^^  ^^  ^"^^^  69-6^ 


9-796206r 
2*301030 
9-967268 
2  472092 
9  796206 
2  301030, 
9-9SU7# 
2*48599^ 


gladder,  78*4  feet. 


EkAM  VII.  Required  the  length  of  a  Bhoar>  which  beiog 
to  strut  1 1  feet  from  the  upright  of  a  building,  will  support  a 
jamb  23  feet  10  inches  from  the  ground  i 

Ans.  26  feet  3  inches* 

ExAu.  VIII.  A  ladder^  40  feet  long,  can  be  so  plantedt 
that  It  shdt  reach  a  window  33  feet  from  the  ground,  on  ono 
side  of  the  street ;  and  by  turning  it  over,  without  nioidog 
the  foot  out  of  its  p1ace«  it  will  do  the  same  hj  a  window 
21  feet  high,  on  the  other  side  :  required  the  breadth  of  the 
street  ?  Ans.  56*649  feet. 

EsAM.  IX.  A  maypole,  iHiose  top  was  broken  off  by  a 
blast  of  wind,  struck  the  ground  at  15  feet  distance  from  the 
|bot  of  the  pole  t  what  was  the  height  of  the  wb<^  maypc^e, 
supposing  the  broken  piece  to  measure  99  feet  in  length  } 

Ans.  75  feet. 

Exam.  x.  At  170  feet  distance  from  the  bottom  of  a 
tower,  the  angle  of  its  elevation  was  found  to  be  52<^  30M 
required  the  altitude  of  the  tower  {  Ans.  221  55  feet. 

Exam.  xi.  From  the  top  of  a  tower,  by  the  sea-side,  of 
143  feet  high,  it  was  observed  that  the  angle  of  depression 
of  a  ship's  bottom,  then  at  anchor,  measured  35^  ;  what  then 
was  the  ship's  distance  from  the  bottom  of  the  wall  ^ 

An^  204*22  ibet. 
ExAjK^ 
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ExAV.  zii.  Wbat  is  the  perpendicular  height  of  a  hill? 
its -angle  of  elevatioot  taken  at  the  bottom  of  it>  being  46^, 
and  300  ytixds  fiurther  off^  on  a  level  with  the  bottom,  the  angle- 
was  31"^  i  Ans.  :280-2B  jwdn* 

Exam.  xiix.  Wanting  to  know  the  height  of  an  inacces* 
sible  tower  ;  at  the  least  distance  from  it,  on  the  same  hori« 
xontal  plane,  I  took  its  angle  of  elevation  equal  to  58*  ; 
then  going  SOO  feet  directly  from  it,  found  the  angle  there  to 
be  only  SS"* :  required  its  height,  and  my  distance  from  it  at 
the  first  sution  ?  An«  5^^'S^^      307-53 

-^•' i  distance    192*15 

Exam*  xiy.  Being  on  a  horizontal  plane,  and  wanting  to 
luiow  the  height  of  a  tower  placed  on  the  top  of  an  inac- 
cessible hill ;  I  took  the  angle  of  elevation  of  the  top  of  the 
bill  40^,  and  of  the  top  of  the  tower  51^  ;  then  measuring 
in  a  line  directly  from  it  to  the  distance  of  200  feet  &rther» 
I  found  the  angle  to  the  top  of  the  towers  to  be  23<i  4S^* 
What  then  is  the  height  of  the  tower  I 

Ans.  93.33148  feet* 

Exam.  xv.  From  a  window  near  the  bottom  of  a  house^ 
which  seemed  to  be  on  a  level  with  the  bottom  of  a  steeple, 
I  took  the  angle  of  elevation  of  the  top  of  the  steeple  equal 
40^  ;  then  from  another  window,  18  feet  directly  above  the 
former,  the  like  angle  was  37^  30' :  what  then  is  the  height 
and  distance  of  the  steeple  i  Ana  S  height     210*44 

'^^^-^  distance   250-79 

Exam.  xvi.  Wanting  to  know  the  height  o^  and  my 
distance  from,  an  object  on  the  other  side  of  a  river,  which 
seemed  to  be  on  a  level  with  the  place  where  I  stood,  close 
by  the  side  of  the  river ;  and  not  having  room  to  measure 
backward,  on  the  same  plane»  because  of  the  immediate  rise 
of  the  bank,  I  placed  a  mark  were  I  stood,  and  measured 
in  a  direction  from  the  object,  up  the  ascending  ground  to 
the  distance  of  264  feet,  where  it  was  evident  that  I  was 
above  the  level  of  the  top  of  the  object ;  there  the  angles 
ef  depression  were  found  to  be»  vix.  of  the  mark  left  at  the 
liver's  side  42^,  of  the  bottom  of  the  object,  27^,  and  of  its 
top  19^.  Required  then  the  height  of  the  object,  and  the 
dHstance  of  the  mark  fromits  bottom  ! 

''^"•{dSLce   150-5§ 

Exam.  xtu.    If  the  height  of  the  mountain  called  the 
Feak  ef  TenerifTe  be  2j^  mijes,  as  h  h  nearly,  and  the  angle 

taken 
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taken  at  the  top  oF  it>  as  formed  between  a  pluniMiae  tod  « 
line  conceived  to  touch  the  earth  in  the  horisooy  or  Cutheet 
visible  pohaty  be  87^  58' ;  it  it  required  frem  these  to  de- 
termine the  magnitude  of  the  whole  earth*  and  the  utmoeC 
distance  that  can  be  seen  on  its  surface  from  the  top  of  the 
mountain,  supposing  the  form  of  the  earth  to  be  perfectly 
round  ?  a  „.  S  ^***^     UO-srs  ?     ..^^ 

^''^•^diam-       7936  5™^^^ 

Exam,  xviii*  Two  ships  of  war,  intending  to  cannonade 
a  fort,  are,  by  the  shallowness  of  the  water,  kept  so  £ar 
from  it,  that  they  suspect  their  guns  cannot  reach  it  with  . 
effect.  In  order  theretbre  to  measure  the  dbtance,  they  se- 
parate from  each  other  a  quarter  of  a  mile,  or  440  yards  ; 
then  each  ship  observes  and  measures  the  angle  which  the 
other  ship  and  the  fort  subtends,  which  angles  are  83^  45' 
and  85*  15'*  What  then  is  the  disumce  between  each  ship 
and  ihc  fort  i  An*  5  ^292-26  yarda- 

ExAH.  XIX.  Being  on  the  side  of  a  river,  and  wanting  .to 
know  the  distance  to  a  house  which  was  seen  at  a  distance  on 
the  other  side ;  I  measured  out  for  a  base  400  yards  in  a 
right  Ihie  by  the  side  of  the  rlrer,  and  found  that  the  two 
angles,  one  at  each  end  of  this  line,  subtended  by  the  oriier 
end  and  the  house,  were  66 <*  2*  and  73^  15'.  What  then 
Was  the  distance  between  each  station  and  the  bouse  f 

A«.  ^^92^0B  yards; 
^»i  613-38 
-  ExAif.  XX.  Wanting  to  know  the  breadth  of  a  rivei*,  I 
sneasured  a  base  of  500  yaods  in  a  straight  line  close  by  one 
side  of  it ;  and  at  each  end  of  this  line  1  found  the  angles 
subtended  by  the  other  end  and  a  tree  close  to  the  bank  on 
the  other  side  of  the  river,  to  be  S3^  and  79«  12'.  What  then 
was  the  perpendicular  breadth  of  the  river  ? 

Ans.  529-48  yards. 

Exam.  xxi.  WanUng  to  know  the  extent  of  a  piece  of 
water,  or  distance  between  two  headlands ;  I  measured  from 
each  of  them  to  a  certain  point  inland,  and  found  the  two 
distances  to  be  735  yards  and  840  yards ;  also  the  horizon- 
tal angle  subtended  between  these  two  lines  was  55^  40'. 
What  then  was  the  distance  required  ?        Ans,  741-3  yards. 

Exam.  xxii.  A  point  of  land  was  observed,  by  a  ship  at 
sea,  to  bear  east-by-south;  and  after  suting  north-east  IS 
miles,  it  was  found  to  bear  aouth-east-by-east.    It  is  required 

to 
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to  defermine  flie  place  of  that  headlandi  and  the  ship's  dis* 
tance  from  h  at  the  last  observation  ?  Ans.  26-07^28  miles^ 

Exam,  xxiix.  Wantinf;  to  know  the  distance  between  a 
house  and  a  mill,  which  were  seen  at  a  distance  on  the  other 
Aide  of  a  river,  I  measured  a  base  line  along  the  side  wheroi 
I  wasi  of  600  yards,  and  at  each  end  of  it  took  the  angles 
subtended  by  the  other  end  and  the  house  and  milU  which 
were  as  folio w^  vis.  at  one  end  the  angles  were  58^  20'  and 
95**  20'.  and  at  the  other  end  the  like  angles  were  5  5<>  30'  and 
98^  45^  What  then  was  the  distance  between  the  house  and 
mill  I  Ans*  959  5866  yards. 

Exam.  xxiv.  Wanting  to  know  my  distance  from  an  in- 
sctesslble  object  O9  on  the  other  side  of  a  river ;  and  having 
no  instrument  for  ta|iing  angles,  but  only  a  chain  or  cord  for 
measuring  distances ;  from  each  of  two  stations,  a  and  b>  which 
were  taken  at  500  yards  asunder,  I  measured  in  a  direct  line 
from  the  object  0  100  yards,  viz  ac  and  bd  each  equal  to  100 
yards  ;  also  the  diagonal  kiP  measured  550  yacds«  and  the  di- 
agonal Bc  560  What  then  was  the  distance  of  the  object  O 
from  each  station  a  and  b  ?  .       C   ao  536  25 

*       BO  500  09 


XXV.  In  a  garrison  besieged  are  three  remarkablet 
•bjects,  A,  B,  c,  the  distances  of  which  from  each  other  are 
discovered  by  means  of  a  map  of  the  place,  and  are  as  fol- 
low, VIZ  AB  266^,  AC  530,  BC  327\  yards.  Now,  having  to 
erect  a  battery  against  it,  at  a  certain  spot  without  the  place}., 
and  being  desirous  to  know  whether  the  distances  from  the 
three  objects  bc  such,  as  that  they  may  from  thence  be  bat- 
tered with  effect,  1  took,  with  an  instrument,  the  horizontal 
angles  subtended  by  these  objects  from  my  station  s,  and 
found  them  to  be  as  follow,  viz.  the  angle  asb  13^  30',  and 
the  angle  bsc  39^  50' ;  required  the  three  distances,  sa,sBiSC  ; 
the  object  b  being  situated  nearest  to  me^  and  between  tho 
two  others  a  and  cl  Tsa  757*  14 

Ans.^  SB  537  10 
{sc  655  3Q 
Exam.  xxvi.  Required  the  same  as  in  the  last  example, 
when  the  object  b  is  the  farthest  from  my  station,  but  siili 
seen  between  the  two  others  as  to  angular  position,  and  those 
angles  being  thus,  the  angle  asb  33^  45',  and  bsc  23«  30'| 
also  the  three  distances,  au  600,  ac  800,  bc  400  yards  ? 

f  sk    709| 
Ans.  <    SB  1043f 
I   sc     934 
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MENSURATION  OF  PLANES. 


THE  Area  of  any  plane  figure,  is  the  memtfure  of  tbe  space 
contained  within  its  extremes  or  bounds  ;  without  aoj  regard 
to  thickness. 

This  areAt  or  the  content  of  the  plane  figure,  is  esdnated 
by  the  number  of  little  squares  that  may  be  contuned  in  it ; 
the  side  of  those  little  measuring  squares  being  an  inch,  a 
loot,  a  yard,  or  any  other  fixed  quantity*  And  hence  the  area 
or  content  is  said  to  be  so  many  square  inches»  or  square  feety 
or  square  yards,  kc. 

Thus,  if  the  figure  to  be  measured  be 
the  rectangle  abgd,  and  the  little  square 
X*  whose  Side  is  one  inch,  be  the  mea- 
suring unit  proposed :  then  as  often  as 
the  said  little  square  is  contained  in  the 
ftctangle,  so  many  square  inches  the 
rectangle  is  said  to  coniain    which  in        *—  - 

the  present  case  is  13*  j^l 
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PROBLEM  f  . 


To  find  the  Area  qfany  Parallelogram  5  whether  it  be  a  Sguare^ 
a  Rectangle^  a  Rhomduty  or  a  Rhomboid, 

Multiply  the  length    by  the  perpendicular   breadth,  or 
height,  and  the  product  will  be  the  area*. 

BXAICPLEQ* 


■•^' 


*  The  truth  of  this  rale  b  proved  io  the  Geom.  theor.  81^  cor.  % 
The  same  is  otherwise  proved  thus  :  Let  the  foregoiD?  rectsogle 
l^e  the  figure  proposed :  and  let  the  length  and  breadth  be  divided  into 
several  parts  each  equal  to  the  linear  measuring  unit,  being  here  4  ibr 
the  length*  and  3  for  the  breadth  ^  and  let  the  opposite  points  of  divi^ 
«on  be  connected  by  right  Iine8.«-Then  it  is  erident  that  these  lines 
divide  the  rectangle  into  a  number  of  little  squares,  each  equal  to  the 
square  measuring  unit  a  ;  and  further^  thaS  the  number  of  these  little 
squares,  or  the  area  of  the  figure*  is  equal  to  the  number  of  linear 
measuring  units  hi  to  lengthy  repeated  as  often  as  there  are  linesr 

flieaaiiring 
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EXAMFLE& 

t 

Ex.     K  To  find  the  area  of  a  parallelogram^  tke  length 
being  13*35,  and  height  8-5. 

13*25  length 
8-5  breadth 


6125 
9800 


104*135  area 


Bx.  3.  To  find  the  area  of  a  square,  whose  side  is  35.35 
chains.  Ans.  124  acres,  l  rood,  I  perch 

Ex.  3.  To  find  the  area  of  a  rectangular  boards  whose 
length  is  13}  feet,  and  breadth  9  inches.  Ans  9}  feet 

£x.  4.  To  find  the  content  of  a  piece  of  land,  in  form  of 
a  rhombus,  its  length  being  6*30  chains,  and  perpendicular 
height  5  45  Ans.  3  acres,  1  rood,  30  perches. 

Ex.  5  To  find  the  number  of  square  yards  of  painting  in 
a  rhomboid)  whose  length  is  37  feet,  and  breadth  5  feet  3 
inches,  Ans.  3 1  ^^  square  yardsi. 


PROBLEM  II. 


Tojind  the  Area  qfa  Triangle* 

RuLK  I.  Multiply  the  base  by  the  perpendicular  height) 
and  take  half  the  product  for  the  area*.  Or)  multiply  the 
t>ne  of  these  dimensions  by  half  the  other. 


messuring  units  in  the  breadth,  or  height ;  that  is,  eqaal  to  the 
length  drawn  into  the  height  \  which  here  is  4  x  3  or  12, 

And  it  is  proved.  (Geom.  theor.  25,  cor,  2)»  that  any  dbUque 
pnrallelogrtm  is  equal  to  a  rectangle,  of  equal  length  and  perpen* 
dlcutar  breadth.  Therefore  the  rule  is  general  for  aU  paraUelogvams 
whateTer. 

* 

*  The  truth  of  this  rule  is  evident,  because  any  trianiiple  is  the 
half  of  a  parallelogram  of  equal  base  and  alutode,  by  Geom. 
tbeor.36. 

EXAMPUSS. 
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BXAMPL£S. 

* 

Ex.  1 .  To  find  tile  area  of  a  triangle,  >vhose  base  is  635} 
and  perpendicuiar  height  520  links  ? 

Here  625  X  260  »  1 62500  square  links, 

or  equal   I  acre,  2  roods,  20  perches,  the  answer. 
Ex.  2.   How    many    square    yurds    cnniains   the  triangle^ 
wliose  base  is  40,  and  perpendicular  30  feet  ? 

Ans.  66 J  square  yards. 
Ex.  3.  To  find  the  number  of  square  yards  in  a  triangle^ 
Vhose  base  is  49  teet,  and  height  25^  feet  ? 

Ans  68f|,or  6S-7361. 
Ex.  4.  To  find  the  area  of  a  triangle,  whose  base  is  18  leet 
4  inches,  and  height  1 1  feel  lO  inches  f 

Ans.  108  feet,  5|.  inches. 

Bulb  IT  When  two  sides  and  ibeir  contained  ang^e  are 
given  :  Multiply  the  two  given  sides  together,  and  take  half 
their  product :  Then  say,  as  radius  is  to  the  sine  of  the  given 
angle,  so  is  that  half  product,  to  the  area  of  the  triangle.    ' 

Or,  multiply  thai  half  product  bj^  the   natural  sine  of  the 
0aid  angle,  for  the  area*.     . 

Ex.  1 .  What  is  the  area  of  a  triangle,  whose  two  fides  are 
30  aad  40,  and  their  contained  smgle  38^  57'  ? 

JBy  JVatural  Mimbers*  By  Logarithm^, 
First  i  X  40  X  30  «B  600, 

then,  1  :  600  :  :  -484046  sin.  28<>  57'  log.  9*684887 

600  2  778151 


Answer     29U-4276  the  area  answering  2*463038 

Ex  2.  How  many  square  yanls  contains  the  triai^le,  of 
which  one  angle  is  45<>,  and  its  containing  sides  25  and  2^ 
feet  ?  Ans.  20-86947 


•  For,  let  A B,  A c»  be  the  two  given  sides, 
including  the  given  angle  A.    Now  ^  AB  X 
CP  is  the  area,  by  ike  ftrst  rule,  CP  (>eing  ihe 
perpendicular.    But,  by  trigononu  try,  as  sin. 
^  P,  or  rad  us  :  AC  : :  sin.  j^  A  J  cp,  which  is 
therefor^  =r  AC  x  sin.  ^  a.  t-^king  radiu8«=l. 
Therefore  the  area  {ab  X  CP  iB=a  J  ab  X  AC 
X  pin.  ^  A.  to  rad  u^  1 ;  or,  as  radius  :  sin.  ^ 
A : :  i  AB  X  AC  :  the  area* 


BULE  UI- 
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RuLs  III.  When  the  three  sidea  are  giv^i  t  Add  all  the 
three  sides  togeiher,  and  take  half  that  sum.  Next,  subtract 
each  side  severally  from  the  said  half  sttm^  obtaining  three 
remainders.  Then  multiply  the  said  half  sum  and  those 
three  remainders  all  together,  and  extract  the  square  root  of 
the  kst  product,  for  the  area  of  the  triaogle*. 


•  For  let  A»c  be  the  given 
triang:le       Draw  the   pandlels 

AB,  BDy  meeting  the  two  sides 

AC,  CB,  produced,  in  d  and  v, 
and  making  cd  ==  cB)  and 
CE  «  OA-  A)«o  draw  cfo  bi'^ 
secting  of  and  ae  perpendicu- 
larly in  F  <ind  o  ;  and*  fhx  pa- 
rallel to  tlie  side  AB*  meeting 
Ac  in  H.and  as  produced  in  i. 
Lastly,  with  centi'e  h,  and  radi- 
um hf,  desci-ibe  a  eifcie  meeting 


as  produced  in  k  ;  which  will  pass  through  ©,  because  o  is  a  right 
angle,  and  through  i,  because,  by  means  of  the  parallels,  ai  =:  fb  «» 
l>F.  therefore  hd  =  ha,  and  rf  =a  hi  z=  Jab. 

Hence  ba  or  hd  is  half  the  differenre  of  the  sides  Ac,  CBt  and 
nc  =s  half  their  sum  or  «  |ac  +  foB  ;  also  bk  cs  hi  »  |if  or 
|ab  ;  conseq.  ck  «  Jac  +  Jcb  +  i^AB  half  the  sum  of  all  the  three 
sides  of  the  triangle  abc,  or  ok  as  |s,  callings  the  sura  ot  those  three 
sides.  Again  hk «  hi  ^  Jif  a^jAB,  or  klos  ab  ;  theref.  ci.9CK-.i« 
XI.  »  is  —  AB.  and  AX  =  ex  «  cA  Bs  I's-.  AC,  and  AL  =r  dk  «a 

CK-CD  a=  JS— CB. 

Now»  by  the  first  rule,  Ao  .  cc  as  the  /^  Acs,  and  AG  .  fc  9  the 
j^  ABE,  theref.  Accrue   ^  agb.     \ts«  by  the  paraUels.  ao  : 
CO  : :  DF  or  I A  J  CF,  therr.f.  ag.cf  =  (^  acb  sa}cG.ZA  «co.  df 
consec;^  ag  .  cf  .  cg  .  df  =  i^*acb 

But  CO  .  CF  =  CK  .  ex.  s  is.  Js—AB,  and  ag •  sf  ==  ax.  ai» 

:»  i^  — •  AC  J-i  —  Bc  ;  theref  Ao  •  cr  •  cc  .  df  =  ^  *  acb  sb  Js. 


in  —  AB    Js  —  AC*  is  —  BC  is  the  square  of  the  ai«a  of  the  triangle 
ABO.     Q:  B«  s. 

OfAerotsr. 
Because  the  recUngle  ao  .  cf  =5  the  ^  abc  and  since  co  t 
AO  :  :  CF  :  DF.  drawing  the  ftrst  and  second  terms  mto  cf, 
and  the  third  and  fourth  into  ag,  the  propor.  becomes  cg.cfs 
ao.cf  : :  ag*gf:  ag.df,  orcG.cF:  a  ABC  n  ^  abo:  bg.df, 
thiAt  ifly  the   j\  ABC  is  a  mean  proporttonal  between  cg  •  cf  and 


AO .  DF,  or  between  |s.  js  -«  ab  and  is  «•  ac«  |s  —  bc*       q:  k.  i> 

Ex.  ll 


1 


4t5  MENSURATION. 

Ex.  1.  f  o  fiad  the  area  of  the  triangle  whose  three  ridea 
are  20, »,  40. 

30  *5  45  45 

30  20  30  40 

40  —  —  — 

. 35  l8t  rem.     15  2d  rem.       5  3d  rem. 

3)90  —  —  —  , 

AS  half  aum 

Then  45  X  25  X  15  X  5  «  84375, 
The  root  of  which  la  290*4737,  the  area. 

» 
Ex.  2.  How  many  aquare  yards  of  plaatering  are  in  « 
^Kangle,  whoae  aides  are  30>  40,  50,  feet  ?  Ana.  66|. 

Ex.  3.    How  many  acres,  &c.  contains  the  triangle,  whoae 
sides  are  2569,  4900)  5025  links  ? 

Ana.  61  acreS)  1  rood,  39  perch 


TROBLEM  in. 

To  Jlnd  the  Area  of  a  Trapezoid 

AfiD  together  the  two  parallel  sides ;  then  multiply  their 
sum  by  the  perpendicular  breadth,  or  the  Stance  between 
them ;  and  ukie  half  the  product  for  the  area.  By  GecMD. 
theor.  29. 

Ex.  1,  In  a  trapezoid,  the  parallel  sides  are  750  and  1235, 
and  the  perpendicular  d'lstance  between  them  1540  Un]^s :  to 
find  the  area. 

1225 
750 

1975  X  770  s=  152075  square  links  s=e  15  act.  33  perc. 

£x.  3  How  many  aquare  feet  are  contained  in  the  plank^ 
whose  length  is  12  feet  6  inches,  the  breadth  at  the  greater 
end  15  inches,  and  at  the  less  end  1 1  inches  I 

Ans.  13^  feet. 

Ex.  3.  U  measuring  along  one  ude  ab  of  a  quadrangular 
field,  that  side,  and  the  two  perpendiculars  let  &11  on  it  from 
the  two  opposite  corners,  measured  as  below  >  required  tfec 

<SDntcait. 

it* 
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AW  OB    no  finks 

Aq  ==»     745 

AB    »    1110 

CP  —     353 

oq  =    595 

Ans.  4  ACici}  1  rood,  5-792  perches. 


FBOBLEM  IV. 


DiTiDB  ihe  trapezium  into  two  triangles  hj  a  diagonal  ^ 
.then  find  the  areas  of  these  triangles,  and  add  them  ta- 
gether. 

Or  thus,  let  fiJl  two  perpendiculars  on  the  diagonal  from 
the  other  two  opposite  angles ;  then  add  these  two  perpen- 
diculars together,  and  multiply  that  sum  by  the  diagonal, 
taking  half  the  product  for  the  area  oi  the  trapezium. 

Ex.  1.  To  find  the  area  of  the  trapezium,  whose  diagonal 
is  42,  and  the  two  perpendiculars  on  it  16  and  18. 
Here  16  +  13  =»    34,  its  half  is  17* 
Then  42  x  17  a  714  the  area. 

Ex.  2:  How  man^  square  yards  of  pavmg  are  in  the  tra- 
pezium»  whose  diagonal  is  (k5  feet,  and  the  two  perpendicu- 
lars let  &11  on  it  28  and  33}  &et  ?  Ans.  222  ^  yards* 

Ex.  3.  In  the  quadrangular  field  abcd,  on  account  of  ob* 
structions  there H:ould  only  be  taken  the  following  measures, 
y\z.  the  two  sides  bc  265  and  ad  -220  yards*  the  diagonal 
AC  378,  and  the  two  distances  of  the  perpendiculars  from  the 
ends  of  the  diagonal,  namely»  ae  100,  and  cf  70  yards« 
Required  the  construction  of  the  figure>  and  the  area  in  acres^ 
when  4840  square  yards  make  an  acre  ? 

Ans.  17  acres,  2  roods,  21  perches. 

PBOBLEM  T. 
To  find  the  Area  qfan  Irregular  Polygtm* 

Draw  diagonals  dividing  the  proposed  polygon  into  tra- 
peziums and  triangles.  Then  find  the  areas  of  all  these 
separately,  and  add  them  tl>gether  fifff  the  content  of  the 
wkele  polygon. 


I 
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MENSURATION 


ExAMKB.  To  find  the  content  of  the  irrep^Iar  figure 
ABCDEFOA.  in  which  arc  giycn  the  following  diagoBsls  and 
peipendiculars :  namelfy 

S3 

AC  55 

7D  53 
oc  44 

GOI     3 

Bn  18 
GO  12 
sp     8 

Ans.  1878i 


PROBLEM  TI. 
Tojind  the  Ar^a  f(fm  Regular  Pobfgtm. 

RuLB  I*  Multiply  the  perimeter  of  the  polygon,  or  atm 
of  its  aideS}  by  the  perpendicular  drawn  from  its  centre  <» 
one  of  its  sidesi  and  take  half  the  product  for  the  area*. 

Ex.  I.  To  find  the  area  of  the  regular  pentagon,  eaob  side 
being  35  feet,  and  the  perpendicular  from  the  centre  on  eacfr 
side  is  17*3047737. 

Here  35  >c  5  »  125  Is  the  perimeter. 

And  17-30477^7  X  125  «=  3150  5967135. 
Its  half  1075-298356  is  the  area  sought. 

RuLB  II.  Square  the  s!de  of  the  polygoif ;  then  multjpl/ 
that  square  by  the  tabular  area,  or  multiplier  eet  against  its 
name  in  the  following  tablei  and  the  product  will  be  the 

areat- 

No. 


e  This  is  only  in  effect  resolving  the  polygon  into  as  many  equal 
triangles  as  it  has  sides,  by  drawing  fines  mm  the  centre  u>  ail  the 
angles ;  then  finding  their  areasp  and  adding  them  all  together. 

\  This  rule  is  foonded  on  the  property,  that  like  polygons,  being 
similar  figures,  are  to  one  another  as  the  squares  of  their  lihe  ttidea  % 
which  is  proved  in  the  GeoHi«  theor.  89.  Now,  the  multipliers  in 
^e  table,,  are  the  areas  of  the  respective  polygons  to  the  side  !• 
"Whence  the  rule  is  mamfeit. 
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'  • 

No.  of 
Sides. 

Names. 

Areas,  or 
Multipliers. 

3 

Trigon  or  triangle 

,  04330127 

4 

Tetragon  or  square 

10000000 

5 

Pentagon 

I  7204774 

6 

Hexagon 

2  5980762 

7 

Heptagon 

36339124 

8 

Octagon 

4  828427  L 

9 

Nonagon 

6  1818242 

10 

Decagon 

7*6942088 

'^ 

Undecagon 

9  3656399 

12 

Dodecagon 

U- 196/524 

40i 


Exam.  Taking  here  the  same  example  as  before^  uaiaelf, 
\  pentagon,  whose  side  is  25  feet. 
Then  25*  being  =  625, 
And  the  tabular  area  17204774  ; 
Theref.    17204774  X  625  =  1075298375, as  before, 

Ex.  2.  To  find  the  area  of  the  trigon,  or  equilateral  tri- 
angle, whose  side  is  20.  Ans.  173-20508. 

Ex.  St  To  find  the  area  of  the  hexagon  whose  side  Is  20, 

Ans.  1039-23O48. 

Ex.  4.  To  find  the  area  of  an  octagon  whose  side  is  20, 

Ans.  1931 '37084. 

£x.  5.  To  find  the  area  of  a  decagoo^  whose  side  is<4M^ 

Ans.  3077-68 353w 


J^ote.  The  areas  in  the  table,  to  each  side  1» 
may  be  computed  in  the  following  manner: 
From  the  centre  c  of  the  polygon  draw  lines 
to  every  angle*  dividing  the  whole  figure  into 
as  many  equal  triangles  aa  the  polygon  has 
«ides;  and  let  a  So  be  one  of  those  triangles, 

the,  perpendicular,  of   which    is    cb*     D<vide  ^ t\~  ta 

360  degrees  by  the  humber  of  sides  in  tht  po-  A     ±}     ^ 

lygon,  the  quotient  gives  the  angle  at  the  centre  A.  b.  The  half' 
of  this  gives  the  angle  acd  ;  and  this  taken  from  90^,  leaves  the 
angle  cad.  Then  it  will  be,  as  radios  is  to  ad>  so  is  tang.  Angle 
CA1>,  to  the  perpendicular  en.  This  perpf'ndicular,  multtpiied  by 
the  half  base  ad,  gives  the  ,rea  of  the  trianglt^  abc  ;  wlijch  being 
multiplied  by  the  number  of  the  triangles,  or  of  the  sides  of  the  po- 
lygon, gives  its  whole  area,  as  in  the  table,  ftr  every  one  of  the 
agurea. 


410 


MENSURATION 


PROBLEM  VIL 

To  find  the  JDiameter  and  Circumference  of  any  CvrcUy  the  we 

from  the  other* 

This  may  be  done  nearly  by  either  of  the  two  following 
proportions, 

viz.  As  7  is  to  22,  so  is  the  diameter  to  the  circumference. 
Or,  As  1  is  to  3*14 16|  so  is  the  diameter  to  the  circum- 
fcrcnce*. 

Ex.  1.  t4  find  the  circumference  of  the  circle  whose  dia-' 
meter  is  20. 

By  the  first  rule,  as  7  :  22  : :  20 :  62^  the  answer. 

£x.  2^ 


*  For,  let  ABCD  |>e  any  circle,  \rho8e  centre    . 
b  Ey  and  let  Afi>    Be  be  any  two  equal  arcs. 
Draw  the  several  chords  as  in  the  figure,  and 
join  be;  also  draw  the  diameter  da>   which 
produce  to  r,  till  bf  be  equal  to  the  chord  bd. 

Tlien  the  two  isosceles  triangles  deb,  obf, 
are  equiangular,  because  they  have  the  angle  at 
p  common ;  consequently  db  ;  PB  :  :  db  :  of* 
But  the  two  triangles  afb*  dcb  are  identical* 
or  equal  in  all  respects,  because  they  have  the 
angle  f  =  the  angle  bdc,  being  each  equal  to 
the^Ogle  ADB,  these  being  subtended  by  the 
equal  arcs  ab,  bc  ;  also  the  exterior  angle  fab  of  the  quadrangle 
ABCD»  is  equal  to  the  opposite  interior  angle  at  c  ;  and  the  tw» 
triangles  have  also  the  side  bf  =>  the  side  BD  ;  therefore  the  side  af 
is  also  equal  to  the  side  dc.  Hence  the  proportion  above,  viz.  db  :  DB  :  £ 
DB  :  DF  s=  DA  -f»  af,  becomes  db  :  db  :  :  DB  :  S^e  -f-  i>^  Then«  by 
taking  tlie  rectangles  of  the  extremes  and  means,  it  is  db>  «=  2Ab^ 
-f-  DE  .  DC. 

Now,  if  the  radius  db  be  taken  >»  X^  this  expression  becomes 

- 

DB^  as  2  +  nc,  and  hence  the  root  db  «s  t/2  -j-  dc  Thatis» 
If  the  measure  of  the  supplemental  chord  of  any  arc  be  increased  by 
the  number  2,  the  square  root  of  the  sum  will  be  the  supplemental 
chord  of  half  that  arc 

Now,  to  apply  this  to  the  calculation  of  tlie  circumferei^ice  of 
the  circlet  let  the  arc  a  c  be  taken  equal  to  A  of  the  circumie.. 
rence,  and  be  successively  bisected  by  the  above  theorem :  thus, 
the  chord  ac  of  ^  of  the  circumference,  is  the  side  of  the  in  ^ 
scribed  regular  hexagony  and  is  therefore  equal  to  the  radios  ab 
or  1  t  hence,  in  the  right-angled  trian^^  acd,  it  will  be  dc  s:: 

^  AD*— Act 
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Ex.  3.  If  the  circumference  of  the  eaiih  be  25000  mileS) 
what  is  its  diameter  ? 

By  the  ^d  rule,  as  3-1416  :  1  :  :  25000  :  7957}  nearly 
the  diameter. 

Note  bt  R.  Adraiw.  Having  applied  my  new  theory  of 
most  probable  values  to  the  determination  of  the  magnitude 
and  figure  of  the  earth,  I  found  the  true  mean  diameter  of  the 
earth,  taken  as  a  globe,  to  be  79 1 8'7  English  miles,  and  conse- 
quently its  circumference  24877'4  E.  miles^  and  a  degree  of 
ft  great  circle  equal  to  69- 1039  miles. 


1*7320508076,  the  supplemental 


c 

«    O 


u 


I 

Trff 


a> 


^   AD»— AC»«v^2«— !•  =   v^3 

chord  of  lof  tlie  periphery. 

Then,  by  the  foregoing  theorem,  by  always  bisecting  the  arcs, 
and  adding  2  to  the  last  square  root,  there  will  be  found  the  supple- 
mental chords  of  the  12th,  the  24th,  the  48th,  the  96th,  &c.  parts  of 
the  periphery  ;  thus, 

-V/3'7320508076  =  1'9318516525' 
V'3-9318516525  =  1  9828897227 
-  ^3-9828897227  =.1-9957178465 
w3'9957l78465  =  1*9989291743 
w3-9989291743=:  1-9997322757 
W3  9997322757  =  1-9999330678 
^3-9999330678  =  1-9999832669 
V3  9999832669  = 

Since  then  it  is  found  that  3*9999832669  is  the  square  of  the  sup- 
plemental chord  of  the  1536th  part  of  the  periphery,  let  this  number 
be  taken  from  4,  which  is  the  square  of  the  diameter,  and  the  remain- 
der 00000167331  Will  be  the  square  of  the  chord  of  the  said  1536th 
part  of  the  periphery,  and  consequently  the  root  ^^0*0000 167331  «■■ 
0*0040906112  is  the  length  of  that  chord  ;  this  number  then  being 
multiplied  by  1536,  gives  6*2831788  for  the  perimeter  of  a  regular 
polygon  of  1536  sides  insciibed  in  the  circle  ;  which,  as  the  sides  of 
the  polygon  nearly  coincide  with  the  circumference  of  the  circle,  must 
also  express  theleng^  of  the  circumference  itsdf,  very  nearly. 

But  now,  to  show  how  near  this  determination 
is  to  the  truth,  let  a<^p=  0*0040906112  represent 
one  side  of  such  a  regular  polygon  of  1566  sides, 
and  SRT  a  side  of  another  similar  polygon  de- 
scribed  about  the  circle  ;  and  from  the  centre  e 
let  the  perpendicular  Eq.R  be  drawn,  bisecting  ap 
and  ST  in  q^  and  r.  Then  since  Aq,  is  «=  ^Ai  = 
0-0020453056,  and  ea  =  1,  therefore  «<i»  ==  eaS 
—  aO  =  '99999 58 167>  and  consequently  its  root 
gives  Ed  =  •9999979084;  then  because  of  the 
parallels  ap,  s  t,  it  is  sq.:  er  : :  ap  :  st  : :  as  the 
whole  inscribed  perimeter  :  to  the  circumscribed  one,  that  is,  as 
•9999979084  : 1 : :  6*2831788  %  6*2831920  the  perimeter  of  the  circum- 
scribed polygon*    Kowy  the  circumference  of  the  circle  being  greater 

than 


4)a  MENSURATION 

FROBUM  Vm. 
Tbjind  the  Length  t^any  Arc  qf  a  Circle. 

yiwtifhX  the  decimal  *01745  by  the  degrees  in  the  given 
«rc  and  that  product  by  the  radius  of  the  circlci  for  the 
length  of  the  arc*. 

Ex.  1.  To  find  the  length  of  an  arc  of  30  degtees,  the 
radius  being  9  feet.  Ans,  4*7 115* 

Ex  3.  To  find  the  length  of  an  arc  of  13^  I0*tor  13«^ 
the  radius  being  10  feet.  Ans.  3*  1331* 

» 

PROBLEM  IX. 
Tcjlnd  the  Area  of  a  Grcief. 

RuLX  L  MuTLiPLT  half  the  circumference  by  half  the 
^iameier-  Or  multiply  the  whole  circumference  by  the 
whole  diameter,  and  take  iof  the  producu 

Rule 


than  the  perimeter  of  the  inner  polygoD»  but  leas  than  that  of  the 
outer,  it  nuat  conaequently  be  greater  than  6*2831768, 

but  lesi  than  6-28S1920. 
and  must  therefore  be  nearly  equal  i  their  sum,  or  6*283 18i4» 
"which  in  fact  is  true  to  the  laat  figure,  which  should  be  a  3  instead 
of  the  4. 

Hence,  the  circumference  being  6*2831854  when  the  diameter  is 
3,  it  will  be  the  half  of  that,  or  3-1415927,  when  the  diameter  is  1, 
to  which  the  ratio  in  the  rule,  viz.  1  to  3*1416  .s  very  near.  Also  th^ 
other  ratio  in  the  rule,  7  to  22  or  1  to  3}  -s  31428  &c.  is  soother  near 
approximation. 

*  It  having  been  foun^,  in  the  demonstration  of  the  fotegoing  prob* 
lem,  that  when  the  radius  of  a  circle  is  1,  the  length  of  the  whole  cir- 
cumference is  6*2831854,  which  consists  of  360  de^ees  ;  therefore  ss 
360<» :  6*2831854  :  :  1*"  :  -di745  &c.  the  length  of  the  arc  of  1  degree. 
Hence  the  decimal  -01745  multiplied  by  any  number  of  degrees,  will 
give  the  length  of  the  arc  of  those  degrees.  And  because  the  cir* 
cumferences  and  arcs  are  in  proportion  as  the  diameters,  or  as  the 
radii  of  the  circles,  therefore  as  the  radius  1  is  to  any  other  radius  r^ 
fo  is  the  length  of  the  arc  above  mentioned,  to  -01745  X  degreea  in  the 
arc  X  ^>  which  is  the  length  of  that  arc,  as  in  the  rule. 

f  The  first  rule  is  proved  in  the  Oeom.  theor.  94. 

And  the  3d  and  3d  rules  are  deduced  fi'om  the  firit  rule,  is  ^a 
fanner*— By  that  rule,  i/c  -^  4  is  the  area,  when  ^denotes  the  disme- 

tcr 
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RuLS  II.  Square  the  diameter,  aud  multiply  thai  square  b]r 
the  decimal  '7854^  for  the  area* 

RuLB  III.  Square  the  circumfereiicei  and  multiply  that 
tquare  by  the  decimal  -07953. 

Ex.  1.  To  find  the  area  of  a  circle  whose  diameter  is  lO^and 
its  circumference  3 1*41 6. 

By  Rule  1. 

31*416 
10 


By  Rule  2. 

By  Rule  3. 

•7854 

*     31-416 

10^»     100 

31-416 

4)314-16  -j.  - .  986  965 

78-54  ^^*  ^07958 


7854 


So  that  the  area  is  78-54  by  all  the  three  rules. 

Ex.  2.  To  find  the  area  of  a  circle,  whose  diameter  Is  7$ 
and  circumference  32.  Ans.  38}. 

Ex.  3.  How  many  square  yards  are  in  a  circle  whose  dia* 
meter  is  3^^  feet  ?  Ans.  1*069. 

Ex.  4  To  find  the  area  of  a  circle  whose  circumference  is 
}9  feet.  Ans.  11*4595. 

PROBLEM  X. 

To  find  the  Area  of  a  Circular  Ringf  or  qfthe  Sfiace  inclttded 
between  the  Circun\ferencea  of  two  Circiea  i  the  one  d€it$s 
contained  within  the  other. 

Take  the  difference  between  the  «reas  of  the  two  circles^ 
as  £Dund  by  the  last  problem,  for  the  area  of  the  ring. — Or, 


tert  and  t  the  circumference.  Bat,  hy  prob.  7,  e  is  as  3*1416<i/  thpre^ 
fore  the  said  area  <fc  -?-  4,  ^eofiaes  d  X  3-141&/  «i-  4  «>  •7854£ri, 
-which  i^ives  the  2d  rule.— Also,  by  the  same  pffob.  7,  c/  U  »■ «  .^ 
3141 6  ;  therefore  a|f^n  the  same  first  area  <2b  •?•  4,  hecomes  c  .ju 
3*1416  X  c  -r  ^  »  «•  "^  12  5664,  \rhich  is  »  c<  X  '07958,  by  taking 
the  reciprocal  of  12'5664»  or  changiD^f  that  divuor  into  the  multiplier 
*07958 ;  which  gives  the  3d  rule. 

Carol.    Hence,  the  areas  of  diffident  circles  are  in  proporti^  to  one 
iinother,  as  the  square   of  their  diameters,  or  as  the  squatJ^f  their 

flrcuinlerences  ;  ss  before  proved  in  the  Geooi,  theor«  ^3. 

which 
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which  is  the  same  thing,  subtract  the  square  of  the  less  &P 
meter  from  the  square  of  ihe  greater,  and  multiply  their  diflT- 
erence  by  -7854. — Or  lastly,  multiply  the  sum  of  the  dia- 
meters by  the  difference  of  the  same,  and  that  product  by 
"7654 ;  which  is  &till  the  same  thing,  because  the  product  of 
the  sum  and  difference  of  any  two  quantities,  is  equal  to  the 
difference  of  their  squares. 

Ex.  I.  The  diameters  of  two  concentric  circles  being  lO 
and  6,  required  the  area  of  the  ring  contained  between  th^r 
circumferences. 

Here  10  -f  C^   16  the  sum,  and   10  —  6=  4  the  diff. 
Therefore  -7854   X    16  X  4  =  •7«54  x  64  =  50-2656, 
the  area. 
Ex.  2.  What  is  the  area  of  the   ring,  the  diameters  of 
whose  bounding  circles  are  10  and  20  I  Ans.  335-62. 


PROBLEM  XI 
•  To  find  the  Area  of  the  Sector  of  a  Circle. 

RvLB  I.  Multiply  the  radius,  or  half  tlie  diameter,  by 
half  the  arc  of  the  sector,  for  the  area.  Or,  multiply  the 
whole  diameter  by  the  whole  arc  of  the  sector,  and  take  ^ 
of  the  product.  The  reason  of  which  is  the  same  as  for  the 
first  rule  to  problem  9,  for  the  whole  circle. 

Rule  II.  Compute  the  area  of  the  whole  circle  :  then  say, 
as  360  is  to  the  degrees  in  the  arc  of  the  sector,  so  is  the 
area  of  the  whole  circle  to  the  area  of  the  sector. 

This  is  evident,  because  the  sector  is  proportional  to  the 
length  of  the  arc,  or  to  the  degrees  contained  in  it 

Ex.  1.  To  find  the  area  of  a  circular  sector^  whose  arc 
conuins  18  degrees ;  the  diameter  being  3  feet  ? 

1.  By  the  1st  Rule. 
First,  3'U16  X  3  «  9-4248,  thctircumference. 
And  360  :  18  : :  9*4248  :  -47124,  the  length  of  the  arc" 
Then  -47124  X  3  -;-  4  =  1-41372  ^  4  =  -35343,  the  area. 

2.  By  the  2d  Rule. 
First,  -7854  X  3'  •-  7-0686,  the  area  of  the  whole  circle. 
Then,  as  360  :  18  •  ^  7*0686  :  '35343|  the  area  of  the 
sector. 

Ex.  2.- 
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£x.  3.  To  find  the  area  of  a  sector,  whose  radwia  10, 
and  arc  20.  aSs.    100. 

Ex.  3  Required  the  area  of  a  sector^^  whose  radius  ia  25, 
and  its  arc  containing  ur**  29".  Ans.  804-3986. 


PROBLEM  Xn. 
To  find  the  Area  of  a  Segment  of  a  Circle^ 

Rule  L  Find  the  area  of  the  sector  having  the  same  arc 
with  the  segment,  by  the  last  problem. 

Find  also  the  area  of  the  triangle,  formed  by  the  chord  of 
the  segment  and  the  two  radii  of  the  sector. 

Then  add  these  two  together  for  the  answer,  when  the 
segment  is  greater  than  a  semicircle  ;  or  subtract  them 
when  it  is  less  than  a  semicircle.^— -As  is  evident  by  in- 
spection. 

Ex.  1.  To  find  the  area  of  the  segment  acbda,  its  chord 
AB  being  12,  and  the  radius  ae  or  cs  10. 

First,  As  ak  :  sin.  ^d  90*'  :  :  ad  :  sin. 
36^  52  '^  s=  36-87  degrees,  the  degrees  in  the 
Z,  A  EC  or  arc  ac.  Their  double,  73-74, 
are  the  degrees  in  the  whole  arc  acb. 

Now -7854  X  400  ss  314-16,  the  area  of 

the  whole  circle. 
Therefore  360<^  :  7374 :  :  314-16  :  64'3504,  area    of  th© 
sector  AC  BE. 


Again,  V  ae« — ad*  =  y/  lOO— 36  =  y'  64  =  8  «=  de* 
.    Theref.  ad  x  de  =  6  X  8  =  48,  the  ai*ea  of  the  trun- 

gle  AEB. 

Hence  sector  acbb   —  triangle  abb  =s  16*3504,  area  of 

Seg.   ACBBA. 

Rule  II.  Divide  the  height  of  the  segment  by  the  diameter, 
and  find  the  quotient  in  the  column  of  heights  in  the  follow- 
ing tablet :  Take  out  the  corresponding  area  in  the  next 
column  on  the  right  hand  ;  and  multiply  it  by  the  square  of  the 
circle's  diameter,  for  the  area  of  the  segment*. 

7A>te. 


*  The  truth  of  this  rule  depends  on  the  principle  of  similar 
plane  figures,  which  are  to  one  another  as  the  square  of  their 
like  linear  dimeottons*    The  segments  in  the  table  are  those  of  a 

eiicle 
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Kotc.  When  the  quotient  is  not  found  exactly  in  the  table, 
proportion  may  be  made  between  the  next  leas  and  greater 
area^  in  the  same  manner  as  is  done  for  logarithmsi  or  sny 
other  table. 


i 


Table  of  the  Areas  of  Circular  Segment 9, 
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25455 
26418 
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B 
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j.4l  -30319 
(•42  -31304 
43  -32  S 
33284 
34278 


44 

45 

.  46 

I -47 

11-48  -37270 
j  49  ,'-382701 
■5ol-39270 


35274 
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Ex.  2.  Taking  the  same/example  as  before,  in  which  am 
given  the  chord  ab'  12^  and  the  radius  10,  or  diameter  20. 

And  having  fouad,  as  above,  de  =  8  ;  then  ce  —  ob 
s  CD  ==:  10  —  8  =s  2.  Hence,  by  the  rule,  cd  ^cw  ss^ 
^20  =s*l  the  tabular  height.  This  being  found  in  tke 
first  column  of  the  table,  the  corresponding  tabular  area  is 
*  -04088.  Then  -04088  X  20«  =s  -04088  X  400  =  16-353, 
the  area,  nearly  the  same  as  before. 

Ex.  5.  What  is  the  area  of  the  segmenti  whose  height  is 
18,  and  diameter  of  the  circle  50  i  Ans.  636  S7I. 

Ex.  4.  Required  the  area  of  the  segment  whose  chord  Is 
16,  the  diameter  being  20 1  *     Ana.  44  725 


circle  whose  diameter  it  Ij    and  the   first  column  contains  the 

corresponding  heights    or  versed  sines  divided  by  the  diameter. 

Thus  then,  the  area  of  the  similar  segment,  taken  from  the  uoje* 

and  multiplied  h^  the  squarcof  the  diameter,  gives  the  a?ea  <>*"** 

secnnent  to  this  diameter. 
**  PROBLEM 
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PROBLEM  Xin. 

To  measure  long  Irregular  Figures. 

Ta«  or  measnrc  the  breadth  at  both  ends,  and  at  sc*- 
yeral  j>Iaccs  at  equal  distances.  Then  add  toj^ether  all  these 
intermediHte  breadths  and  half  the  two  extremes^  whith 
sum  multiply  by  the  length,  and  divide  by  the  number  of 
puns  for  the  area*. 

Mate  If  the  perpendiculars  or  breadths  be  not  at  equal 
«&stanceb,  compute  all  the  pans  separately,  a.s  sd  many  tra» 
pezoids,  and  add  them  all  together  for  tbe  whole  area 

Or  else,  add" all  the  perpendicular  breadths  together,  and 
dlWde  their  sum  by  the  number  of  them  for* the  mean  breadth, 
to  multiply  by  the  kngth  ;  which  wUI  give  the  whole  area, 
not  feir  from  the  truth. 

Ex.  I.  The  breadths  of  an  irregular  figure,  at  five  equi- 
distant places,  being  8  2,  r-4,  9-2,  10  3,  86  ;  and  the  whole 
length  o9  ;  required  the  area  I 

8    2  35.3    gym^ 

8-6  39 


12)  16  8  sum  of  the  extremes. 


>•• 


8  4  mean  of  the  esUemes. 
7-4 
92 
10  2 

35  2  sum* 


4)  1 373  8 


343  3  the  ^ea* 


Ex, 


yyn 


A   E    a    I 


C 
B 


e  This  rule  is  made  out  as  follows  : 
^— 'Let  A  BCD  be  the  irregular  piece  j 
havintr  the  several  breadths  AD.XF.GH« 
IK-  BC,  at  the  equal  distnnces  ae,  eg> 
Gi   IB     Le  the  several  breadths  in  or- 
d-.r  be  denoted  by  the  correspondinj^  let- 
ters a,  6,  c,  d^  Ct  and  the  whole  length 
AB  by  / ;  then  compute  the  areas  of  the  parts  into  tr!iich  the  figure  \$ 
divided  by  the  perpendiculars,  as  so  many  trapezoids,  by  prob.  3,  and 
SidfX  them  aU  together.    Thub,  tlie  sum  of  the  parts  is 
a  +  b  b  4.  c  c-t-rf  </  +  e 

X  Azir X  EG  + X  Ci  +  — 

3                         2                         2  2 

a  -f  *                     b  +  c                 'c+  d  rf  +c 

: X\l+  Xji  +  - X   \l  + 

2  2  2  2 


X  IB 


xii 


r*i  +*+•+</+ je)Xi/ =  («+*+  c  +  iOi' 


Vol.  I. 


which 
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» 

Ex.  3.  The  leo^h  of  an  irre^lar  fif!:ure  bein^  84;  and  the 
breadlhft  at  six  equidisunt  placet  i7*4|  30*6»  U'2,  16*5,  30-1, 
2>-4 ;  what  is  the  area  ?  Ans.  1550*64.  | 

PROBLEM  XIV. 

To  find  the  Area  <fan  EUUu  or  Oval. 

MuLTiPLT  the  longest  diameter^  or  axis,  by  the  shofteat; 
then  multipiy  the  product  by  the  decimal  -7854.  for  ihe 
area.  As  appears  from  cor.  3,  theor.  3,  of  the  Eli'ipse,  ia 
the  Conic  Secuons. 

£x.  1.  R^quirid  the  area  of  an  ellipse  whose  two  axes 
^e  70  and  50  Ans.  3748  9. 

Ex.  3.  To  find  the  area  of  the  oval  whose  two  axes  are 
34  and  IS.    .  Ans.  339.3931.  1 

FROBLBM  XV.    * 

» 

To  find  the  Area  t^any  BUifitic  Segment. 

• 

Yimr}  the  area  "^i  a  corresponding  circular  segments  htriog 
the  same  height  and  the  same  vertical  axis  or  diameter.  Then 
say,  as  the  said  vertical  asfa  is  to  the  other  axis,  parallel  to 
the  segment's  base,  ao  tt  the  area  of  the  circular  segment 
before,  found,  to  the  area  of  the  elliptic  segment  sought. 
This  rule  also  comes  from  cor.  3,  theor.  3  of  the  Ellipse. 

Otherwise  thus.  Divide  the  height  of  the  segment  by  the 
vertical  axis  of  the  ellipse  ;  and  find,  in  the  table  of  circular 
segments  to  prob.  13,  the  circular  segment  having  the  abore 
quotient  for  its  versed  sine :  then  multiply  all  together,  this 
segment  and  the  two  axes  of  the  ellipse,  for  the  area. 

Ex.  1.  To  find  the  area  of  the  elliptic  segment^  whose 
jKight  is  20|  the  vertical  axis  being  70,  and  the  parallel 
axis  50. 


\vhi9h  18  the  whole  area#  agreeing  with  the  rule  :  m  being  the  arith- 
mdtical  mean  between  the  extremes,  or  half  the  sum  of  them  both, 
and  4  the  number  of  the  part3i>  And  Uie  saae  for  any  other  number 
of  parts  whatever. 

Here 
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Here  SO  ^  70  gives  *28^  the  quotient  or  versed  sine ;  te 
which  in  the  t«hle  answers  the  seg.  -18518 

then  70 


12*96360 
50 


648*13000  the  area. 

Ex.  3  Required  the  area  of  an  elliptic  segment,  cut  off 
fiirallel  to  the  shorter  KMt  the  height  being  lo,  and  the 
two  axes  35  and  35.  Ans.  163  03. 

fix.  3.  To  find  the  area  of  the  elliptic  segment,  cui  off 
parallel  to  the  longer  axis ;  the  height  bemg  5,  and  the  axes 
35  and  35.  Ans.  97-8425. 

PROBLEM  XVI. 
Tojind  the  Area  qfa  Parabola^  or  it9  Segment, 

Multiply  the  base  by  the  perpendicular  height;  then 
take  two-thirds  of  the  product  for  the  area.  As  is  proved 
in  theorem  17  of  the  Pand)ola,  in  the  Conic  Sections. 

Ex.  1 .  To  find  the  area  of  a  parabola ;  the  heigit  being  3| 
and  the  base  13. 

Here  3  X  13  «»  94-    Then  |  of  34  =  16^  is  the  area. 

Ex  3.  Required  the  area  of  the  parabola^  whose  height 
18  10,  and  its  base  16.  Ans.  106|. 


MENSURATION  OF  SOLIDS. 

BY  the  Mensuration  of  Solids  are  determined  the  spaces 
included  by  contiguous  surfaces ;  and  the  sum  of  the  measures 
of  these  including  surfaces,  is  the  whole  surface  or  superficies 
of  the  body. 

The  measure  of  a  solid,  is  called  its  solidity,  capacity,  or 
content*  > 

Solids  are  measured  by  cubes,  whose  sides  are  inches,  or 
feet,  or  yardi,  8ec. '  And  hence  the  solidity  of  a  body  is  said 
to  be  so  many  cubic  inches,  feet,  yards,  &c.  as  will  fill  its 
capacity  or  space^  or  another  of  an  equal  magnitude. 

,  The 
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Ab/f.  For  a  cube,  take  the  cube  of  its  side  by  multiplying 
atibk  twice  by  itself;  and  for  a  parallelopipedon,  multiply  ihe- 
]ength>  breadtii  and  depth  aIIlogcther>  for  the  conteut. 

Esc.  1.  To  find  the  solid  content  of  a  cube,  whose  side  is 
5i4  inches.  Ans.  lo8^4. 

Ex.  3.  How  many  cubic  feet  are  in  a  block  of  marble,  hi 
lenj^th  being  3  feet  2  inches,  breadth  2  feet  8  inches,  and 
thickness  2  feet  6  Inches  I  Ans.  3i-J. 

Ex.  3.  How  many  gallons  of  water  will  the  cistern  con- 
tain, whose  dimensions  are  the  eame  as  in  the  last  example, 
Vhen  282  cubic  inches  are  contained  in  one  gallon  ? 

Ans.  129^. 

Ex.  4.  Required  the  solidity  of  a  triangular  prism,  whose 
length  is  10  teet»  and  the  three  sides  of  its  triangular  enA  or 
base  are  S.  4.  5  feet.  Ans.  60. 

Ex.  5.  Required  the  content  of  a  round  pillar,  or  cylinder, 
Vhose  length  is  20  feet}  and  circumference  5  feet  6  tnches. 

Ans.  48*1459  feet. 


parallelopipedon  be  the  solid  to'  be  mea- 
sured, and  the  cube  p  the  solid  mea&u- 
ying  unit,  its  side  being  1  ineh»  or  I  foot, 
lie  ^  also,  let  the  leng^  and  breadth  of 
the  base  ABCD»  and  also  the  height  ah» 
ha  eaeh  divided  into  spaces  eqiua  to  the 
leneth  of  th^  hase  of  the  cube  p,  name 
ly,  here  3  in  the  length  and  2  in  the 
breadth,  making  3  times  3  oc  6  squares 
in  the  base  AC,  each  equal  to  the  hase  of 

the  cube  p.     Hence  it  is   mamfast  that     .    ^ ^ 

the    parallelopipedon    will    contain    the         -A*  15       * 

cube  p,  as  many  times  as  the  base  AC  contains  the  base  of  the  cube, 
repeated  as  often  as  the  height  A  u  contiuns  the  height  of  the  cube. 
That  is,  the  content  of  any  parallelopipedon  is  found,  by  multiplyiog 
the  area  of  the  base  by  the  altitude  of  that  solid. 

And,  because  all  prisms  and  cylinders  are  equal  to  parallelopipe- 
dons  of  equal  bases  and  altitudes,  by  Geom.  theor.  108>  it  follows 
that  the  rule  is.  general  for  all  such  soUdj^i  whatever  the  figure  of  the 
base  may  be.  * 


PBOBLBM 
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PUOBLEMn; 

ft 

To  find  the  Surface  of  a  reguUir*Pyramii  or  Cone. 

Multiply  the  perimeter  of  the  base  by  the  slant  height 
or  perpendicular  from   the  vertex  on  a  side  qf  the  base,  and 
half  the  product  wiii  evidently  be  the  surface  of  the  sides,  or 
the  sum  of  the  areas  of  all  the  triangles  whicii  form  it.     To 
Tirhich  add  the  area  of  the  end  or  base,  if  requisite. 

Ex.  1.  What  is  the  inclined  suifuce  of «  triangular  pyra- 
mid, the  sl^t  height  being  20  feet,  and  each  Mc  of  the  base 
3  feet?  Ans.90feet. 

Ex.  a.  Required  the  convex  surface  of  a  cone,  or  circular 
pyramid,  the  slant  height  being  50  feet,  and  the  diameter  of 
its  base  6^  feet.  Ana.  667-59. 

PROBLEM  Iir. 

T&find  the  Surfuee  of  the  Frustum  of  a  regular  Pyramid  or 
Com  ;  being  the  tower  /tart  when  the  tofi*  ia  cut  off  by  a 
iUane  Jiarallel  to  the  ba9e, 

Adi»  Uigfether  the  perimeters  of  the  two  ends,  and  multi- 
ply their  sum  by  the  slatit  height,  taking  half  the  product  for 
the  answer.-^As  is  evident,  because  the  sides  of  the  solid  are 
trapezoids,  having  the  opposite  sides  parallel. 

Ex.  1.    How  many  square  feet  are  in  the  surface  of  the 

.frustum  of  a  square   pyramid,  whos^'Biant  height  is  10  feet  ; 

also,  each  side  of  the  base  or  greater  end  being  S  feet  4- inches, 

and  each  side  of  the  less  end  2  feet  2  inclies  ?     Ans.  1 10  feet; 

Ex.  2.  To  find  the  convex  surface  of  the  frustum  of  a  conej 
the  slant  height  of  the  frustum  being  124  feet,  and  the  cir- 
cumferences of  the  two  ends  6  and  8-4  feet.  Ans.  90  feet. 

PROBLEM  IV. 

To  find  the  Soiid  Content  of  any  PrUm  or  Cylinder. 

Find  the  area  of  the  base,  or  end,  whatever  the  figure 
of  it  may  be ;  and  multiply  it  by  the  length  of  the  prism  or 
cylinder,  for  tfte  solid  content*.  jVb/r. 


^v 


■\ 


•  This  rule  appears  from  the  Gcom.  theor.  110,  cor.  2.    The  same 

IS  more  parucularly  shown  as  follows  •  Let  the  annexed  rcctanKnilar 

L  parallelopjpedon 
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J^ote.  This  general  nilc  may  be  otherwise  expressed,  as 
follows,  when  the  end*  ot  the  frustum  are  circles  or  rejK;iilar 
polygons.  In  this  latter  case,  square  one  side  ot*  each  poly- 
gon, and  also  multiply  the  one  side  by  the  other  ;  add  all 
these  three  products  together;  then  multiply  their  sum  by 
the  tabular  area  proper  to  the  polygon,  and  take  onc-ihird  of 
the  product  E>r  the  mean  area,  to  bb  multiplied  by  the  length, 
to  f^hre  the  solid  content.  And  in  the  ( ase  of  the  frustum 
of  4  cone,  the  ends  beiitg  circles^  square  the  dtameter  or  the 
circuiTkicrcme  of  each  end,  and  also  nnuitiply  the  same  twa 
d'n)e»ibions  toj^eiher  ;  then  take  the  sum  of  the  three  pro- 
d>i'*suBd  multiply  it  by  the  proper  tabular  number»  viz  by 
*7854  wtien  the  diameters  are  used,  or  by  -07958  iii  using 
the  circuiuierences  ;  then  taking  one*third  of  the  product 
to  muUiply  by  the  lengthy  for  the  content. 

Ex  1.  To  find  the  number  of  solid  feet  in  a  piece  of 
timber,  whose  babcs  are  s»quares,  each  side  of  the  greater  end 
being  15  inches*  and  each  side  of  the  less  end  6  inches  ;  afso, 
the  iength  or  perpendicular  altitude  24  fee(.  .  Ans.  19j[. 

Ex.  2.  Required  the  content  of  a  pentagonal  frustunir 
whoije  height  is  5  feet,  each  side  of  the  base  i8  inches^  and 
each  side  of  th^op  or  leas  end  6  inches.     Ans.  9*31935  ftet 

i 

EFC,  h  the  hvij^ht  iH  of  the  frostum*  and  c  the 
height  AV  of  the  lop  part  above  it  Then 
c  -f-  A  c=s  AU  iii  the  height  of  the  whole  pyra* 
mid. 

Uence,  by  the  last  prob.  i  a*  \c  +  h)  js  the 
oeiitent  of  the  whole  pyramid  abco>  and  ^*c 
the  content  of  the  top  part  aefg  ;  therefore 
the  diflerence  4a*  (c-f  A)— ^t/^  c  is  the  content 
of  the  frustum  bcdgfk*  But  the  quantity  c 
being  no  dimension  of  tnt  frustum.it  must  be  ex- 
pelled from  this  formula,  by  substituting  its  value,  found  in  the 
foilovrtng  manner.  By  Geom.  theor,  lia,  a*  :  &*:  :  (c  +  i)«  :  c*.  or 
a :  ^  : :  c  -f    hi  €t  hence  (Geom.  th.  69)  a  —  6  :  ^ : :  i  :  f» and 

M  ah 

<i— A :  a : :  A :  c+A  j  hence  therefore  c=  and  c  +  A  =r  ——J 

a  — A  .tf  •— ^ 

then  these    values  of  c  and  c  4.  A  being    substituted  for    them 
in  the  expression  for  the  content  of  the  frustum,  ^ives  that  con« 

ah  bh  a^*-^  b 

tent^^ai  x §*«  X «  \hx *=|AX  («* 

a  —  A  a —  b  fl—  5 

+  oA  +  A  « ) ;  which  is  the  rule  above  givea  ;  ab  being  the  mean  be- 
twccna*  and^$. 

Ex.3. 


SOUDS. 
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By*  3.  To  find  the  content  of  a  conic  frustum,  the  alti- 
tude bebg  18,  the  greatest  diameter  8,  and  the  least  dia- 
meter 4*  Ans.  527*7888» 

Ex.  4.  What  Is  the  solidity  of  the  frustum  of  a  cone,  the 
altitude  being  25,  also  the  circumference  at  the  greater  end. 
being  20,  and  ai  the  less  end  10  ?  Ana.  464*2 16. 

Ex.  5.     If  a  cask)  which  is  two  equal  conic  frustums  joined 

.  together  at  the  bases,  have  its  bung  diameter  28  inches,  the 

.  head  diameter  30  incfhes,  and  length  40  inches ;  how  nuny 

gailons  of  wine  will  it  hold.  Ans.  79*06 1 3» 


PROBLEM  Vn. 

Tojind  the  Surface  of  a  Sphere^  or  any  Segment, 

Rule  1.  Multiply  the  circumference  of  the  sphere 
by  its  diameter,  and  the  product  will  be  the  whole  surface 
of  it*. 

RuLis  n. 


1    ^^  . 

*  These  rules  come  from  the  following  theorems  for  the  sur- 
face of  a  sphere,  viz.  That' the  said  surface  is  eqtial  to  the  curve 
surface^  of  its  circuihscribin§p  cylinder  ;  or  \h%X  it  is  equal  to  4 
great  circles  of  the  same  sphere,  or  of  ike  same  diameter :  which 
are  thus  proved.  ^ 

Let  AS  CD  be  a  cylinder,  circamscrtbing-' 
the  sphere  epgu  ;  tlie  former  generateil 
by  the  rotation  of  the  rectangle  fbch 
about  the  axis  or  diameter  pa  ^  and  the 
lattc  by  the  rotation  of  the  semicircle 
rCH  about  the  same  diameter  fh.  Draw 
two  lines  ki<,  his\  perpendicular  to  the 
axis  intercepting  the  parts  lk,  op,  of  the 
cylinder  and  sphere  i  then  will  the  ring 
or  cyUndrtc  surface  generated  by  the  ro- 
tation of  ln,  be  eqi'.ai  to  the  ring  or  spherical  surface  generated 
by  the  arc  op.  For  fipst,  suppose  the  parallels  kl  and  mn  to 
be  indefinitely  near  together  ;  drawing  xo,  and  also  oq.  parallel 
to  LN.  Then,  the  two  triangles  iko,  oqjp,  being  equiangular,  it 
is,  as  OP  I  oq.  or  i»n  :  :  lo  or  kl  :  ko  :  :  circum^rence  df^scribed 
b^  Kx.  :  oircumf.  described  by  ko  ;  therefore  the  recUngle  op  X 
circumf.  of  Ko  is  eqnal  to  the  rectangle  lw  X  circumr.  of  ki.  ; 
that  IS,  the  ring  described  by  op  on  the  sphere^  is  equal  to  tlie  ring 
described  by  ln  on  the  cylinder. 

Vol.  I.  I  i  i  And 
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Rule  II.  Square  the  diameter  and  inultiplj  that  aqifv^ 
by  3  k416,  for  the  surface, 

BuLE  III  Square  the  circumference  ;  then  either  multi- 
ply that  square  by  the  decimal  •SiaS,  or  divide  it  by  3*1416, 
for  the  surface. 

Mite  For*  the  surface  of  a  segmeut  or  frustunii  multiply 
the  whole  circumference  of  the  sphere  by  the  heij^ht  of  the 
part  required. 

Ex.  1.  Required  the  conrex  superficies  of  a  sphere,  whose 
diameter  is  7,  and  circumference  22.  Ans.  154. 

Ex.  3.  Required  the  superficies  of  a  globe,  whose  diameter 
is  34  inches.  Ans.  iao9*561& 

Ex.  3.  Required  the  area  of  the  whole  surface  of  the 
earth,  its  diameter  being  7967|  miles,  and  its  circumference 
•25600  miles.  Aus.  198943750  sq.  miles. 

Ex.  4.  The  axia  of  a  sphere  being  43  inches,  what  is  the 

convex  superficies  of  the  segment  whose  height  is  9  inches  I 

,       -  Ans.   1 1 87  5348  inches. 

Ex.  5.  Required  the  convex  surface  of  a  spherical  zunct 
whose  brelidth  or  height  is  3  feet,  aad  cut  from  a  sphere  of 
131  feet  diameter.  Ans.  78-54  feet.. 


And  as  this  is  every  where  the  case,  therefore  tlies ems  of  any 
corresponding  number  of  Uiese  are  also  eqnal ;  that  ist  the  whole 
surfiu:e  of  the  sphere,  described  by  ihe  whole  semicircle  tgu,  is 
equal  to  the  whole  curve  surface  of  the  cylinder,  described  by 
the  height  Be  ;  as  well  as  the  surface  of  any  segment  described 
by  TO,  equal  to  the  surface  i>f  the  corresponding  segment  descri- 
bed by  BL. 

Corol.  1  Hence  the  surface  of  the  sphere  Is  equal  to  4  of  its  great 
circles,  or  equal  to  the  circumference  Broa,  or  of  dc,  multiplied  by 
the  height  bc,  or  by  the  diameter  ra. 

CoroL  3.  Hence  also,  the  surface  of  any  such  part  as  a  segment 
or  frustum,  or  zone,  is  equal  to  the  same  circumference  of  the  sphere, 
multiplied  by  the  height  of  the  said  part  And  consequently  such 
spherical  curve  surfaces  are  to  one  another  in  the  same  proportion  as 
their  altitudes. 


OF  SOLIDS. 


9t 


PROBLEM  Vin. 

Tojind  the  Solidity  of  a  Sfihere  or  Globe. 

ItuLE  I.  Multiply  the  surface  by  the  diameter,  and 
t^kc  ^  of  the  product  for  the  content*^  Or,  which  is  the 
saipe  ihinfj,  muHiply  the  square  of  the  diameter,  by  the  cir- 
cumference, and  take  |  of  the  porduct. 

Rule  H.  Take  the  cubfe  of  the  diameter,  and  multiply  it 
by  the  decimal '5236,  for  the  content. 

RuLR  III.  Cube  the  circumference,  and  multiply  by 
•01 1588. 

Ex.  i.  To  fipd  the  content  of  a  sphere  whose  axis  Is  12. 

Ans.  9047808. 

Ex.  3.    To  find  the  solid  content  of  the  globe  of  the  earth 

supposing  its  circumference  to  be  35000  miles. 

*  A^s.  263858149120  miles. 

PROBLEM  K. 

So  find  the  SoHd  Content  qf  a  S/iherieal  Segment. 

9 

t  Rule  I.  ttom  3    times  the    diameter  of ^ the  sphere 

take 


•  Fop» put  d  =a  the  diameter,  c  =  the  circumfepeiicc,  &sd  »  «=  th© 
surface  ot  the  spiiere,  or  of  its  circumscribing  cylinder  :  also,  a  s=i 
the  number  3*1416.' 

Then.  (  f  is  m  the  base  of  the  cylinder,  or  one  great  circle  of  the 
sphere  ;  and  4  is  the  height  of  the  cylinder  ;  therefore  ^  is  the 
content  of  the  cytinder.  But  ».  «»f  the  cylinder  is  the  sphere,  by  th- 1^, 
G^om.  that  is,  |  of  \iUf  or  ^di  is  the  sphere  ;  which  is  the  first  rule. 

Ag4n,  because  the  surface  f  is  =^  ad^ }  therefore  ^  ^ad^  «s 
.*52j6i3,  ig  the  content,  as  in  the  3d  rule.  Also  J  being  si  c  ^  a  tbei««' 
fore  \iid\  &^i  ju  at  ^  -01688.  the  3d  rule  for  the  content 

t  By  cor'. I.  3,  of  theor.  IIT",  Geom.  it 
appears  that  the  spheric  segment  pfn,  is 
equal  to  the  difierence  between  the  cylinder 
ABLO.  ahd  the  conic  frustum  ABMq. 

But>  putting  </  s  AB  or  TH  the  diameter 
of  the  sphere  or  cylinder,  A  s  fk  the  heigtut 
of  the  segment,  r  :»  pk  the  radius  of  its 
base,  and  a  »  3*1416  ;  then  the  content  of 

the  cone  a^i  is  =  \ad^  x  |  ^^  ~  tV^^.» 
and  by  the  sinular  cones  abz>  <U4i>  as 

FI, 
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take  double  the  height  of  ihe  segment :  then  tnultiplf  the 
reroatndtr  by  i he  square  of  the  height,  and  the  product  by 
the  decimal  -5*236,  for  the  content. 

Rule. II.  To  3  timea  the  square  of  the  radius  of  the 
Ijcgmcnt's  base,  add  the  square  ol  its  height;  then  multiply 
the  sum  by  the  height,  and  the  product  by  -5236,  for  the 
content. 

Ex.  I.  To  find  the  content  of  a  spherical  segment,  of  2 
feet  in  height,  cut  from  a  sphere  of  8  feet  diameter. 

Ans.  41 '888. 

Ex.  2.  What  is  the  solidity  of  the  segment  of  a  sphere, 
its  height  heiug  9,  and  the  diameter  of  its  base  20  ? 

Ans.  1795-4244. 


Kote.  The  general  rules  for  measuring  all  sorts  of  iigares 
having  been  now  delivered,  we  may  next  proceed  to  apply 
them  to  the  several  practical  uses  in  life /as  follows. 


f  I*  :  Kx*  : :  Jjorf'  :  ^arf»  X  0^ — ?)«« the  cone  ^^mi-,  Uiefefere 

a* 
the  cone  abi  — the  cone  <tMi  =  ^.^ad*  ^-^  ^^ad^  X  (     IJ")'"* 

lad^  A— idd'^s  +  ^ah^  is  ss  the  conic  frustum  abh<^. 

And  iad^h  is  ■»  the  cvUnder  ablo. 

Then  the  difference  of  these  two  is  ia/A«  —^ah^  =»  {«*'  X 
(3i/~2A),  for  the  spheric  segment  pfk  ;  which  is  the  first  rule. 

Agtin,  because  pk»  «»  fk  X   «tH  {coiv  to  theor.  87,  Geom.)  or  r* 

fa  3r« 

■■  A  ((/  -  A),  therefore  rf«=  — .  +  A,  and  3d  -  2A  « h   A  = 

A  » 

3r»  +  A« 
.  -y  which  being  substituted  in  the  former  rule,  it  becomes 

A 

3r*  +  A* 
i^As  X        .  B  \ah*  X  (3rs  -f.  AS),  ^^ich  is  the  2d  rale. 

h 

J^^ofe.  By  subtracting  a  segment  fit>m  a  half  sphere,  or  from  another 
segment,  the  contest  of  any  firustum  or  zone  may  be  found. 
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SECTION  I. 

« 

DESCBlPnON  AKD  USB  OF  THE  INSTBUMENTS, 

1.  OF  THB  CHAIN. 

LAND  18  measured  with  a  chain,  called  Gunter's  Cbsdn, 
from  its  inventor,  the  length  of  which  is  4  poles,  or  23  yards, 
or  66  feet.  •  It  consisu  of  100  equal  links ;  and  the  length 
of  each  link  is  therefore  -^  of  a  yard,  or  ^^  of  a  foot,  or 
7*92  inches. 

Land  is  estimated  in  acres,  roods,  and  perches.  An  acre 
is  equal  to  10  square  chains,  or  as  much  as  10  chains  in  length 
and  I  chain  in  breadth.  Or,  in  yards,  it  is  230  x  22  =  4840 
square  yards.  Or,  in  poles,  it  is  40  x  4  s  1 60  square  poles. 
Or,  in  links,  it  is  IQOO  X*  100  =  100000  square  links  :  these 
being  all  the  same  quantity. 

Also,  an  acre  is  divided  into  4  parts  called  roods,  and  a 
rood  into  40  parts  called  perches,  which  are  square  poles,  or 
the  square  of  a  pole  of  5-^  yards  long,  or  the  square  of  ^  of  a 
chain,  or  of  25  links,  which  is  625  square  links.  So  that  the 
divisions  of  land  measure,  will  be  thus  :* 

625  sq.  links  =  1  pole  or  perch 
40  perches  es.l  rood 
4  roods      s  I  acre. 

The  length  of  lines,  measured  with  a  chain,  are  best  set 
down  in  links  as  integers,  every  chain  in  length  being  100 
links  y  and  not  in  ch^ns  and  decimals.  Therefore,  after  the 
content  is  found,  it  will  be  in  square  Ibks ;  then  cut  off  iivo 
of  the  figures  on  the  right-hand  for  decimals,  and  thereat 
will  be  acres.  These  decimals  are  then  multiplied  by  4  for 
roods,  and  the  decimals  of  the^A  again  by  40  for  perches. 

Exam.  Suppose  the  length  of  a  rectangular  piece  of  ground 
be  792  links,  and  its  breadth  385 ;  to  find  the  .area,  in  acres, 
roods,  and  perches* 

792  304920 

385  4 


3*04920 


•19680 
40 

*■■        ■■ 

787200 


Ans.  3  acres,  0  roods^  7  perches.  s-  of 
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1  OF  THE  PLAIN  TABLE. 

This  insirument  consists  of  a  plain  rectang;u1ar  board,  of 
any  conTcnient  size  :  the  cenireof  wtuch,  wheu  used,  k  fix^d 
by  means  of  screws  to  a  threc-legtfred  btand,  having  a  ball 
and  socket,  or  othar  joint}  at  the  top,  by  means  of  which, 
when  the  legs  are  fixed  on  the  ground,  the  table  is  inclined 
in  any  direction. 

To  the  table  belong  various  partly  as  follow. 

i.  A  frame  of  wood,  nmde  to  fit  ruuiid  its  edges*  and  to 
be  taken  offy  for  the  conveniepce  of  puiting  a  sheet  of  p^per 
OB  the  table.  One  side  of  this  frdmc  is  usually  divided  into 
equal  parts,  for  drawing  lines  across  the  t.ible,  piirallel  or 
peqiendicular  to  the  sides  ;  and  the  other  side  of  the  frame 
la  divided  into  360  degrees,  to  a  centre  in  ihe  middle  of  the 
table ;  by  meaos  of  which  the  table  niay  be  used  as  a  theo- 
dolite, &c. 

3.  A  magnetic  needle  and  compass,  enher  screwed  into 
the  side  of  the  table,  or  fixed  beneath  its  centre,  to  poiiit  out 
the  directions*  and  to  be  a  check  oo  the  sights. 

S.  An  index,  which  Is  a  brass  two-foot  scale,  with  either  a 
amall  telescope,  or  open  sights  set  perpendlcuUrly  on  the 
ends.  These  sights  and  one  edge  of  the  index  are  in  the  same 
pKtne,  and  that  ia  calK-d  the  fiducial  edge  of  the  index. 

To  use  this  instrument,  uke  a  sheet  of  papier  which  will 
cover  ity  and  wet  it  to  make  it  expand ;  then  spread  it  flat  on 
the  table,  pressing  down  the  frame  on  the  edges,  to  stretch 
it  and  keep  it  fixed  there ;  and  when  the  paper  is  become 
dry,  it  wiil>  by  coptracting  again,  stretch  itself  smooth  and 
flat  from  any  cramps  and  unevenness.  On  this  paper  is  to 
be  drawn  the  plan  or  ibnn  of  the  thing  measured. 

Thus,  begin  at  any  proper  part  of  the  ground,  and  make  a 
point  on  a  conreaient  part  of  the  paper  or  table,  to  repre- 
sent that  place  on  the  ground ;  then  fix  in  that  point  one 
leg  of  the  compasses,  or  a  fine  steel  pin,  and  apply  to  it 
the  fiducial  edge  of  the  index,  moving  it  round  till  through 
the  sights  you  perceive  some  remarkable  object,  as  the  comer 
of  a  field,  &c  ;  and  from  the  station-point  draw  a  line  with 
the  point  of  the  compasses  along  the  fiducial  edge  of  the  in- 
dex, wbkh  is  called  setting  or  taking  the  object :  then  set 
another  object  or  comer,  and  draw  its  line  ;  do  the  same  by 
another ;  and  so  on^  till  as  many  objects  are  taken  as  may  be 
thought  fit.  Then  measure  from  the  station  towards  as  many 
of  the  objects  as  may  be  necessary,  but  not  more,  taking  the 
requisite  offsets  to  corners  or  crooks  in  the  hedges,  laying 
the  measures  down  on  their  rcspccti?e  Unes  on  the  table. 
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Then  at  any  coayenient  place  measured  to,  fix  the  table  in 
the  same  positioOi  and  set  the  objects  wiiich  appear  from  that 
place ;  «nd  so  OD,  as  before.  And  thus  continue  till  the 
work  is  fiftishedi  measuring  such  lines  only  as  are  necessary, 
and  determining  as  many  as  may  be  by  intersecting  lines  of 
direction  drawn  from  different  stations. 

Of  Mfiing  the  Pafier  on  the  Plain  Table. 

When  one  paper  is  full,  and  there  is  occasion  for  mora  ; 
draw  a  line  in  any  manner  through  the  farthest  point  of  the 
last  station  Itiie,  to  which  the  work  can  be  conveniently  laid 
down ;  then  take  the  sheet  off  the  table,  and  fix  another  on, 
drawing  a' line  over  it,  in  a  part  the  most  convenient  for  tho 
rest  of  the  work  i  th^n  fold  or  cut  the  old  sheet  by  the  lino 
drawn  oa  it,  applying  the  edge  to  the  line  on  the  new  sheet, 
and,  as  they  lie  in  that  position,  continue  the  last  station  lino 
on  the  new  paper,  placing  on  it  the  rest  of  the  measure,  be- 
ginning at  where  the  old  sheet  left  offl  And  so  on  from 
sheet  to  sheet. 

When  the  work  is  done,  and  you  would  fasten  all  the 
sheets  together  into  one  piece,  or  rough  plan,  the  aforesaid 
lines  are  to  be  accurately  joined  together,  in  the  same  man* 
ner  as  when  the  lines  were  transferred  from  the  old  sheets  to 
the  new  ones.  But  it  is  to  be  noted,  that  if  the  said  joining 
lines,  on  the  old  and  new  sheets,  have  not  the  same  incli- 
nation to  the  side  of  the  table,  the  needle  will  not  point  to 
the  original  degree  when  the  t^|ble  is  rectified ;  and  if  the 
needle  be  r^iuired  to  respect^still  the  same  degree  of  the 
compass,  the  easiest  way  of  drawing  the  lines  in  the  same  pe« 
aition,  is  to  draw  them  both  parallel  to  the  same  sides  of  the 
table,  by  means  of  the  equal  divisions  marked  on  the  other 
two  aides. 

a  OF  THB  THBODOLnU 

The  theodolite  is  a  brazen  circular  ring,  divided  into  360 
degrees,  be  and  having  an  index  with  sightS;  or  a  telescope, 
placed  on  the  centre,  about  which  the  index  is  moveable  ; 
also  a  compass  fixed  to  the  centre,  to  point  out  courses  and 
check  the  sights ;  the  whole  being  fixed  by  the  centre  on  a 
stand  of  a  convenient  height  for  use. 

In  using  this  instrument,  an  exact  account,  or  field-book, 
of  all  measures  and  things  necessary  to  be  remarked  in  the 
plan,  must  be  kept,  from  which  to  make  out  the  plan  on  re- 
turning home  from  the  ground. 

Begin  at  such  part  of  the  ground,  and  measure  in  such 
directions  as  are  judged  moat  convenient ;  taking  angles  or 
directions  to  objects^  and  measuring  such  distances  aa  appear 

necessary, 
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necessary,  under  the  same  restrictions  as  in  the  use  of  ibk 
plain  table.  And  it  is  safest  td  fix  the  theodolite  in  the  ori- 
ginal  position  at  every  station,  by  means  of  fore  and  back 
objects,  and  the  compass,  exactly  as  in  using  the  pfain  table  ; 
registering  the  number  of  degrees  cut  off  by  the  index  wfaca 
directed  to  each  object ;  and,  at  any  station,  placing*  the 
index  at  the  same  degree  as  when  the  direction  towards  that 
station  was  taken  from  the  last  preceding  one,  to  fix  the 
theodolite  there  in  the  original  position. 

The  best  method  of  laying  down  the  aforesaid  lines,  of 
direction*  is  to  describe  a  pretty  large  circle  ;  then  quarter 
it,  and  lay  on  it  the  several  numbers  of  degrees  cut  off  by 
the  index  in  each  direcuon,  and  drawing  lines  from  the 
centre  to  all  these  marked  points  in  the  circle.  Then,  by 
means  of  a  parallel  ruler,  draw  from  station  to  station,  lines 
parallel  to  the  aforesaid  lines  drawn  from  the  centre  to  the 
respective  points  in  the  cicumference. 

4  OF  THE  CROSS. 

The  cross  consits  of  two  pair  of  rights  set  at  right  angles 
to  each  other,  on  a  staff  having  a  sharp  point  at  the  bottom, 
to  fix  in  the  ground. 

The  cross  is  very  useful  to  measure  small  and  crooked  pieces 
o^  ground.  The  method  is,  to  measure  a  base  or  chief  line, 
usually  in  the  longest  direction  of  the  piece,  from  comer  ta 
comer ;  and  while  measur^pg  it,  finding  the  places  where 
perpendiculars  would  fall  ov^is  line,  from  th#  several  cor- 
ners and  bends  in  the  boundary  of  the  piece,  with  the.cross, 
by  fixing  it,  by  trials,  on  such  parts  of  the  line,  as  that 
through  one  pair  of  the  sights  both  ends  of  the  line  may 
appear,  and  through  the  other  pair  the  corresponding  bends 
or  comers ;  and  then  measuring  the  lengths  of  the  said  per- 
pendiculars. 

REMARKS. 

Besides  the  fore-mentioned  instruments,  which  are  most 
commonly  used,  there  are  some  others ;  as. 

The  perambulator,  used  for  measuring  roads,  and  other 
great  distances,  level  ground,  and  by  the  sides  of  rivers. 
It  has  a  wheel  of  8|  feet,  or  half  a  pole,  in  circumference, 
by  the  turning  of  which  the  machine  goes  forward  :  and  the 
distance  measured  is  pointed  out  by  an  index>  which  is  moved 
round  by  clock  work. 

Levels,  with  telescopic  or  other  sightSi  are  used  to  find  the 
level  between  place  and  place,  or  how  much  one  place  is 
higher  or  lower  than  another.  And  in  measuring  any  sloping 
or  oblique   line,  either  ascending  or   desceodingi  a  small 

pocket 
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pocket  leVel  is  useful  for  showing  how  man^  links  for  each 
chain  are  to  be  drducted,  to  reduce  the  line  to  the  horizon- 
tal length.  ^ 

An  offsct-siaff  is  a  very  useful  instrument,  for  measuting 
the  offsets  and  other  short  distances.  It  is  10  links^  in  lengthy 
being' divided  and  marked  at  each  of  the  10  links. 

Ten  small  arrows,  or  ixids  of  iroti,  or  wood,  are  used  to 
mark  the  end  of  eveiy  chaih  length,  in  measuring  lines. 
And  sometimes  pickets,  or  staves  with  flags,  %re  set  up  as 
marks  or  objects  of  direction. 

Various  scales  are  also  used  in  protracting  and  measuring^ 
on  the  plan  or  paper ;  such  as  plane  scales,  line  or  chords^ 
protractor,  compasses,  reducing  scale,  parallel  and  perpen« 
dicular  rules.  8cc  Of  plane  scales  there  should  be  several 
sizea^  afs  a  chain  in  1  inch,  a  chain  in  j  of  an  inch,  a  chaia 
in  i  an  ioch,  &c.  Aad  of  these,  the  best  for  use  are  those 
that  are  laid  on  the  very  edges  of  the  ivory  8cale>  to  mark  off 
disumcesi  without  conipasses. 

0 

SECTION  XL  ' 

THE  PRACTICE  OP  SURVEYING. 

This  part  contains  the  several  works  proper  to  be  done 
in  tile  field,  or  the  ^ays  of  measuring  by  ail  the  inatrumems; 
and  in  ail  situations. 

PROBLE&I  I. 
To  Meature  a  Line  or  Dutanc^* 

To  meastire  a  line  on  the  ground  with  the  ehain :  -  Having 
provided  a  chain,  with  10  small  arrows,  or  rods,  te  fin  one 
into  the  ground,  as  a  mark,  at  the  end  of  every  chain  ;  two 
persons  take  hold  of  the  chaint  one  at  each  end  of  it ;  and 
all  the  10  aiTowa  are  taken  by  one  of  them,  who  goes  fore- 
most, and  is  called  the  leader  ;  the  other  beiog  called  the 
follower,  for  distinction's  sake. 

A  picket,  or  siatiou'^stalf  being  set  up  in  the  direction  of 
the  line  to  be  measured,  if  there  do  not  appear  some  marks 
naturally  in  that  direction,  they  measure  straight  towards  it> 
Xhe  leader  fixing* down  an  ai*row  at  the  end  of  every  chain» 
which  the  follower  always  takes  up,  as  he  comes  at  it,  till 
all  the  ten  arrows  are  used.  They  are  then  all  returned  to 
the  leader, .  to  use  over  again*  And  tha»  the  arrows  are 
changed  from  the  one  to  the  other  at  every  10  chains*  length, 
till  the  whole  line  is  finished  ;  tben  the  i^umber  of  changes 
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of  the  arrows  shows  the  number  of  tens,  to  vMch  the  M^ 
lower  aidds  the  arrows  he  hoJds  in  his  hand,  aad  the  Dumber 
oflink  9  of  another  chain  over  to  rhe  %tark  or  end  of  the 
line.  So,  if  there  have  been  S  changes  of  the  arrows,  and 
the  CoUower  hold  6  arrows,  and  the  .end  of  the  line  cut  off 
45  links  more  the  whole  length  of  the  line  is  set  down  in 
links  thus,  3645. 

When  the  ground  is  not  level,  but  either  ascending  or  de- 
scending ;  at  every  chain  length,  lay  the  offset  siaflTi  or  link- 
staff,  down  in  the  slope  ol  the  chain,  on  which  lay  the  small 
pocket  level,  to  show  how  many  links  or  parts  the  slope  lin^ 
is  longer  than  the  true  level  one  ;  then  draw  the  chain  for- 
ward so  many  links  or  parts,  which  reduces  the  line  to  the 
liorisonud  direction. 

PROBLEM  n. 
To  take  ^ngle9  and  BcaringM* 

Lbt  b  and  c  be  two  objects,  or 
two  pickets  set  up  perpendicular  ; 
and  let  it  be  required  to  take  their 
bearings,  or  the  angles  formed  be- 
tween them  at  any  station  k^ 


I.  With  the  Plain  Table. 

The  table  being  covered  with  a  paper,  and  lized  on  its 
stand ;  plant  it  at  the  station  a,  and  6x  a  fine  pin,  or  afoot 
of  the  compasses,  in  a  proper  point  of  the  paper,  to  repre* 
sent  the  place  a  :  Close  by  the  side  of  this  pin  lay  the  fiducial 
edge  of  the  index,  and  turn  it  about,  still  touching  the  pin^ 
till  one  object  b  can  be  seen  through  the  sights :  then  by  the 
fiducial  edge  of  the  index  draw  a  line.  In  the  same  mmner 
draw  another  line  in  the  direction  of  the  other  object  c,, 
sAnd  it  is  done. 

2.   With  the  TheodoUte^  Ue. 

Direct  the  fixed  sights  along  one  of  the  lines,  as  ab,  by 
turning  the  instrument  about  till  the  mark  b  is  seen  through 
these  sights  ;  and  there  screw  the  mstrument  fast.  Then 
turn  the  moveable  index  round,  till  through  its  sights  the 
other  mark  c  is  seen.  Then  the  degrees  cut  by  the  index^ 
•n  the  graduated  limb  or  ring  of  the  instrumew,  show  the 
^uantir^y  of  the  an^^le. 

^.  w%a^ 
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4.  IKth  the  Magnetic  JVlpedle  and  Compaq. 

Turn  the  instilment  or  compass  so,  that  the  north  end 
•f  the  net  die  point  <o  the  fiower-de-hice.  Then  direct  the 
sights  to  one  mark  as  b,  and  note  the  degrees  cut  bjr  the 
needle.  Next  direct  Uit:  sights  to  the  other  mark  c*  and 
Bote  again  the  degrees  cut  by  the  needle.  Then  their  sum 
erdiff  i*  nrc,  as  the  case  may  be^  will  give  the  quantity  of 
the  angle  bac. 

4.  By  Measurement  with  (he  Chain^  .^c» 

Measure  one  ch^in  length,  or  any  other  length,  along 
bmh  diiections,  as  to  b  and  c.  Then  measure  the  dibtance 
b  c/^nd  it  is  done. — This  is  easily  transferred  to  paper,  by 
making  a  triangle  Abe  with  these  three  lengths,  and  then 
meMuring  the  angle  a. 

PROBUBM  IIL     '  \ 

To  Survey  a  Triangular  Field  ABC 
1.  By  the  Chain, 

AV     794 

AB   1321 
PC     826 

A  P~B 

Having  set  up  marks  at  the  comers,  which  is  to  be  done 
i^  all  cases  where  there  are  iK>t  marks  naturally  ;  measure 
with  the  chain  from  a  to  p,  where  a  perpendicular  would 
lall  from  the  angle  c,  and  set  up  a  m^rk  at  p,  noting  down 
the  distance  ap.  Then  complete  the  distance  ah,  l^  mea-^ 
suring  from  p  to  b  Having  set  down  this  owasurer  return 
to  p,  and  measure  the  perpendicular  Pc.  And  thu^,  having 
the  base  and  perpendicular,  the  area  from  them  ia  easily 
found.  Or  having  the  place  p  of  the  perpendicular,  the 
triangle  is  easily  ponstrncted. 

Or,  measure  all  the  th^ee  sides  with  the  chain,  and  note 
them  down.  From  which  the  content  is  easily  found,  or  the 
figure  is  constructed. 

2.  By  taking  some  of  the  jinglet* 

Measure  two  sides  ab,  ac,  and  the  angle  a  between  them. 

Or  measure  one  side  ab,  and  the  two  adjacent  angles  a  and 

b.    From  either  of  these  ways  the  figure  is  easily  planned  ; 

then  by  measuring  the  perpendicular  cp  on  the  plan,  and 

multiplyins  it  by  half  ab*  the  content  is  found. 

^  PROBl£M 
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FBOBLEM  rV. 
7b  Meavure  a  Four-Med  Field* 


AS  3U 

AP  363 

AC  $^2 


310  DB 

306  BY 


1.  By  the  Chain, 


Measure  alonj^  one  of  the  diagonalsi  as  ac  ;  and  either 
the  two  perpendiculars  ob^^  bf%  as  in  the  last  problen)  ;  or 
else  the  sides  aB)  bc,  cd,'  da.  From  either  of  which  the 
figure  may  be  planned  and  computed  as  before  directed. 

OtherwUt  by  ihe  Chain,  « 


A7 

no 

352  po 

Aq 

745 

595  QD 

AB 

ino 

Q     B 

Meaflure^  on  the  longest  side,  the  distances  ap>  a^  ab  ; 
and  the  perpendiculars  pc,  qo. 

3.  By  taking  Bome  tif  the  Angle%^ 

Measure  the  diatronal  ac  Csee  the  last  fig.  but  one),  and 
the  angles  cab,  cad,  acb,  ACD.-^Or  measure  the  fbursideS) 
and  anjr^ne  of  the  angles,  as  bad. 

Or  thus, 
AB     486 
BC     394 
CD     410 
DA     463 

BAD   7^^ZS' 
FBOBLEM  V. 
To  Survey  any  Field  by  the  Cham  otUy. 

Haviho  set  up  marks  at  the  comers,  where  necessary,  of 
the  pi'oposed  field  abcdevo,  walk  oTer  the  ground,  and  cod- 
Bider  how  it  can  best  be  divided  in  triangles  and  trapeziun^s  ; 
and  measure  them  separately,  as  in  the  last  two  problems. 
Thus,  the  following  figure  is  divided  into  the  two  trapeziums 
abco«  odep,  and  the  triangle  gcd.  Then,  in  the  first  tra« 
peBiumi  beginning  at  A|  measure  the  diagonal  ac^  and  the 

two 


Thus. 

AC     591 

CAB      37<* 

20' 

CAD      41 

15 

ACB     73 

35 

ACO      54 

40 
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two  per^ndiculan  om,  an.  Then  the  base  gc,  and  the 
perpenaicular  Dq.  Lastly,  the  diagonal  df^  and  the  two 
perpendiculars  pE»  og.  All  which  measures  wri^  a^inst 
tlie  corresponding  parts  of  a  mugh  figure  drawn  to  resein« 
ble  the  figure  surveyed^  or  set  them  down  in  any  other  form 
you  choose. « 


Thus. 


Am 
An 

135 

410 

130 
ISO 

lUG 
DB 

AC 

550 

fq 

CO 

152 
440 

230 

qn 

FO 

237 

120 

oo 

rp 

FI> 

288 
520 

§P 

P« 

'  Or  thus. 

Meamii^e  all  th*  sides  ab,  bc,  gO|  dB}  sr»  vGi  ga  j  and  the> 
dbgonftals  ac,  c6|  gd,  df. 

BikervftBCs 
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Many  pieces  of  land  may  be  very  wel!«suryeyed,  by  mea- 
suring any  base  line,  either  within  or  without  them,  with 
the  perpendiculars  let  fall  on  it  from  every  corner.  For 
they  are  by  those  means  divided  into  several  triangles 
And  trapezoids)  all  whose  parallel  sides  are  perpendicular  to 
the  base  line  j  and  the  sum  of  these  triangles  and  trapeziums 
will  be  equal  to  the  figure  proposed  if  the  base  line  fall 
within  it ;  if  not  the  sum  of  the  parts  which  are  without  being 
taken  from  the  sum  of  the  whole  which  are  both  within  and 
without,  will  leave  the  area  of  the  figure  proposed. 

In  pieces  that  are  not  very  large,  it  will  be  sufficiently 
exact  to  find  the  points,  in  the  base  line,  where  the  several 
perpendiculars  will  fall,  by  means  of  the  crosa^  or  even  by 
judging  by  the  eye  only,  and  from  thence  measuring  to  the 
corners  for  the  lengths  of  the  perpendiculars— And  it  will 
be  most  convenient  to  draw  the  line  so  as  that  all  the  perpen* 
diculars  may  fall  within  the  figure. 

Thus,  in  the  following  figure,  beginning  at  a,  and  mea- 
suring along  the  line  ao,  the  distances  and  perpendiculars  on 
the  right  and  lef^are  as  below. 

Ab 
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Ab 

3t5 

350  bB 

AC 

440 

70  cc 

Ad 

585 

320  do 

Ae 

610  J 

50  c« 

Af 

990  1 

470  f» 

AG 

1030  I 
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•  PROBLEM  VL 
To  Measure  the  Offset  a. 
Abikhmi  being  a  crooked  hedge,  or  brool^,  8cc.    From 
A  measure  in  a  straight  direction  along  the  side  of  it  to  b. 
And  in  measuring  along  this  line  ab«  ob&erve  when  you  aro^ 
directly  opposite  any  bends  or  corners  of  the  boundary,  as  at 
Cy  dy  e,   Sec. ;    and  from  these  measure  the  perpendicular 
offsets  th,  diy  8cc.  with  the  offset-staflT,  if  they  are  i*oi  very 
large,  otherwise  with  the  chain  itself;  and  the  work  is  done. 
The  register,  or  field-book,  may  be  as  follows  : 


Offs  left. 

B'ise 

•  1 

liiie  AB 

0 

€> 

A 

(h 

62 

45 

AC 

di 

84 

220 

Ad 

ek 

70 

340 

Ae 

fl 

98 

510 

Af 

gm 

57 

634 

•Ag         ] 

Bn 

91 

785 

AB 

PROBLEM  Vn. 

To  survey  any  Field  with  the  Plain  Table. 
1.  From  one  Staiion, 

Plant  the  table  at  any  angle  as 
e,  from  which  all  the  other  angles, 
or  marks  set  up,  can  be  seen  ; 
turn  the  table  about  till  the  needle 
point  to  the .  flower-de-luce  ;  and 
there  screw  it  fast;  Make  a  point 
for  c  on  the  paper  on  the  table* 
and  lay  the  edge  of  the  index  to  e* 
turning  it  about  c  till  through  the  A  3 

sights  you  see  the  mark  d  :  and  by  the  edge  of  the  index 
draw  a  dry  or  obscure  line  :  then  measure  the  distance  ci>» 
and  lay  that  distance  down  on  the  line  cd.  Then  turn  the 
ibdex  about  the  point  c,  till  the  mark  «  be  seen  through  the 

sights, 


^ 
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tf  $^ht9,  by  which  draw  a  line,  and  measure  the  distance  to  ■, 
laying  it  on  the  line  from  c  to  s.  In  like  manner  deter- 
mine the  positions  of  ca  and  cb,  by  taming  the  sights  suc- 
cessively to  A  and  B  i  and  Uy  the  lengths  of  those  lines  down. 
Then  connect  the  points,  by  drawing  the  black  lines  cl>>  i>B| 
Xa^  ab,  bc,  for  the  bouudanes  of  the  field; 

3.  From  a  Station  JVithin  the  Field* 

Wlien  all  the  other  parts  cfinnot 
be  seen  from  one  angle,  choose  some 
place  0  within,  or  even  without)  if 
more  convenient,  from  wblch  the 
other  parts  can  be  seen.  Plant  the 
table  at  0,  then  fix  it  with  the  needle 
north,  and  mark  the  point  .0  on  it. 
Apply  the  index  successively  to  0, 
tyming  it  round  with  the  sights  to 
each  angle,  a,  b,  c,  d,  s,  drawing  dry  lines  to  them  by  tho 
edge  of  the  index  ;  then  measuring  the  distance  oat  ob,  &c. 
and  laying  them  down  on  those  lines.  Lastly)  draw  the 
boundaries  ab,  bc,  cd,  db,  sa. 

S.  By  going  Round  the  Figure. 

> 

« 

"Wbbft  the  figure  is  a  wood,  or  water,  or  when  from  Bomo 
other  obstruction  you  cannot  measure  lines  across  it :  begin 
at  any  point  a,  and  measure  around  it  either  within  or 
without  the  figure,  and  draw  the  directions  of  all  the  sides, 
thus  : .  Plant  the  table  at  a  i  turn  it  with  the  needle  to  the 
north  or  flower-de-luce ;  fix  it,  and  mark  the  point  a.  Apply 
the  index  to  a»  turning  it  till  you  can  see  the  point  e,  and 
there  draw  a  line  :  then  the  point  b,  and  there  draw  a  line  ; 
then  measure  these  lines,  and  lay  them  down  from  a  to  b  and 
B.  Next  move  the  table  to  b,  lay  the  index  along  the  line 
AB,  and  turn  the  table  about  till  yon  can  see  the  mark  a,  and 
acrew  fast  the  table  ;  in  which  position  also  the  needle  will 
again  point  to  the  flower-de-luce,  as  it  will  do  indeed  at  every 
station  when  the  table  is  in  the  right  position.  Here  turn 
the  index  about  b  till  through  the  sights  you  see  the  mark  c  ; 
there  draw  a  line,  measure  bc,  and  lay  the  distance  on  that 
line  after  you  have  set  down  the  table  at  c.  Turn  it  then 
again  into  its  proper  position,  and  in  like  manner  find  the 
next  line  cd  And  so  on  quite  around  by  b,  to  a  again, 
ThcB  the  proof  of  the  work  will  be  the  joining  at  a  :  for  if 
the  work  be  all  right,  the  last  direction  ba  on  the  ground, 
will  pass  exactly  through  the  point  a  on  the  paper ;  and  the. 
measured  distance  will  also  reach  exactly  to  a.  If  these  do 
not  coincide,  or  nearly  so,  some  error  has  been  committed, 
and  the  work  must  be  examined  over  again. 

FROBLEM 
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PROBLEM  yOL 

To  Survey  a  Field  wUA  (he  Theodoliiej  \stc* 
•  1.  From  One  Point  or  Station. 

Whkk  all  the  ang^les  can  be  seen  from  one  point,  as  the 
an^le  c  (first  fig.  to  Ust  prob.)  place  the  iofttrument  iit  c,  and 
turn  it  about,  till  through  the  fixed  sights  you  see  the  mark 
B,  and  there  fix  it.  Then  turn  the  moveable  uidex  about 
till  the  mark  a  be  seen  through  tlie  sights,  and  note  the  de- 
grees cut  on  the  instrument.  Nrxt  turn  the  index  succes- 
sively to  B  and  9,  noting  the  degrees  cut  off  at  each  ;  wWcli 
gives  all  the  angles  bca,  bcEv  bcd.  Lastly  measure  the 
lines  CB,  ca,  cb,  cd  ;  and  enter  the  measures  in  a  fietd-bookf 
or  rather  against  the  corresponding  parts  of  a  rough  figure 
drawn  by  guess  to  resemble  the  field. 

1   From  a  fioint  Within  or  Without, 

m 

Plant  the  instrument  at  0  (last  fig.)  and  turn  it  abdut  till 
the  fixed  sights  point  to  any  object,  as  A  i  and  there  screw  it 
fast.  Then  turn  the  moveable  index  round  till  the  sights 
point  successively  to  the  other  points  b,  d,  c,  b,  noting  the 
degrees  cut  off  at  each  of  them  ;  which  gives  all  the  angles 
round  the  point  0.  Lastly  measure  the  distances  oa^  ob,  ocy 
OD;  OE)  noting  them  down  as  before,  and  the  work  is  done* 

3.  By  goihg  Round  the  Field. 

By  measuring  round,  either  ^      ^.S-^"* 

within  or  without  the  field,  pro- 
ceed thus.  Having  set  up  nuirks 
at  B»  c,  &c.  near  the  corners  as 
Ubual,  plant  the  instrument  at 
any  point  A,  and  turn  it  till  the 
fixed  index  be  in  the  direction 
AB.  and  there  screw  it  fast :  then 
turn  the  moveable  index  to  the 
direction  af  ;  and  the  degrees  cut  off  will  be  the  angle  a. 
Measure  the  line  ab,  and  plant  the  instrument  at  b,  and 
there  in  the  same  manner  observe  the  angle  a.  Then  mea- 
sure bc,  and  observe  the  angle  c.  Then  measure  the  dis« 
tance  cd,  and  take  the  angle  d.  Then  measure  de,  and 
take  the  angle  b.  Then  measure  bf,  and  take  the  angle  f. 
And  lastly  measure  the  distance  fa. 

To  prove  the  work ;  add  all  the  inward  angles  a,  b*  c, 
&c.  together  ;  for  when  the  work  is  right,  their  sum  will  be 
equal  to  twice  as  many  nght  angles  as  the  figure  has  sidesi 
wanting  4  right  angles.  But  when  there  is  an  angle,  as  f, 
that  bends  inwardsi  and  you  measure  the  externed  angle, 

which 
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whieh  it  less  tbati  two  right  ungles,  subtract  it  from  4  right 
angles,  or  360  degrees,  to  give  the  internal  angle  greater 
than  a  semicircle  or  1 80  degrees. 

OtAertvue. 

Instead  of  observing  the  internal  angles,  we  may  foke  tho 
external  angles,  formed  without  the  figure  by  producbg  the 
sideii  farther  out.  And  in  this  case,  when  the  work  i»  rights 
their  sum  altogether  will  be  equal  to  360  degrees  Diit  when 
one  of  them,  as  F,  runs  inwards,  subtract  it  from  the  sum  of 
the  rest,  to  leave  360  degrees. 

PROBLEM  DC. 

« 

To  Survey  a  'Field  vfith  Crooked  Hedgc^^  ^c. 

WITH  any  of  the  instruments,  measure  the  lengths  and 
}>09itions  of  imaginary  lines  running,  as  near  the  sides  of  iho 
field  as  you  can  ;  and,  in  going  along  them,  measqre  the 
offsets  in  the  manner  before  '  taught ;  then  you  will  have  the 
plan  on  the  paper  in  using  tj^c  plain  table,  drawing  the 
crooked  hedges  through  the  ends  of  the  offsets ;  but  in  sur- 
veying with  the  theodolite,  or  other  instrument,  set  down 
the  measures  properly  in  a  field-book,  or  memorandum- 
book,  anni  plan  them  after  returning  from  the  field,  by  laying 
down  all  the  lines  and  angles. 


^  So,  in  surveying  the  piece  ^  abode,  set  up  marks  a,  b,  jc,  d^ 
dividing  it  so  as  to  have  as  few  sides  as  may  be.  Tlien  be^n  at 
any  station,  a,  and  measure  the  lines  ab,  be,  cd,  da,  taking 
their  positions,  or  the  angles  a,  b,  c,  d  ;  and,  in  going  along 
the  lines,  measure  all  the  o£Quts,  as  at  m,  n,  o,  p,  &c.  along 
every  station-line. 

And  this  is  done  either  within  the  field,  or  without,  as 
may    be  mojit    convenient.    When  there  are  obstruction*  • 
within,  as  wood,  water,  hills,  &c.  then  measure  without,  aa 
in  the  next  following  figure. 
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PROBUSM  X. 

To  Survey  a  Fields  or  any  other  Things  by  TvfO  8tati(m%. 

This  is  performed  by  choosing  two  stations  from  whick 
all  the  marks  and  objects  can  be  seen  ;  then  measuring  Che 
distance  between  the  stations,  and  at  each'station  taking  the 
angles,  formed  by  ev<;ry  object  from  the  statioR  line  or  dis- 
tance. 

The  two  stations  may  be  ^taken  either  within  the  boundSf 
or  fn  one  of  the  sides,  or  in  the  direction  of  iwo  of  the  objects, 
or  quite  at  a  distance  ai>d  without  the  bounds  of  the  objects 
or  part  to  be  sunreyeil.  .    •  * 

In  this  manner,  not  only  grounds  may  be  snrveytdt  with- 
out  even  entering  them,  but  a  map  may  be  taken  of  the 
principal  parts  of  a  county,  or  the  chief  places  of  a  town, 
or  any  part  of  a  river  or  coast  surveyed,  or  any  other  inacces- 
sible objects  ;  by  taking  two  stations,  on  two  towers,  or  twe 
l^illsj  or  such-like. 


PROBLEM  XL 
To  Survey  «  Large  Estate. 
,   I*  the  estate  be  very  large,  and  contain  a  great  number  c£ 
fields,  it  cannot  well  be  done  by  surveying  all  ^^  ^Mb 

singly 
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lingtyi  ^^  ^^^  putting  them  together;  nor  can  it  be  done 
by  taking  all  the  angles  and  boundaries  that  enclose  it.  For 
in  these  casesy  any  small  errors  will  be  ao  much  increased,  as 
to  render  it  very  muoh  distorted.     But  proceed  as  below. 

I  Walk  over  the  estate  tWo  or  three  times,  in  order  to  ' 
get  a  perfect  idea  of  it,  or  till  you  can  keep  *tbe  figure  of  it 
pretty  well  in  mind.  And  to  help  your  memory,  draw  aa 
eye-draught  of  it  on  paper,  or  at  least  of  the  principal  parts 
of  it,  to  guide  you ;  setting  the  names  within  the  fields  in 
that  draught. 

2.  Choose  two  or  more  eminent  places  in  the  estate,  for 
stations,  from  whith  all  the  principal  parts  of  it  can  be  seen : 
selecting  these  stations  as  far  distant  from  one  another  as 
convenient. 

3.  Take  such  angles,  between  the  stations,  as  you  think 
necessary,  and  measure  the  distances  from  station  to  station, 
always  in  a  right  line  :  these  things  must  be  done,  till  you 
get  as  many  angles  and  lines  as  are  sufficient  for  determining 
ail  the  points  of  station.  And  in  measuring  any  of  these 
station-distances,  mark  accurately  where  these  lines  meet 
with  any  hedges,  ditches,  roads,  lanes,  paths,  rivulets,  &c  ; 
and  where  any  remarkable  object  is  placed,  1^  measuring  its. 
distance  from  the  station-line ;  and  where  a  perpendicular 
from  it  cuts  that  line-  And  thus  as  you  go  along  any  main 
station-line,  take  offsets  to  the  ends  of  all  hedges,  and  to  any 
pond,  house,  mill,  bridge,  &c.  noting  eveiy  thing  down  that 
is  remarkable. 

4.  As  to  the  inner  parts  of  the  estate,  they  must  be  deter 
mmedi  in  like  manner,  by  new  station-lines :  for,  after  the 
main  stations  are.  determined,  and  every  thing  adjoining  to 
them,  then  the  estate  must  be  subdivided  into  two  or  three 
parts  by  new  station-lines ;  taking  inner  stations  at  proper 
places,  where  jrou  can  have  the  best  view.  Measure  these 
station-lines  as  you  did  the  first,  and  all  their  intersections 
with  hedges,  and  offsets  to  such  objects  as  appear.  Then 
proceed  to  survey  the  adjoining  fields,  by  taking  the  angles 
that  the  sides  make  with  the  station-Jine,  at  the  intersections, 
and  measuring  the  distances  to  each  comer,  from  the  inter- 
sections. For  the  station-lines,  will  be  the  bases'  to  all  the 
future  operations ;  the  situation  of  all  parts  being  entirely 
dependent  on  them ;  and  therefore  they  should  be  taken  df 
as  great  length  as  possible ;  and  it  is  best  for  them  to  run 
along  some  of  the  hedges  or  boundaries  of  one  or  more  fields, 
or  to  pass  through  some  of  their  angles.  All  things  being 
determined  for  these  staUons,  you  must  take  mpre  iiltier  sta- 
tions) and  continue  to  divide  and  subdivide  till  at  last  you 
come  to  single  fields ;  repeating  the  same  work  for  the  inner 

stations 
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ttatioDS  at  for  the  outer  ones^  till  all  is  done  ;  and  close  ibe 
work  aft  often  as  fou  can,  and  in  as  few  tines  as  possible. 

5.  An  estate  may  be  so  situated  that  the  wliole  cannot  be 
survejt-d  together ;  because  one  part  of  the  estate  cannot  be 
seen  from  another.  In  this  xase,  you  -ntay  divide  it  into 
three  or  four  parts,  and  survey  the  parts  separately,  as  if 
they  were  lands  belonging  to  different  persons ;  and  at  last 
join  them  together. 

6.  As  it  is  necessary  to  pmtract  or  lay  down  the  work  as 
you  proceed  \uAi^  you  must  have  a  scale  of  a  due  length  to 
do  it  by  To  get  such  a  scale*  measure  the  whole  length  of 
the  estate  in  chains ;  then  consider  how  inany  inches  long 
the  map  is  to  be  ;  and  from  these  will  be  known  how  many 
chains  you  must  have  in  an  inch  ;  then  make  the  scale  ac- 
cordingly,  or  choose  one  already  made. 

PROBLEM  Xir. 
To  Survey  a  County  y  or  large  Tract  of  Land. 

\,  Choosb  two,  three,  or  four  eminent  places,  for  stations » 
such  as  the  tops  of  high  hill  or  mountains,  towers^  or  church 
steeples,  which  may  be  seen  from  one  another  ;  from  which 
most  of  the  towns  and  other  places  of  note  may  blso  be  seen  ; 
and  so  as  to  be  as  iar  distant  from  one  another  as  possible. 
On  these  places  raise  beacons>  or  long  poles,  with  flags  of 
different  colours  fly'mg  at  them*  so  as  to  be  Tisible  from  all 
the  other  stations. 

3  At  all  the  places  which  you  would  set  down  in  the 
map,  plant  long  poles,  with  Bags  at  them  of  several  colours, 
to  distinguish  the  places  from  one  another ;  fixing  them  on 
the  tops  of  church  steeples,  or  the  tops  of  houses ;  or  in  the 
centres  of  smaller  towns  and  villages. 

These  marks  then  being  set  up  at  a  ccmvenient  number  of 
places,  and  such  as  may  be  seen  from  both  stations ;  go  to 
one  of  these  stations*  and,  with  an  instrument  to  t»ke  angles; 
standing  at  that  station*  take  all  the  angles  between  the  other 
station  and  each  of  these  marks.  Then  go  to  the  other 
station,  and  take  all  the  angles  between  the  first  station  and 
each  of  tbe  former  marks,  setting  them  down  with  the  others^ 
each  against  its  fellow  with  the  same  colour.  You  may,  if 
convenient,  also  take  the  angles  at  some  third  station^  which 
may  serve  to  prove  the  work,  if  the  three,  lines  intersect  in 
that  point  where  any  mark  stands.  The  marks  must  stand  till 
the  observations  are  finished  at  both  stations  \  and  then  they 
nay  be  taken  down,  and  set  up  at  new  places.  The  same 
operations  must  be  performed,  at  both  stations,  for  these 
pew  places  j  and  the  like  for  others.    The  instrument  for 

/  taliLing 


SURVEYING  445 
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Uiking  angles  nwiBt  be  an  exceeding  good  on<i»  made  on 
purpose  with  telescopic  sights,  and  of  a  good  length  of  ra» 
dius. 

3.  And  though  it  be  not  absolutely  necessaiy  to  measure 
any  distance,  because,  a  stationary  line  bein^  laid  down  from 
any  scale,'  all  the  other  lines  will  be  proportional  to  it ;  yet 
it  is  better  to  measure  some  of  the  lines,  to  ascertain  the 
distances  of  places  in  miles,  and  to  know  how  many  geome- 
trical miles  there  are  in  any  length  ;  as  also  from  thence  to 
make  a  scale  to  measure  any  distance  in  miles.  In  measuring 
any  distance,  it  will  not  be  exact  enough  to  go  along  the 
liigh  roads  ;  which,  by  reason  of  their  turnings  and  windings, 
hardly  eyer  lie  in  a '  right  line  between  the  stations ;  which 
must  cause  endless  reductions,  and  require  great  trouble  to 
make  it  a  right  line  ;  for  which  reason  it  can  never  be  exact. 
But  a  better  way  is  to. measure  in  a  straight  line  with  a  chdn, 
between  station  and  station,  over  hills  -and  dales^  or  level 
fieldS)  and  ,all  obstacles.  Only  in  case  of  .water,  woods, 
toWns,  rocks,  banks,  See.  where  we  cannot  pass,  such  parts 
of  the  line  must  be  measured  by  the  methods  of  inaccessible 
distances ;  and  besides  allowing  for  ascents  and  descents, 
when  they  are  met  with.  A  good  compass,  that  shows  the  , 
bearing  of  the  two  stations,  will  always  direct  us  to  go  straight,  . 
when  the  two  stations  cannot  be  seen ;  and  in  the  progressi 
if  we  can  go  straight,  offsets  may  be  taken  to  any  remarkable 
places*  likewise  noting  the  intersection  of  the  station-line 
with  all  roads,  rivers,  &c. 

4  From  all  the  stations,  and  in  the  whole  progress,  we 
must  be  very  particular  in  observing  sea-coasts,  river-mouths^ 
towns,  castles,  houses,  churches,  mills,  trees,  rocks,  sands, 
roads,  bridges,  fords,  ferries,  woods,  bills,  mounuins,  rills, 
brooks,  parks,  beacons,  sluices,  fioodgateSf  locks,  Su;.  and  in 
general  every  thing  that  is  remarkable. 

5.  After  we  have  done  with  the  first  and  main  station- 
lines,  which  command  the  whole  county ;  we  must  then 
take  inner  stations,  at  some  places  already,  determined ;  which 
will  divide  the  whole  into  several  partitions  :  and  from  these 
stations  we  must  determine  the  places  of  as  many  of  the 
remaining  towns  as  we  cam  And  if  any  remain  in  that 
part,  we  must  take  more  stations,  'at  some  places  already 
determined,  from  which  we  may  determine  the  re^.  And 
thus  go  through  all  the  parts  of  the  county,  taking  station 
after  station  >  till  we  have  determined  the  who]e.  And  in 
general  the  station-distances  must  always  pass  through  such 
remarkable  points  as  have  been  determined  before,  by  the. 
former  stations. 

PJIOBLKM 


44$ 


lanb 


PROBLEM  Xm. 
*  To  Survey  a  7"own  or  CUy* 

This  xnaj  be  done  with  any  of  the  instrinncDts  for  takm^ 
angles,  but  best  of  all  with  the  plain  table,  where  tveiy  mi- 
nute part  is  drawn  while  in  slglit.  Instead  of  the  coniman 
surveying  or  Gunier'a  chain,  it  will  be  best,  for  this  purpose, 
to  baye  a  chain  50  fpei  long,  divided  into  50  links  of  one 
foot  each,  and  an  oif^set- staff  ot  10  feet  long. 

Begin  at  the   meeting  of  two  or   more  of  the  principal 
streets)  through  which  we  can  have  the  longest  probpects, 
to  get  the  longest  siation-lines  :  there  having  fixed  the  io- 
strument,  draw  lines  of  direction  along  those  sireets,  using 
two  naen  as  marks*  or  poles  set  in  wooden  pedestals,  or  per- 
haps some  remarkable  places  in  the  houses  at  the  farther 
ends,  as  windows,  doors,  corners,  &c.     Measure  these  lines 
with  the  chain,  taking  offsets  with  the  staff,  at  all  corners  of 
streets,  bendings,  or  windings,  and  to  all  remarkable  things^^ 
as  churches,  markets,   halls,  colleges,  eminent  houses,   &c- 
Then  remove  the  instrument  to  another  station,  along  one  of 
these  lines ;  and  there  repeat  the  same  process  as  before. 
And  so  on  till  the  whole  is  finished. 


Thus,  fix  the  Instrument  at  a,  and  draw  lines  in  the 
direction  of  all  the  streets  meeting  there  ;  then  measure  aB) 
noting  the  street  on  the  left  at  m.  At  the  second  station  b, 
draw  the  directions  of  the  streets  meeting  there  ;  and  mea- 
sure from  B  to  c,  noting  the  places  of  the  sti^eets  at  n  and  o 
as  you4iass  by  them.  At  the  third  station  c,  take  the  directioo 
of  all  the  streets  meeting  there,  and  measure  ci>.  At  d  do 
the  same,  and  measure  ob,  'nothig  the  place  of  the  cross 
streets  at  p.  And  in  this  manner  go  through  all  the  prin- 
cipal streets.  This  done,  proceed  to  the  smaller  and  inter- 
mediate streets ;  and  lastly  to  the  lanes,  all^,  courts,  yardsi 
and  every  part  that  it  may  be  thought  proper  to  represent  in 

the  stain*  raoBLEtf 
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PROBLEM  xry. 

To  lay  down  the  Plan  of  any  Survey* 

If  the  survey  was  taken  with  the  plain  table,  we  have  a 
fough  plan  of  it  aJreudy  on  the  paper  which  covered  the 
table,  fiut  if  the  suitey  was  with  any  other  instrument,  a 
plan  of  it  is  to  be  drawn  from  the  measures  that  were  taken 
in  the  survey  ;  and  first  of  all  a  rough  plan  on  paper. 

To  do  this,  you  must  have  a  set  of  proper  instruments^ 
for  laying  down  both  lines  and  angles,  &c  ;  as  scales  of  va- 
rious sizes  (the  more  of  them,  and  the  more  accurate,  tho 
better),  scales  of  chords,  protractors,  perpendicular  and  pa- 
rallel rulers^  8cc.  Diagonal  scales  are  best  for  the  lineS| 
because  they  extend  to  three  figures,  or  chains,  an«^  links, 
which  are  100  parts  of  chains.  But  in  ubiug  the  diagonal 
scale,  a  pair  of  compasses  must  be  employed,  to  take  off  ihe 
lengths  of  the  principal  lines  very  accurately.  But  a  scale 
with  a  thin  edge  divided,  is  much  readier  for  Lying  down 
'the  perpendicular  offsets  to  crooked  hedges,  and  for  marking 
the  places  of  those  offsets  on  the  station-line  ;  which  is  done 
at  only  one  application  of  the  edge  of  the  senile  ro  that  linei 
and  then  pricking  off  all  at  once  the  distances  along  it« 
Angles  are  to  be  laid  down  either  with  a  y;ood  scale  of 
chords,  which  is  perhaps  the  most  accurate  way,  or  with  a 
large  protractor,  which  is  much  readier  when  'many  angles 
are  to  be  laid  down  at  one  point,  as  they  are  pricked  ofi'  all 
a«  once  round  the  edge  of  the  protractor. 

In  general,  all  lines  and  angles  must  be  laid  down  on  the 
plan  in  the  same  order  in  which  they  were  measured  in  the 
field,  and  in  which  they  are  written  in  the  field-book ;  lay- 
ing down  first  the  angles  for  the  position  of  lines,  next  the 
lengths  of  the  lines,  with  the  places  of  the  offsets,  and  then 
the  lengths  of  the  offsets  themselves,  all  with  dry  or  obscure 
lines  ;  then  a  black  line  drawn  through  the  extremities  of  all 
the  offsets,  will  be  the  hedge  or  bounding  line  of  the  field, 
kc  After  the  principal  bounds  and  lines  are  laid  down, 
and  made  to  fit  or  close  properly,  proceed  next  to  the  smaller 
objects,  till  you  have  entered  every  thing  that  ought  tOi^ip* 
pear  in  the  plan,  as  houses,  brooks,  trees,  hills,  gates,  stiles, 
roads,  lanes,  mUls,  bridges,  woodlands,  &c.  &c. 

The  north  side  of  a  map  or  plan  is  commonly  placed 
uppermost,  and  a  meridian  is  some  where  drawn,  with  the 
compass  or  flower-de-luce  pointing  north.  Also,  in  a  vacant 
part>a8cale  of  equal  parts  or  chains  is  drawn,  with  the  title 
of  the  map  in  conspicuous  characters,  and  embellished  wi'h 
a  compartment.  Hills  are  shadowed,  to  distinguish  them  in 
^he  map.  Colour  the  hedges  with  different  colours  ;  repre- 
sent 
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sent  hiHf  f^rounds  by  broken  hills  and  valleys  ;  draw  single 
doticd  lines 'for  foot-paths,  and  double  ones  for  horse  or  car- 
riage roads.  Write  the  name  of  each  field  and  remarkable 
place  within  it,  and^  if  you  choose,  its  content  i&  acrest 
roods,  and  perches. 

In  a  very  large  estate,  or  a  county,  draw  vertical  and  ho-, 
rizontal  lines  through  the  map,  denoting  the  spaces  between 
them  by  letters  placed  at  the  top,  and  bottom,  and  sides,  for 
readily  finding  any  field  or  other  object  mentioned  ia  a 
table. 

In  mapping  cotinties,  and  estates  that  have  uneven  grounds 
of  hills  and  valleys,  reduce  all  oblique  lines,  measured  ap- 
hill  and  down-bill,  to  horizontal  str^ght  lines,  if  that  was 
not  done  during  the  survey,  before  they  were  entered  in  tike 
fteld-book,  by  making  a  proper  allowance  to  shorten  them* 
For  which  purpose  there  is  commonly  a  small  table  engraven 
on  some  of  the  instruments  for  surveying. 

THE  NEW  METHOD  OF  SURVEYING. 

PROBLEM  XV. 

To  Survey  and  Plan  by  the  A>w  Method, 

In  the  former  method  of  measuring  a  large  estate,  the  ac* 
curacy  of  it  depends  both  pn  the  correctness  of  the  instra« 
ments,  and  on  the  care  in  taking  the  angles.  To  avoid  the 
errors  incident  to  such  a  multitude  of  angles,  other  methods 
have  of  late  years  been  used  by  some  few  skilful  surveyori : 
the  most  practical,  expeditious,  and  correct,  seems  to  be  the 
following,  which  is  performed,  without  taking  angles,  by  mea- 
suring with  the  chain  only. 

Choose  two  or  more  eminences,  as  grand  stations,  and  mea* 
sure  a  principal  base  line  from  one  station  to  another  ;  noting^ 
every  hedge,  brook,  or  other  remarkable  object,  as  you  pass 
by  it ;  measuring  also  such  short  perpendicular  lines  to  the 
bends  of  hedges  as  may  be  near  at  hand.  From  the  extre- 
mities of  this  base  line,  or  from  any  convenient  parts  of  the 
same,  go  off  with  other  lines  to  some  remarkable  object  situ* 
ated  towards  tlie  sides  of  the  estate,  without  regarding  the 
angles  they  make  with  the  base  line  or  with  one  another ; 
still  remembering  to  note  ever  hedg^,  brook,  or  other  object, 
that  you  pass  by.  These  lines,  when  laid  down  by  inter- 
sections, will,  with  the  base  line,  form  a  grand  triangle  on 
the  estate ;  several  of  which,  if  need  be,  being  thus  mea- 
sured and  laid  down,  you  may  proceed  to  fornj  other  smaller 
triangles  and  trapezoids  on  the  sides  of  the  former  :  and  so  on 
till  you  finish  with  the  enclosures  individually.  By  which 
means  a  kind  of  skeleton  of  the  estate  may  first  be  obtained, 

and 
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and  the  chief  lines  serve  as  the  bases  of  such  triangles  and 
tmpezoids  as  are  necessary  to  fill  up  all  the  inienor  parts. 

The  fiel4rbook  is  ruled  into  three  columns,  as  usual.  In 
the  middle  one  are  set  down  the  distances  on  the  cbain-linO) 
at  which  any  mark,  offset,  or  other  observation*  is  made  ;  and 
in  the  right  and  left  hand  columns  are  entered  the  offsets  and 
observations  made  on  the  right  and  left  hand  respectively  of 
the  chain*line  ;  sketching  on  the  sides  the  shape  or  reaem* 
blance  of  the  fences  or  boundaries. 

It  is  of  great  advdnta)|^e«  both  for  brevity  and  perspicuityf 
to  begin  at  the  bottom  of  the  leaf,  and  write  upwards  ;  deno- 
ting the  crossing  of  fences,  by  lines  drawn  across  the  middle 
column,  or  only  a  part  of  such  a  Ime  on  the  right  and  left  op« 
posite  the  figures,  to  avoid  confusion  ;  and  the  coiners  of 
fields,  and  bther  remarkable  turns  in  the  fences  where  offsets 
are  taken  to,  by  lines  joining  in  the  manner  the  fences  do  s 
as  will  be  best  seen  by  comparing  the  book  with  the  plan  an* 
nexed  to  the  field-book  following,  p.  450. 

The  letter  in  the  left-hand  corner  at  the  beginning  of  every 
Hne.  is  the  mark  or  place  measured  from  %  and  that  at  the 
right-hand  comer  at  the  end,  is  the  mark  measured  to  :  But 
when  it  is  not  convenient  to  go  exactly  from  a  mark,  the 
place  measured  from  is  described  such  a  dUtance  from  one 
nwrk  towards  another  ;  and  where  a  former  mark  is  not  mea« 
sured  to«  the  exact  place  is  ascertained  by  saying,  turn  to  the 
right  or  left  hand,  •ueh  a  Stance  re  such  a  mark,  it  being  al« 
Ways  understood  that  those  distances  are  taken  in  the  chain-line. 

The  characters  used  are,  f  for  turn  to  the  right  handj'^  for 
turn  to  the  itft  handy  and-^placed  over  an  offset,  to  show 
that  it  is  not  taken  at  right  angles  with  the  chain-line,  but  in 
the  direcuon  of  some  straight  fence  i  being  chiefly  used  when 
crossing  their  directions;  which  is  a  better  way  of  obtaining 
their  true  places  than  by  offsets  at  right  angles. 

\Yhen  a  line  is  measured  whose  position  ib  detenminedi  ^ 
either  by  former  work '(as  in  the  case  of  producing  a  given 
line,  or  measuring  from  one  known  place  or  mark  to  another) 
or  by.  itself  (as  in  the  third  side  of  the  triangle ),  it  is  called 
a  Jast  line,  and  a  double  line  across  the  book  is  drawn  at  the 
conclusion  of  it;  but  if  its  position  is  not  detciiiiincd(as  in 
the  second  side  of  the  triangle),  ii  is  called  a  loose  Hne^  and  a 
single  line  is  drawn  across  the  book  Wtien  a  line  becomes 
determined  in  position,  and  is  afterwards  continued  farther^ 
a  double  line  half  through  the  book  is  drawn. 

When  a  loose  line  is  measured,  it  becomes  absolutely  ne*" 
cessary  to  measure  some  other  line  that  will  determine  its 
position.  Thus,  the  first  line  ah  or  6h,  being  the  base  of  • 
triangle  is  always  determined  ;  but  the  position  of  the  second 
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side  hj.  does  not  become  detetminedt  till  the  third  side  j6  is 
measui-ed  ;  tht;n  ihe  position  of  both  is  determioedi  jsiid  ih» 
triaD^ie  may  be  constructed. 

At  the  beginnin|>;  of  a  line*  to  fix  a  loose  line  to  the  mark 
or  place  measured  from,  the  sig;n  of  turning  to  the  right  or 
left  hand  must  be  added,  as  at  h  ie  the  second,  and  J  in  the 
third  line ;  otherwi!»e  a  stranger,  when  laying  down  the 
work,  may  as  easily  construct  the  triangle  hjb  on  the  wix>ng^ 
side  of  the  line  oA,  as  on  the  right  one ;  but  this  error  cannot 
be  fallen  into,  Uthe  sign  above  named  t>e  carefully  observed. 

In  choosing  a  line  to  fix  a  loose  one.  care  must  be  taken 
that  it  does  not  make  a  very  actite  or  obtuse  angle  s  as  in  the 
triangle  /^Br,  by  the  angle  at  b  being  very  obtuse,  a  smail  de«- 
viation  from  truth,  even  the  breadth  of  a  point  at  fi  or  r^ 
ivould  make  the  error  at  b,  when  constructed,  very  const* 
derable  ;  but  by  constructing  the  triangle  y^B^,  such  a  devia- 
tion is  of  no  consequence.  *  * 

Where  the  words  leave  ojf  are  written  in  the  field-boo  k,  k 
ugnifies  that  the  taking  of  oCTsets  is  from  thence  disconti- 
nued ;  and  of  course  something  is  wanting  between  that 
and  the  next  offset,  to  be  afterwards  determined  by  measur- 
ing some  other  line. 

The  field-book  for  this  method,  and  the  plan  drawn  from 
it>  are  contained  in  the  four  fc^lowing  pages,  enf^raven  on 
copper-plates  ;  answerable  to  which,  the  pnpU  is  to  draw  a 
plan  from  the   measures  in  the  'field  book,  of  a  larger  size) 
viz.  to  a  scale  of  a  double  size  will  be  convenient,  such  a  scale 
being  also  found  on  most  instruments     In  doicig  this,  begin, 
at  the  commencement  of  the  field-book, t>r  t>ottom  of  the  first 
page  and  draw  the  first  line  ah  in  any  direction  at  pleasare, 
and  then  the  next  two  sides  of  the  fir^t  triangle  bhjhf  sweeping 
intersecting  arcs  ;  and  to  all  the  triapgles  in  the  same  man- 
ner, after  each  other  in  their  order  ;  tuid  afterwards  setting* 
the  perpendicular  and  oiher  offsets  at  their  proper  places,  and 
through  the  ends  of  them  drawing  the  bounding  fences. 

J^ote,  That  the  field-book  begins  at  the  bottom  of  the  first 
page,  and  reads  up  to  the  top  ;  hence  ^it  goes  to  the  bot* 
tom  of  the  next  page,  and  to  the  top  ;  and  thence  it  passes 
from  the  bottom  of  the  third  psige  to  the  top  which  is  the 
end  of  the  field-book.  The  several  marks  measured  to  or 
from,  are  here  denoted  by  the  letters  of  the  alphabet,  first 
the  small  ones  a,  6,  c,  </,  8tc,  and  after  them  the  capitals 
j|,  By  C,  27,  kc.  But,  instead  of  these  letterS)  some^  sar-t 
yeyors  use  the  numbers  in  erder,  1 »  ^;  8>  4>  &c. 
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8P  THE  OLD  KIND  OF  FIELD-BOOK. 

In  BtiTveying  with  the  plain  table,  a  field-book  is  tiot  usedy 
as  eTery  ihing  is  drawn  on  the  table  immediately  when  it  is 
measured.  But  in  surveving  with  the  theodolite,  or  any 
other  instrument^  some  kind  of  a  field-book  must  be  used,  to 
vrite  down  in  it  a  register  or  account  of  all  that  is  done  and 
occurs  relative  to  the  survey  in  hand. 

This  book  every  one  contrives  and  rules  as  he  thinks  fittest 
for  himselL  The  following  is  a  s^iecimen  of  a  form  which  has 
been  formerly  used.     It  is  ruled  into  three  columns,  a»  below. 

H'  re  0  I  is  the  first  station,  where  the  angle  or  bearing  is 
105^  25'  On  the  left,  at  73  links  in  the  distance  or  prin- 
cipal line,  is  an  offset  of  92  ;  and  at  610  an  offset  of  24  to  a 
cros4  hedge.  On  the  right  at  0,  or  the  beginning,  an  offset 
2S  to  the  corner  of  the  field  ;  at  248  Brown's  boundary 
hedge  commences  ;  at  610  an  offset  35  ;  and  at  954,  the  end 
of  the  first  line,  the  O  denotes  its  terminating  in  th(B  hedge* 
And  so  on  for  the  other  stations. 

A  line  is  drawn  under  the  work,  at  the  end  of  every  station 
line,  to  prevent  confusion. 

Form  of  this  Field- Book. 
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Then  the  plan,  on  m  small  scale  drawn  from  the  abpye  field- 
book,  wUl  be  Ai$  in  the  following  figure.  But  the  piriMl  maj 
driiW  a  plan  of  3  or  4  limes  the  size  on  his  paper  book  The 
dotted  lines  denote  the  3  chain  or  measured  tinesy  and  the 
Wack  lines  the  boundaries  pn  the  right  and  left. 


But  some  skilful  surreyors  now  iG^ake  use  of  a  different 
method  for  the  fieid*book,  namely,  beginning  at  the  bottom 
of  the  page  and  writing  upwards  ;  sketching  also  a  neat 
boundary  on  either  hand,  resembling  the  parts  near  the 
measured  lines  as  they  pass  along  ;  an  ex^onple  of  which  will 
be  given  funher  on,  in  the  method  of  surveying,  a  large 
estate. 

In  sosaller  surveys  and  measurements,  a  good  way  of  set^ 
ting  down  the  work,  is,  m  draw  by  the  ejre.  on  a  piece  of 
paper,  a  figure  resembling  that  which  is  to  be  measured  ; 
and  so  writing  the  dimensions,  as  they  are  foond,  against 
the  corresponding  parts  of  the  figure.  And  this  method 
may  be  practised  to  a  considenible  extent,  even  in  the  larger 
surveys. 

Another  specimen  of  a  field-book,  with  its  plan,  is  as  fol- 
lows ;  being  a  single  field,  surveyed  with  the  chain,  and  the 
theodolite  for  taking  angles;  which  the  pu{Ml  wiir likewise 
draw  of  a  larger  size. 
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SECTION  IIL 

OF  COMPUTING  AND  DIVIDING. 

PROBLEM  XVt 

To  Comftutc  the  Contents  qf  Fields^ 

1.  Compute  the  contents  of  the  figures  as  divided  into 
triangles,  or  trapeziums,  by  the  proper  rules  for  these  figures 
laid  down  in  measuring  ;  multiplying  the  perpendiculars  by 
the  diag«nal|  or  bases,  both  in  links,  and  divide  by  3  ; .  the 
quotient  is  acres,  after  haying  cut  off  five  figures  on  the  right 
for  decimais.  Then  bring  these  decimals  to  roods  and  perches, 
by  multiplying  first  by  4.  and  then  by  40.  An  example  of 
which  is  given  in  the  description  of  the  chain,  pag.  429. 

2  In  small  and  separate  pieces,  it  is  usual  to  compute  their 
contents  from  the  measures  of  the  lines  taken  in  surveying 
thera^  without  making  a  correct  plan  of  them« 

3.  In  pieces  bounded  by  very  crooked  and  winding  hedges^ 
measured  by  offsets,  all  the  parts  between  the  offsets  ar6  most 
accurately  measured  separately  as  small  trapezoids. 

4.  Sometimes  such  pieces  as  that  last  mentioned,  are  com- 
puted by  finding  a  mean  breadth,  by  adding  all  the  ofisea 
together,  and  dividing  the  sum  by  the  number  of  them,  ac« 
counting  that  for  one  of  them  where  the  boundary  meets 
the  tution*line,  (which  increases  the  number  of  them  by  1, 
for  the  divisor,  though  it  does  not  increase  the  sum  or 
quantity  to  be  divided)  i  then  multiply  the  length  by  that 
mean  breadth. 

5.  But  in  larger  pieces  and  whole  estates,  consisting  of 
many  fields,  It  is  the  common  practice  to  make  a  rough  plan 
of  the  whole,  and  from  it  compute  the  contents,  quite  inde« 
pendent  of  the  measures  of  the  lines  and  angles  that  were 
taken  in  lurveying.    For  then  new  lines  are  drawn  in  the 
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fi  tds  on  the  plan,  80  as  to  divide  them  into  trapexiums  ntd 
tridHf^les,  i\ic  bosea  and  perpendiculars  of  which  are  mea- 
aurt^donthe  plan  by  means  of  the  scale  from  which  it  wsts 
dniwn,  and  m>  muhiplied  together  for  the  contents.  In  this 
way,  the  work  is  very  expeditiously  dune,  and  sufBcicntlf 
correct ;  fos  buch  dimensions  are  taken  as  afford  the  most 
easy  method  of  calculaiton  ;  and  amon^  a  number  of  pcins^ 
thus  taken  and  applied  to  a  scale,  thoui^h  it  t>e  likely  that 
some  of  the  parts  will  be  taken  a  small  matt<>r  too  litik,  and 
oiiiers  too  great,  yet  they  will,  on  the  whole,  in  all  prohabiluy» 
Tery  nearly  balance  one  antither,  and  give  a  sufficiently  ac- 
curate result.  After  all  the  fields  and  particular  parts  are 
thus  computed  «epanitely,  and  added  all  together  into  one 
sum  ;  calculate  the  whole  estate  independent  of  the  fields,  by 
dividing  it  into  Urge  and  arbitrary  triangles  and  trapeziumsi 
and  add  these  also  together.  Tnen  if  this  sum  be  eqtial  to 
the  former,  or  nearly  sO|  the  work  is  right ;  but  if  the  sums 
have  any  considerable  difference,  it  b  wrong,  and  they 
must  be  examined,  and  re-computed,  till  they  nearly  agree. 

6.  But  the  chief  art  in  computing,  consists  in  finding 
the  contents  of  pieces  bounded  by  curved  or  very  irregular 
Uties,  or  in  reducing  such  crooked  sides  of  fields  or  l>oun- 
daries  to  straight  lines,  that  shall  inclose  the  same  or  equal 
area  with  those  crooked  sides,  and  so  obtain  the 'area  of  the 
curved  figure  by  means  of  the  rigtit-lined  one,  which  will 
commonly  be  a  trapezium.  Now  this  reducing  the  crooked 
sides  to  straight  ones,  is  very  easilv  and  accurately  performed 
in  this  manner  :— Apply  the  straight  edge  of  a  thin,  clear 
piece  of  lanthorn-hom  to  the  crooked  line,  which  is  to  be 
reduced,  in  such  a  manner,  that  the  small  parts  cut  off  from 
the  crooked  figure  by  it,  may  be  equal  to  those  which  are 
taken  in  :  which  equality  of  the  pans  included  and  excluded 
you  will  preseiuly  be  able  to  judge  of  very  nicely  by  a  itttle 
practice ;  then  with  a  pencil,  or  potnt  of  a  tracer,  draw  a 
line  by  the  straight  edge  of  the  horn.  Do  the  same  by  the 
other  sides  of  the  field  or  figure  So  shall  you  have  a  straight- 
sided  figure  equal  to  the  curved  one  ;  the  content  of  which| 
being  computed  as  before  dir^cted^  will  be  the  content  of  the 
crooked  figure  proposed. 

Or,  instead  of  the  straight  edge  of  the  horn,  a  horse  luur^ 
or  fine  threadi  may  be  applied  across  the  crooked  sides  in  the 
same  manner ;  and  the  easiest  way  of  using  the  thread,  is  to 
string  a  small  slender  bow  with  it»  either  of  wire  or  cane,  or 
whale-bone,  or  such-like  slender  elastic  matter  ;  for  the  bow 
keeping  it  always  stretched,  it  can  be  easily  and  neatly  ap- 
plied with  one  hand,  while  the  other  is  at  liberty  to  make 
two  marks  by  the  9ide  of  it,  to  dra\y  the  straight  line  by. 

EXAMFUB. 
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EXAMPLE. 


Th\i8,  let  it  be  required  to  find  the  contents  of  the  same 
fi(<ure  M  in  Prob.  ix,  page  44 1  ^  to  a  scale  of  4  chains  to  an 
incii. 

B 


Draw  the  4  dotted  straight  lines  ab,  bc,  cd,  da^  CQlting 
oflT  equal  quantities  on  both  sides  of  thenit  which  they  do  as 
Dca*"  as  the.  eye  can  judge :  so  is  the  crooked  figure  reducr.d 
to  an  equivalent  right-lined  one  of  4  sides,  abcd  Tbrn 
draw  the  diagonal  bd,  which,  by  applying  a  proper  scale  to 
It,  measures  suppose  1256.  Also  the  perpendictuar,  or  neur- 
est  distance  from  a  to  this  diagonal,  measures  456  -,  and  thid 
distance  of  c  from  it,  is  4^38. 

Then,  half  the  sum  of  456  and  438,  multiplied  by  tho 
diagonal  1256^  gives  555152  square  links,  or  5  acres,  2  root's^ 
8  perciies,  the  content  of  the  trapezium,  or  of  the  irregular 
crooked  piece. 

As  a  general  example  of  this  practice,  let  the  contents  be 
computed  of  all  the  fie  Ids.  separately  in  the  foregoing  plan 
in  page  452,  and  by  adding  the  contents  altogether,  tht;  whole 
sum  or  content  of  the  estate  will  be  found  nesrly  equal  tt> 
1034-  &cres.  Then,  to  prove  the  work,  divide  the  whole  plaa 
into  two  parts,  by  a  pencil  line  drawn  across  it  any  way  near 
the  middle,  as  from  the  corner /on  the  n^ht>  to  the  corner 
near  •  on  the  left ;  then,  by  computing  these  two  large  parts 
separately,  their  sum  must  be  nearly  equal  to  the  former  suiBi 
when  the  work  is  all  right. 

PROBLEM  XVn 

To  Traw(fer  a  Plan  to  Another  Pafier^  fstc. 

AvTBB  the   rough  plan  is  completed,  and  a  fair  one  i« 
wanted  ;  thia  may  be  done  by  any  of  tjie  following  methods* 


^. 


456  LAND 

Firtf  3f<fMo</.— -Lay  the  rough  phoi  on  the  cleen  _ 
l^eeping  them  always  pressed  flat  and  close  together/  by 
weights  laid  on  them.  Then,  vith  the  point  of  a  fine  pia 
or  prtcker,  prick  through  all  the  coniera  of  the  plan  to  be 
copied*.  Take  them  aj^nndery  and  connect  the  pricked  points, 
on  the  clean  paper,  with  lines  ;  and  It  is  done.-  This  method 
is  only  to  be  practised  in  plans  of  such  figures  as  aie  sauJI 
and  tolerably  regular,  or  bounded  by  right  Unea. 

Second  MeiAod  ^^Rub  the  back  of  the  rough  phnofer  with, 
black-lead  powder;  and  lay  this  blacked  part  on  the  clean* 
p..per  on  which  the  plan  is  to  be  copied^  and  in  the  proper 
position.  Then,  with  the  blunt  point  of  some  hard  sttbataDCCf 
as  brass  or  such-like$  trace  over  the  lines  of  the  whole  phA  i 
pressing  the  tracer  so  much}  as  that  the  black  lead  under  the 
lines  may  be  transferred  to  the  clean  paper  :  after  which, 
take  off  the  rough  plan,  and  trace  over  the  leaden  marks 
with  common  ink,  or  with  Indian  ink— Or}  instead  of  black* 
ing  the  rough  plan^ire  may  keep  constantly  a  blacked  paper 
to  lay  between  the  plans. 

Third  Method.^^AjMhtT  method  of  copying  plans,  is  by 
means  of  squares.  This  is  performed  by  dividing  both  ends^ 
and  sides  of  the  plan  which  is  to  be  copied  into  any  conve- 
niem  number  of  equal  parts,  and  connecting  the  correspond- 
ing pcMnts  of  dirision  with  lines :  which  will  divide  the  plan 
into  a  number  of  small  squates.  Then  divide  the  paper, 
on  which  the  plan  is  to  be  copied,  into  the  same  number 
of  squares,  each  equal  to  the  former  when  the  plan  is  fo  be 
copied  of  the  same  ssze,  but  greater  or  less  than  the  others, 
in  the  proportion  in  which  the  plan  is  to  be  increased  or 
diminished,  when  of  a  different  size.  Lastly,  copy  into  the 
clean  squares  the  parts  contained  in  the  corresponding  squares 
of  the  old  plan ;  and  you  will  have  the  copy,  either  of  the 
same  size,' or  greater  or  less  in  any  proportion. 

Fmrth  Method, — A  fourth  method  is  by  the  instrument 
called  a  pentagraph)  which  also  copies  the  plan  in  any  aiae 
required. 

Ftfth  M?/Aod.--But  the  neatest  method  of  any,  at  least  in 
copying  Jrom  a  fair  plan,  is  this.  Procure  a  copying  frame 
or  glass,  made  in  this  manner }  namely,  a  lage  square  of  the 
best  window  glass,  set  in  a  broad  frame  of  wood,  which  can  be 
raised  up  to  any  angle,  when  the  lower  ode  of  it  rests  on  a 
table*  Set  this  frame  up  to  any  angle  before  you,  fiicing  a 
atrong  light ;  fix  the  old  plan  and  clean  paper  u^ther,  with 
several  pins  quite  aroimd,  to  keep  them  together,  the  clean 

paper 
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pMiper  beiikg^  laid  upperniost>  and  over  the  bee  of  the  plan  to 
be  copied.     Lay  tb^m.  with  the  back  of  the  old  plaoi>  od  tho 

tlass  i  namelfy  that  part  which  you  intend  to  begin  at  to  copy 
rst ;  and  by  means  of  the  lig^ht  shining  through  the  papers, 
you  wiJI  very  distinctly  perceive  every  line  of  the  plan 
through  the  clean  paper.  In  this  state  then  trace  ^11  the  lines 
oa  the  paper  with  a  pencil  H<^ving  drawn  that  part  whic^ 
covers  the  glassi  slide  another  pi^rt  over  the  glass«  and  copy  it 
in  the  same  manner.  Then  another  part.  And  so  oot  till 
the  whole  is  co|ued  Then  take  them  asunder*  and  trace 
all  the  pencil  Imes  over  with  a  fine  pen  and  Indian  ink,  or 
with  common  ink.  And  thus  you  may  copy  the  finest  plan 
without  injunng  it  ia  the  least. 


OF  ARTIFICERS'  WORKS, 

AMD 

* 

TIMBER  MEASURING. 


I.  OP  THB  CARPENTER'S  OR  SL10ING  RULE. 

• 

THE  Carpenter's  or  Sliding  Rule,  is  an  instrumeiit  much 
used  in  measuring  of  timber  and  artificers*  works,  both  for 
taking  the  dimensions,  and  computing  the  contents. 

The  instrument  consists  of  two  equal  pieces,  each  a  foot  in 
length,  which  are  connected  together  by  a  folding  joint. 

One  side  or  face  of  the  rule,  is  divided  into  inches,  and 
eighths,  or  half-<)uarters.  On  the  same  face  also  are  several 
plane  scales,  divided  into  twelfth  parts  by  diagonal  lines ; 
which  are  used  in  planning  dunensions  that  are  taken  in  feet 
and  inches.  The  edge  of  the  rufe  is  commonly  divided  de- 
cimally, or  into  tenths;  namely,  each  foot  into  ten  equal 
pans,  and  each  of  these  into  ten  parts  again  ;  so  that  by 
meansof  this  last  scale,  dimensions  are  taken  in  feet,  teothsy 
and  hundredths,  and  multiplied  as  common  decimal  numl)ers> 
which  is  the.  best  way. 

On  the  one  part  of  the  other  face  are  four  lines,  marked 
At  Bi  c.  o  ;  the  two  middle  ones  b  and  c  being  on  a  slide rj 
which  runs  m  a  groove  made  in  the  stock.  The  same  num* 
bers  serve  for  both  these  two  middle  lioeS) .  the  ode  being 
above  the  numbers,  and  the  other  below.  , 

Vol  I;  N  n  n  ^  Thcst 
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Tllese  four  lines  are  logarithmic  otieBi»  and  the  tliree  4,  Bv 
C  which  are  all  equal  to  one  another,  are  douhle  liaea,  as 
they  proceed  iwicc  over  from  1  to  10.  The  other  or  lowest 
line,  D,  is  a  single  oue,  proceeding  from  4  to  40.  It  la  also 
called  the  girt  line,  from  its  use  in-aimpming  the  contents 
of  trees  and  imiber  ;  and  on  it  are  marked  wo  at  If- 15,  and 
AG  at  18-95,  the  wine  and  ale  gage  points,  to  make  this  in- 
strument serve  the  purpose  of  a  gaging  rule. 

On  the  other  part  of  this  face,  ther^  is  a  Uble  of  the  value 
of  a  load,  or  50  cubic  feet^  of  timber,  at  all  prices,  from  6  pence 
to  3  shillings  a  foot. 

When  1  at  the  beginning  of  any  line  is  accounted  l,tbet^ 
the  1  in  the  middle  will  be  10,  ^nd  the  U)  at  the  end  100; 
but  when  1  at  the  beginning  is  counted  10,  then  the  I  \r 
the  middle  is  100,  and  the  tOat  the  end  -  1000  ;  aiid  B4«>&» 
And  all  the  smaller  divisions  are  altered  proportionally. 


II.  ARTIFICERS*  WORK.  •      - 

Artiticsrs  compute  the  contents  of  their  works  by  severtf 
different  measures.     As,  ' 

Gldzing  and  masonry,  by  the   foot;  Painting,  plastering, 

paving,   &c   by  the   yard,  of  9  square  feet :   Flooring. 

pactitioning,  Yoofing,  tiling,    &c.   by  the  square  of  10* 

square  feet : 
And  brickwork,  either  by  the  yard  of  9  square  feet,  or  bf 

the  perch,  or  square  rod  or  pole,  containing  2721  square 

feet,  or  SOi  square  yards,   being  the  square  of  the  rod 

or  pole  of  16|  feet  or  5}  yards  long. 

As  this  number  272^  is  troublesome  to  divide  by,  the  \  is 
often  omitted  in  practice*  and  the  content  in  feet  divided  only 
by  the  272  » 

AlLworks,  whether  superficial  or  solid,  are  computed  by 
the  rules  proper  to  the  figure  of  them,  whether  it  be  a  triangle, 
or  rectanglCi  a  parallelopiped,  or  any  other  ffgure« 
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Brickwork  is  estimated  at  the  rate  of  a  brick  and  a  half- 
thick.  6o  that  if  a  wall  be  more  ov  less  than  this  standard 
thickne^)  it  roust  be  reduced  to  it,  as  follows  : 

Multiply  the  superficial  content  of  the  wall  by  the  number 
of  half  biicks  in  the  thickness^  and  ditide  the  product  by  3. 
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The  dimensions  of  a  building^  may  be  taken  by  measuring 
half  round  on  the  outside  and.  half  round  it  o^  the  inside  ;  tiic 
Bum  of  these  t^ro  gives  the  compass  of  the  w^ill,  to  be  multi* 
plied  by  the  height,  for  the  content  of  the  materials. 

Chimneys  are  commonly  measured  as  if  they  were  solid, 
deducting  only  the  Tacuity  from  the  hearth  to  the  mantle, 
on  account  of  the  trouble  of  them.  All  windows,  doors,  Sec. 
are  to  be  deducted  out  of  tlie  conients  of  the  walls  in  which 
they  are  placed.  ^     -^ 

EXAMPLES. 

Exam.  1.  How  many  yards  and  rods  of  standard  brick- 
work are  in  a  wall  whose  length  or  compass  is  57  feet  $ 
inches,  and  height  34  feet  6  inches ;  the  wall  being  2^ 
bricks  or  5  half-brieks  thick  ?  Ans.  t  rods,  17|  yards. 

Exam.  3.  Required  the  content  of  a  wall  6i^  Teet  6  inches 
long,  and  14  feet  8  inches  high,  and  3^  bricks  thick  ? 

A  ns.  169*753  yards. 

•  •         • 

Exam  3.  A  triangular  gable  is  raised  17^  feet  high,  on 
an  end  wall  whose  length  is  24  feet  9  inches,  the  thickness 
being  3  bricks :  required  the  reduced  content  I 

Ans.  32*08}  yards. 

Exam.  4.  The  end  wall  of  a  house  is  28  feet  10  inches 
long,  and  55  feet  8  inches  high,  to  the  eaves  ;  20  feet  higb  is 
2i  bricks  thick,  other  30  feet  high  is  3  bricks  thick,  and  the 
remaining  IS  feet  8  inches  is  1}  brick  thick;  above  which 
is  a  triangular  gablci  of  1  brick  thick  ;  which  rises  43  courses 
of  bricks,  of  which  every  4  courses  make  a  foot.  What  is  the 
whole  content  in  standard  measure  I  Ans«  353  626  yards* 


IV.  MASONS'  WORK. 

•To  masonry  belong  all  sorts  of  stone-work  s  and  the  mea- 
sure made  use  of  is  a  foot,  either  superficial  or  solid. 

Walls,  columns,  blocks  of  stone  or  marble,  hue*  are  mea* 
sured  by  the  cubic  fo6t  ;  and  pavements,  slabs,  chimney* 
pieces,  fcc.  by  the  superficial  or  square  foot. 

Cubic  or  solid  measure  is  used  for  the  materials,  and  square 
measure  for  the  workmanship. 

In  the  solid  measure,  the  true  length,  breadth,  and  thick* 
ness  are  taken,  and  multiplied  continually  together.  In  the 
superficial,  there  must  be  taken  the  length  and  breadth  of 
every  part  of  the  projection  which  is  seen  without  the  gene- 
ral upright  face  of  the  building. 

^XAMFUSS? 
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£XAMPL£9. 

Exam.  1.  Required  the  solid  content  of  a  waU«  53  feet  6 
Inches  longt  U  ieei  3  inclifift  high)  and  2  feet  thick  I 

Ans.  1310^  leet. 

Exam.  3  What  is  the  solid  conteni  of  a  wall,  the  length 
Wing  34  fee(  3  inches,  height  10  feet  9  inches,  and  2  feet 
thick  i  Ans.  531-373  feet- 

£xAM>  3.  Required  the  value  of  a  marble  slab,  ai  8«.  per 
ibot »  the  length  being.  5  feet  7  inches,  and  breadth  1  loQt 
10  inches  ?  Ans.  4/.  U.  iOid. 

Exam   4.     In  a  chimney-piece,  suppose  the 
length  of  the  mantle  and  slab,  each  4  feet  6  inches 
breadth<of  both  together         -         3.2 
length  ot  each  jamb        •       •         4         4 
breadth  of  both  together         •  1  9 

Required  the  superficial  content  ?        Ans.  31  feet  10  inches. 


V.  CARPlfNTERS'  AND  JOINERS*  WORK. 

To  this  branch  belongs  all  the  wood-work  of  a  house,  such 
as  fi  K>ring,  partitioning,  roofing,  8cc. 

Liii'ge  and  plain  articles  are  usually  measured  by  the 
square  foot  or  yard,  8cc. ;  but  enriched  mouldings,  and  some 
otner  articles,  are  often  estimated  by  running  or  lineal  mea- 
sure ;  and  some  thint^s  are  rated  by  the  piece. 

in  measuring  of  Joists,  take  the  dimensions  of  one  joistt 
and  multiply  its  content  by  the  number  of  them  «  consider- 
ing that  each  end  is  let  into  the  wail  about  |  of  the  thick- 
ness, as  it  ought  to  be. 

Partitiona  are  measured  from  wall  to  wall  for  one  di- 
jnension,  and  from  floor  to  floor,  as  &r  as  they  extend,  for 
the  other* 

The  nuanurt  t^  Centering  for  CeUara  is  found  by  making  a 
^tring  pass  over  the  surfiice  of  the  arch  for. the  breadth,  imd 
taking  the  length  of  the  cellar  for  the  length :  but  in  grc^ 
centering,  it  is  usual  to  allow  double  measure,  oa  account  of 
their  extraordinary  trouble. 

In  Eoijingj  the  dimensions  ss  to  length,  breadth*  and 
depths  are  uken  as  in  flooring  joists,  and  the  contents  com- 
puied  the  same  way. 

In  Floor4>oarding%  take  the  length  of  the  room  for  one  di* 
nension,  and  the  breadth  for  the  other,  to  multiply  together 
for  the  content. 

far  Sswr-caseaj  uke  the  breadth  of  all  the  steps,  by  making 

aline 
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•  line  ply  close  over  them,  froln  the  top  to  the  botlomy  and 
multiply  the  length  of  this  line  by  the  length  of  a  step,  for 
the  whole  area.— *By  the  length  of  a  step  is  meant  the  length 
of  the  front  and  the  returns  at  the  two  ends ;  and  by  tho 
breadth  is  to  be  understood  the  girts  of  its  two  outer  sur- 
faces, or  the  tread  and  riser. 

^  For  the  BtthiMtrade^  take  the  whole  length  of  the  upper  part 
of  the  hand-rail,  and  girC  over  its  end  till  it  meet  the  top  of 
the  newel  post,  for  the  one  dimension ;  and  iwice  the  length 
of  the  baluster  on  the  landings  with  the  girt  of  the  hand-raily 
for  the  other  dimension. 

• 

*  F&r  Wamcotin^^  take  the  compass  of  the  room  for  the 
one  dimension ;  and  the  height  from  the  floor  to  the  ceiltngi 
making  the  string  ply  close  into  all  the  mouldings,  for  the 
other. 

For  Doar^i  take  the  height  and  the  breadth,  to  multiply 
them  together  for  the  area. — If  the  door  be  panneled  oa 
both  sides,  take  double  its  measure  for  the  workmanship  { 
but  if  one  side  only  be  panneled,  take  the  area  and  its  half 
for  the  workmanship.— /^or  the  Surrounding  Architrave^  girt 
it  about  the  uppermost  part  for  its  length  ;  and  measure  over 
it>  at  far  as  it  can  be  seen  when  the  door  is  open,  for  the 
breadth. 

¥VindoW'9hutter»i  Batea^  8cc.  are  measured  in  like' manner. 

In  measuring  of  Joiners' work,  the  string  is  made  to  ply 
close  into  all  the  mouldings,  and  to  every  part  of  the  work 
over  which  it  passes. 

EXAMPLES. 

Ex  an.  1«  Required  the  content  of  a  floor,  48  feet  6  inches 
long,  and  24  feet  i  inches  broad  ?  Ans.  1 1  sq.  76|  feet 

EzAic.  3.  \  floor  being  36  feet  3  inches  long»  and  16  fedl 
6  inches  broad,  how  many  squares  are  in  ft  ^ 

Ans*  5  sq.  98|  feet* 

Exam.  3  How  many  squares  are  there  in  173  feet  10 
inches  in  length,  and  10  feet  7  inches  height*  of  partition- 
ing ?  Ans.  18  3973  squares* 

Exam.  4.  What  cost  the  roofing  of  a  house  at  10«.  6{L 
«  square  ;  the  length  within  the  walls  being  52  feet  8  inches, 
and  the  breadth  30  feet  6  inches ;  reckoning  th^  roof  4  of 
tho flat f  Ana*  13/.  I2s.  i  iJcK* 

£ZAM« 
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Exam.  5.  To  how  much,  at  6s.  per  square  yard,  amoonu 
the  wainscotiog  <^  a  room  ;  the  height,  taking  in  the  cor- 
nice and  mouldings,  being  13  feet  6  inches,  and  the  whole 
compass  83  feet  8  inches  s  also  the  three  window-shutters 
are  each  T  feet  8  inches  by  3  feet  6  inches,  and  the  door 
7  feet  by  3  feet  6  inches  ;  the  doors  and  shatters,  being 
worked  on  both  sides,  are  reckoned  work  and  half  work  ? 

Ana.  36^  Ifh.  2id. 


VI.  SLATERS*  AND  TILERS*  WORK- 

« 

Ik  these  articles,  the  content  of  a  roof  is  found  by  muK 
tiplying  the  length  of-  the  ridg^  by  the  girt  over  from  eaves 
to  eaves ;  making  allowance  in  this  girt  for  the  double  row 
of  slates  at  the  bottom,  or  for  how  much  one  row  of  slates 
or  tiles  b  laid  over  another,  * 

When  the  roof  is  of  a  true  pitch,  that  is,  forming  a  right 
ingle  at  top ;  then  the  breadth  of  the  building,  with  its  haU 
added,  is  the  girt  over  both  sides  nearly. 

In  angles  formed  in  a  roof,  running  from  the  ridge  to  the 
eaves»  when  the  angle  bends  inwurds,  i^  is  called  a  valley ; 
but  when  outwards,  it  is  called  a  hip. 

Deductions  arc  made  for  chimney  shafts  or  window  hofea. 

EXAMPLES. 

Exam.  1.  Required  the  content  of  a  slated  roof,  the  length 
being  45  feet  9  inches,  and  the  whole  girt  S4  feet  3  inches  F 

Ans.  174^  yards. 

Exam-  3.  To  hoiv  much  amounts  the  tiling  of  a  house, 
at  35«.  6d.  per  square ;  the  length  being  43  feet  10  inches, 
and  the  breadth  on  the  flat  3T  feet  5  inches ;  also  the  eaves 
projecting  16  inches  on  each  side,  and  the  roof  of  a  true 
pitch  ?  Ans.  24/.  9».  S^d. 


Vn.  PLASTERERS'  WORK. 

Flastb&brs*  work  is  of  two  kinds ;  namely,  ceiling,  which 
IS  plastering  on  laths  :  and  rendering,  which  is  plastering  on 
wsdls :  which  are  measured  separately. 

The 


PAINTERS'  WORK.  4fi3 

The  cdntenta  are  estiaiated  either  by  the  foot  or  the  y^rd, 
or  the  square^  of  100  feet.  Inriched  mouLdingSi  &c.  are  rate4 
by  runniDg  or  lineal  measure.  . 

Deductions  are  made  for  chimneysi  doors^  windows,  &g« 

BXAMFLE5. 

Exam.  1.  How  many  yards  contuns  the  ceiling  which  is 
43  feet  3  inches  long,  and  35  feet  6  inches  broad  ? 

Ans.  1S2^ 

Exam.  2.  To  how  much  amounts  the  ceiling  of  a  roonif 
at  \0d  per  yard ;  the'^length  being  31  feet  S  inches,  and  the 
breadth  14  feet  kO  inches  Ans.  !/•  9«.  8|</, 

Exam.  3.  The  length  of  a  room  is  18  feet  6  inches,  the 
breadth  IS  feet  3  inches,  and  height  10  feet  6  inches;  to 
how  much  amounts  the  ceiling  and  rendering,  the  iormer  at 
8d  and  the  latter  at  Sd,  per  yard  i  allowing  for  the  door  of 
7  feet  by  3,  feet  8|  and  a  fire-place  of  5  feet  square  ? 

Ans.  U.  13«.  3\d. 

Exam.  4.  Required  the  quantity  of  plastering  in  a  room, 
the  length  being  14  feet  5  inches,  breadth  13  feet  3  inches, 
and  height  9  feet  3  inches  to  the  under  side  of  the  cornice, 
which  girts  8^  inches,  and  projects  5  inches  from  the  wall 
on  the  upper  part  next  the  ceiling;  deductin|^  only  for  a 
door  7  feet  by  4  ? 

Ans.  53  yards  s  feet  3^  inches  of  rendering 
18  5  6  of  ceiling 

39        o\i         of  cornice. 


VIII.  PAINTERS'  WORK. 

Paxxtbrs'  work  is  computed  in  square  yards.  Every  part 
is  measured  where  the  colour  lies ;  and  the  measuring  line  is 
forced  into  all  the  mouldings  and  corners. 

Windows  are  done  at  so  much  a  piece.  And  it  is  usual  te 
allow  double  measure  for  carved  mouldings,  dec 

BXAMPLES. 

Exam  1.  How  many  yards  of  painting  contains  the  room 
which  is  65  feet  6  inches  in  compass,  and  1 3  feet  4  inches 
high  ?  Ans.  89^1  yards. 

SxAM.  3.  The  length  of  a  room  being  30  feet,  iu  breadth 

14  feet 
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14  feet  6  incbeSf  and  beif^ht  10  feel  4  ioclies  ;  how  maof 
yard*  of  luting  are  in  it,  deductiog  a  fire-place  of  4  feet 
by  4  feet  4  inches,  and  two  wiodowa  each  6  feet  bj  3  feet 
3  inches  ?  Ans.  73^  yards. 

Exam.  3.    What  cost  the  painUng  of  a  room,  at  6</.  per 
yard ;  its  length  being  24  feet  6  inches,  its  breadth  16  feet 
3  inches,  and  height  12  feet  9  incbea  i  also  the  door  is  7  leeC 
by  3  feet  6,  and  the  window-shuttera  to  two  windows  each 
7  feet  9  by  3  feet  6 ;  but  the  breaks  of  the  windows  themselves 
are  8  feet  6  inches  high,  and  I  foot  3  inches  deep ;  inclndinf^  • 
also  the  window  cills  or  seatst  and  the  •  soffiu  aborey  the  di» 
mensions  of  which  are  known  tirom  the  other  dimennona  : 
but  deducting  the  fireplace  of  5  feet  by  5  feet  6  ? 

Ana.  3/.  $s.  10|dL 


IX.  GLAZIERS'  WORK. 

Glazib&s  take  their  dimensions,  either  in  feet,  inches, 
and  parts,  or  feet,  tenths,  and  hundredths.  And  they  com- 
pute their  work  in  square  feet. 

In  taking  the  length  and  breadth  of  a  window,  the  cross 
bars  between  the  squares  are  included.  Also  windows  of 
round  or  oval  forms  are  measured  as  8quare»  measuring  them 
to  their  greatest  length  and  breadth*  on  account  of  the  waste 
in  cutting  the  glass. 

EXAMPLES. 

Exam.  1.  How  many  square  feet  contabs  the  window  wUch 
is  4-25  feet  long,  and  2*75  feet  broad  i  Ans.  1 1|. 

Exam.  3.  What  will  the  glaziAg  a  triangular  sky-light 
come  to,  at  IM.  per  foot ;  the  faAse  being  12  feet  6  inches,  and 
the  perpendicular  height  6  feet  9  inches  ? 

Ans,  }/.  15*.  l|d. 

Exam.  3.  There  is  a  house  with  three  tiers  of  windows, 
three  windows  in  each  tier,  their  common  breadth  3  feet  1 1 
inches: 

now  the  height  of  the  first  der  is  7  feet  10  inches 

of  the  second       6  8 

of  the  third  5  4 

Required  the  expense  of  glazing  at  I4d,  per  foot  ? 

Ans.  13/.  lU.  lO^d. 

'Exam. 
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Exam.  4.  Required  the  expense  of  glAzin^  the  whidowi 
t>f  a  house  at  13^.  a  foot ;  there  being  three -stories,  and  three 
vindow»»in  each  stor^r : 

the  height  of  the  lower  tier  is  7  feet  9  inches 
of  the  middle  6  6 

oi'  the  upper  5  3} 

and  of  an  oval  window  ov(;r  the  door  1         10^ 
tke  common  breadtb  of  ali  the  windows  being  3  feet  9  inches  I 

Ans.  i2L  59.  ^. 


X.  PAVERS'  WORK. 


PAVEua'  work  Is  done  by  the  square  yard.    And  the  coq« 
tent  is  ibund  by  multiplying* the  length  by  the  breadth. 


*     EXAMPLES. 


Exam.  I.  What  cost  the  paving  a  foot-path,  at  3«.  4i/. 
a  yard  ;  the  length  being  3$  feet  4  inches,  and  breadth 
8  feet  3  inches  ?  Ans.  5/  '7a.  11  j^. 

ExAMt  2  What  cost  the  puving  a  court,  at  3«.  2d.  per 
yard  ;  the  length  being  27  feci  10  inches,  and  the*  breadth 
14  feet  9  inchcH  ?  Ana  71.  4«.  S^d, 

Exam-  3.  What  will  be  the  expense  of  paving  a  rectan- 
l^lar  court-yard,  whose  length  is  63  feet,  and  breadth 
45  feet  5  in  which  there  is  laid  a  foot-path  of  5  feet  3  inches 
broad,  running  the  whole  length,  with  broad  stones,  at  3<« 
a  yard ;  the  rest  being  paved  with  pebbles  at  2«.  6d,  a  yard  ? 

Ans.  40/.  5a,  lOid. 


XL  PLUMBERS'  WORK.  ^ 

PLUM98&S*  work  is  rated  at  so  much  a  pound,  or  else  by 
the  hundred  weight  of  1 12  pounds. 

Sheet  lead,  used  in  roufing,    guttering,  8cc*  is  from   6  to 
10  lb.    to  the  square  foot.     An^  a  pipe  of  an  inch  bore  i^  j 

commonly  13  or  14  lb.  to  the  yard  in  length. 

EXAMPLES. 

Exam.     K  How  much  weighs  the  lead  which  is  39  feet 
Vol.  L  O  o  •  •  inches 


1 
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6  iocbes  long,  and  3  feet   3  inches   broad,   at  8jlb.  to  the 
square  foot  ?  Ads.  109 1 ^V^- 

Exam  2.  What  cost  the  coTcriog  and  guttering  a  roof 
with  lead,  at  i8«.  the  cwt ;  the  length  of  the  roof  being  4S 
feet,  and  breadth  or  girt  over  it  32  feet  ;  the  gutterini?  57 
feet  Ion?,  and  2  feet  wide  ;  the  former  9*83 i  lb.  and  the  lat- 
ter 7*373  lb.  to  the  square  foot  ?  Ans.  I  i5L  9#*  1  j^ 


XIL  TIMBER  MEASURING. 

PROBI^EM  I 
Tojind  the  Arca^  or  Sufierficial  Content^  of  a  Board  or  Plank. 

Multiply  the  length  by  the  mean  breadth. 

JSTote  When  the  board  is  tapering,  add  the  breadths  at 
the  two  ends  logeilier,  and  take  half  the  sum  for^the  tnetsk 
breadth.    Or  else  take  the  mean  breadth  in  the  middle. 

By  the  Sliding  Rule. 

* 

Set  1 3  on  B  to  the  breadth  in  inches  on  a  :  then  against 
the  ler>gth  in  feet  on  a,  is  the  content  on  Ay  in  feet  and 
fractional  parts. 

EXAMPLES. 

Exam.  1.  What  is  the  value  of  a  plank,  at  Ifcf.  per  fooC;^ 
whobe  length  is  13  feet  6  inches,  and  mean  breadth  1 L  indies? 

Ans.   l«  bd. 

Exam.  3  Required  the  content  of  a  board,  whose  length 
is  1 1  feet  3  inches,  and  breadth  I  foot  10  inches  I 

Ans.  20  feet  S  inches  8  . 

Exam.  3.  What  is  the  value  of  a  plank,  which  is  13  feet 
9  inches  long^  and  I  foot  3  inches  broad^  at  Si^f.  a  foot  l 

4  Ans.  3a.  Sid. 

Exam  4.  Required  the  value  of  5  oaken  planks  at  Sd. 
per  foot,  each  of  them  being  17)  feet  long  ;  and  their  several 
breadths  as  follows,  namely,  two  of  I3i  inches  in  the 
middle,  one  of  Uj  inches  in  the  middle,  and  the  two  re- 
maining ones,  each  18  inches  at  the  broader  end,  and  l !{  at 
the  narrower  I  Ans.  M  Sa  9^4, 

PR«BL£M 
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PROBLEM  n. 


To  find  the  Solid  Content  of  Squared  or  Four-eided  Timber^    ^ 

Multiply  thtd  mean  breadth. by  the  mean  thickness,  and 
the  product  again  by  the  length,  for  the  content  nearJy. 

By  the  Sliding  Rule. 

CD  DC 

As  length :  12  or  10  i :  quarter  girt  :  solidity. 

That  is,  M  the  lenj^th  in  feet  on  c,  is  to  12  on  d,  iivhen 
the  quarter  girt  is  in  niches,  or  to  10  on  n,  when  it  is  in 
tenths  of  feet ;  so  is  the  quarter  girt  on  d,  to  the  content 
on  c. 

JVote  1.  If  the  tree  taper  regularly  from  the  one  end  to 
the  other  ;  either  take  the  mean  breadth  and  thickness  in  the 
middle,  or  take  the  dimensions  at  the  two  ends,  and  half 
their  sum  will  be  the  mean  dimensions  i  which  multiplied  as 
above,  will  give  the  content  nearly. 

S.  If  the  piece  do  not  taper  regularly,  but  be  unequally 
thick  in  some  parts  and  small  in  others  ;  take  several  dif- 
ferent dimensions,  add  them  all  together,  and  divide  their 
%Hm  by  the  number  of  them,  for  the  mean  dimensions, 

EXAMPLES. 

Exam.  1.  The  length  of  a  piece  of  timber  is  18  feet 
6  inches,  the  breadths  at  the  greater  and  less  end  1  foot 
6  inches  and  1  foot  3  inches,  and  the  diickness  at  the  greaier 
and  less  end  1  foot  3  inches  and  1  foot ;  required  the  solid 
content  ?  Ans.  2B  feet  7  inches. 

Exam.  2*  What  is  the  content  of  the  piece  of  timber, 
whose  length  is  24f  feet,  and  the  mean  breadth  and  thick- 
ness each  1-04  feet  i  Ans.  26i  feet. 

Exam.  3.  Required  the  content  of  a  piece  of  timber, 
whose  length  is  20*38  feet,  and  its  ends  unequal  squares,  the 
sides  of  the  greater  being  19^  inches,  and  the  side  of  the  less 
9}  inches  i  Ans.  29*7562  feel. 

Exam. 
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Exam.  4.  Required  the  cantcnt  of  the  piece  of  timber, 
whose  length  U  27-36  feet ;  at  the  greater  end  the  breadth 
Is  1-78,  and  thickness  1-23  ;  and  at  the  less  end  the  bre«.dtli 
is  1-04,  and  thickness  0*91  feet  I  Ans.  41*378  feet. 

PROBLEM  ill. 
Tojbud  the  Solidity  of  Round  or  Unsquared  Tlmdcr* 

Multiply  the  square  of  the  quarter  girtt  or  of  i  oE  the 
mean  circumference;  by  the  leng:th,  for  the  content. 

By  the.Sliding  Rule. 

As  the  length  upon  c  :  13  or  10  upon  d  :  x 
quarter  girt,  in  \t\\i%  or  lOths,  on  d  :  content  on  c. 

•Vo/f  I.  When  the  tree  is  tapering:,  take  the  mean  dlmea- 
•ions  as  in  the  former  problems,  either  by  girting  it  in  the 
snifidle,  for  the  mean  gift,  or  at  tlie  two  ends,t^nd  take  half 
tl)e  sum  of  the  two ;  or  by  girting  it  in  several  places*  then 
adding  all  the  girts  together,  and  dividing  the  sum  by  the 
number  of  them,  for  the  mean  girt.  But  vrhen  the  tree  is 
Tery  irregular,  divide  it  into  several  lengths,  and  find  the 
content  of  each  part  separately. 

3.  This  rule,  which  is  commonly  used,  gives  the  answer 
about  i  less  than  the  true  quantity  in  the  tree,  or  nearly 
what  the  quantity  would  be,  after  the  tree  is  hewed  square 
in  the  usual  way  x  so  that  it  seems  intended  to  make  an  al- 
lowance for  the  squaring  of  the  tree. 

EXAMPLES. 

Ex^M.  1.  A  piece  of  round  timber  being  9  feet  6  inches 
long,  and  its  mean  qtxarter  girt  42  inches  ;  what  is  the  coa« 
tent  ?  Ans.  116^  feet. 

Exam  3/  The  length  of  a  tree  is  34  feet,  its  girt  at  the 
thicker  end  14  feet,  and  at  the  smaller  end  2  feet ;  required 
the  content  ?  Ans.  96  feet 

Exam.  3.  .What  is  the  content  of  a  tree,  whose  mean 
girt  is  3- 15  feet,  and  length  14  feet  6  inches  \ 

Ans.  8*9932  feet 

Exam.  4.  Required  the  content  of  a  tree,  whose  length 
is  17^  feet,  which  girts  In  five  difTerem  places  as  follows^ 
namely  in  the  first  place  9-43  feet,  in  the  second  7-93,  in 
the  third  6-15|  in  the  fourth  4*74,  and  in  the  fifth  3*16  ? 

'  Ans.  42-5 19525. 

CONIC 
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CONIC  SECTIONS. 


DBFIN^OKS. 


1.  Conic  Sbctiohs  are  the  figures  made  by  a  plane  cut- 
tiog  a  cone. 

3  According  to  the  different  |>ositions  of  tbe  cutting  plane^ 
there  arise  five  different  figures  or  sections,  namety,  a  triangle^ 
a  circle,  an  ellipsis,  an  hyperbola,  and  a  parabola:  the  three 
last  of  which  only  are  peculiarly  called  Conic  Sections. 


3^  If  the  cutting  plane  pass  through 
the  vertex  of  the  cone,  and  any  part  of 
the  base,  the  section  will  eTidently  be  a 
triangle ;  as  vab. 


4,  If  the  plane  cut  the  cone  parallel  to 
the  base,  or  make  no^an$i:le  with  it)  the 
section  will  be  a  circle  i  as  abd. 


5.  The  section  dab  is  an  ellipse 
when  the  cone  is  cut  obliquely  through 
both  sides,  or  when  the  plane  is  inclined 
to  the  base  in  a  lessT  angle  than  the  side  of 
the  cone  is. 


6.  The  section  is  a  parabola^  whea 
the  cone  is  cut  by  a  plane  parallel  to 
the  side,  or  when  the  cutting  plane  and 
the  side  of  the  cone  make  equal  angles 
with  the  base. 


7.  The 
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7.  The  section  is  an  hyperbola,  when 
the  culling  plane  makes  a  greater  anglo 
with  the  base  than  the  side  of  die  cone 
makes. 


8.  And  if  all  the  sides  of  the  cone 
be  coniinued  through  the  vertex,  form- 
ing an  oppusite  equal  cone^  and  the 
plane  be  also  continued  to  cut  the  op- 
posite cone,  this  latter  section  will  be 
the  opposite  hyperbola  to  the  former; 
as  dne. 


And  further,  if  there  be  four  cones 
CMN,   COP,    CMP,    cifo,   having'  all  the 
same  vertex  c,  and  all  their  axes  in   the 
same  plane,  und  their  sides  touching  op 
coinciding  in  the  common  intersecting 
lines    Mco.    ncp  :    then    if   these    four 
cones  be  all  cut  by  one  plane,  .  parallel 
to  the    common    plane  of  their   axes, 
there  will  be    formed   the    four    hyper* 
bolas   GQR,    VST,  VKLy  WHi,  of  which 
each     two    opposiies    are    equal,     and 
the  other  two  ai^  conjugates  to  them  ; 
as  here  in  the  annexed  figure,  and  ihe 
same  as  represented  in  the  two  follow- 
ing pages, 

9.  The  Vertices  of  any  section,  are  the  points  where  the 
cutting  plane  meets  the  opposite  sides  of  the  conei  or  the 
aides  of  the  vertical  triangular  section  ;  as  a  and  b. 

Hence  the  ellipse  and  the  opposite  hyperbolas,  have  each 
two  vertices  ;  but  the  parabola  only  one  j*  unless  we  consitler 
the  other  as  at  an  infinite  distance. 

« 

10.  The  Axis,  or  Transverse  Diameter,  of  a  conic  section, 
is  the  line  or  distance  ab  between  the  vertices. 

^   Hence  the  axis  of  a  parabola  is  infinite  in  length,  Ab  be- 
ing only  a  part  of  it. 


EUipsr. 


Ellipse. 
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Parabola. 


11.  The  Centre  c  is  the  middle  of  the  axis. 

Hence  ihe  centre  of  a  paraboL*  is  infinitely  distant,  from  the 
vertex.  And  of  an  ellipse,  the  axis  and  centre  lie  within  the 
curve  ;  but  of  an  hyperbola,  without. 

12.  A  Diameter  is  any  right  line,  as  ab  or  de,  drswn 
through  the  centre,  and  terminated  on  each  side  by  the  curves ; 
and  the  cxtrctiities  of  the  diameter^  or  its  intersections  with 
the  curve,  are  its  vertices. 

Hence  all  the  diameters  of  a  parabola  are  parallel  to  the 
axis,  and  infinite  in  length.  And  hence  also  every  diameter 
of  the  ellipse  and  hyperbola  have  two  vertices  j  but  of  the 
parabola,  only  one  ;  unless  we  consider  the  other  as  at  an  iu- 
iinite  distance. 

• 

13.  The  Conjugate  to  any  diameter,  is  the  line. drawn 
through  the  centre,  and  parallel  to  the  tangent  of  the  curve 
at  the  vertex  of  the  diameter.  So,  ro,  parallel  to  the  tuiigent 
at  D,  is  the  conjugate  to  de  ;  and  hi,  parallel  to  the  tungeut 
at  Ai  is  the  conjugate  to  ab. 

Hence  the  conjugate  hi,  of  tbe  axis  ab^  is  perpendicular 
to  it. 

14.  An  Ordinate  to  any  diameter,  is  a  line  parallel  to  its 
conjugate,  or  to  the  tangent  at  its  vertex,  and  terminated  bv  the 
diameter  and  curve.  So  d&,  el,  are  ordinates  to  the  axis  ab  ; 
and  MN,  NO,  ordinates  to  the  diameter  db. 

Hence  the  ordinates  of  the  axis  are  perpendicular  to  it. 

15.  An  Absciss  is  a  part  of  any  diameter  contained  be- 
tween  its  venex  and  an  ordinate   to  it ;  as  a&  or  b&,  or  jftM 

or  EN. 

Hi'uce,  in  the  ellipse  and  hyperbola,  every  ordinate  has  two 
determinate  abscisses  ;  but  in  the  parabola,  only  one  j  the  other 
vertex  of  the  diameter  being  infinitely  distant.. 

16.  The  Parameter  of  any  diameter,  is  a  tlurd  proportional 
t»  that  diameter  and  its  conjugate.  f 

ir.  The 
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17.  The  FocQs  Is  the  point  in  the  axis  where  the  mdinale 
is  equal  to  half  the  parameter.  As  k  and  l,  where  dk  or  Kt 
is  equal  to  the  serai-parumeter.  The  name  fcycus  being  given 
to  this  point  from  the  peculiar  property  of  it  mentioned  in  the 
eorol  to  theor.  9  in  the  Ellipse  and  Hyperbola  followlngi  and 
to  theor.  6  in  the  Pfe^rabola. 

Hence,  the  ellipse  and  hyperbola  have  each  two  foci ;  but 
the  parabola  only  one. 


18.  If  DAEt  'BO,  be  two  opposite  hyperbolasi  having  ab 
for  their  first  or  transverse  axis,  and  ab  for  their  second  or 
conjugate  axis.  And  if  dae,  fbg,  be  two  other  opposite  by- 
perboJas  having  the  same  axes,  but  in  the  contrary  order, 
namely,  ab  their  first  axis,  aivd  ab  their  second  \  then  these  two 
latter  curves  dae,  fbg,  are  called  the  conjugate  hyperbolas  to 
the  two  former  dae,  fbg,  and  each  pair  of  opposite  curves 
mutually  conjugate  to  the  other;  being  all  cut  by  oneplanej 
from  four  conjugate  cones,  as  in  page  470,  def.  8. 

19.  And  if  tangents  be  drawn  to  the  four  vertices  pf  the 
curvesy  or  extremities  of  the  axes,  forming  the  inscribed 
rectangle  hixl  ;  the  diagonals  hck,  iCLf  of  this  rectangle, 
are  called  the  asymptotes  of  the  curves.  And  if  these  asym- 
ptotes intersect  at  right  angles,  or  the  inscribed  I'ectangle  be 
a  square,  or  the  two  axes  ab  and  ab  be  equal,  then  the  hyper- 
bolas are  said  to  be  right-anp^led,  or  equilateral* 

SCBOUUM. 

The  rectangle  inscribed  between  the  four  conjugate  hy- 
perbolas, is  similar  to  a  rectangle  circumscribed  about  an 
ellipse,  by  drawing  tangents,  in  like  manner*  to  the  four  ex- 
tremities of  the  two  axes  ;  and  the  asymptotes  or  diagonals 
in  the  hyperbola,  are  analogous  to  those  in  the  ellipse^  cut- 
ting this  curve  in  similar  points,  tind  making  that  psiir  of 
conjugate  diameters  which  are  equal  to  each  other.  AJsO) 
the  whole  figure  formed  by  the  four  hyperbolas*  is,  as  it 
were,  an  ellipse  turned  inside  out,  cut  open  at  the  extre- 
mities o,  E,  F,  o,  of  the  said  equal  conjugate  diameters,  and 
those  four  points  drawn  out  to  an  infinite  dhstance  ;  the  cur- 
vature being  turned  the  contrary  way,  but  the  axes,  and  the 
rectangle  passbg  through.their  extremities^  continuing  fixed. 

Or 


OP  THE  ELLIPSE  Mrs 


OF  THE  ELLIPSE. 


THEOREM  L 


Tte  Squares  of  the  Ordinates  of  the  Axb  are  to  each  other 
» as  the  Rectangles  of  their  Abscisses. 

jLsT  ATB  be  a  plane  passing  through 
the  axis  of  the  cone ;  aoib  another 
Mcdon  of  the  cone  perpendicular  to 
tke  plane  of  the  former ;  ab  the  axis 
(oT  this  elliptic  s^tion ;  and  vo,  hi,  or- 
iginates perpendicular  to  it.  Then  it 
airill  be,  as  vo*  :  hi*  • :  aj^  .  fb  :  ah  .  hb. 

For,  through  the  ordinates  fo,  hi^ 
draw  the  circular  sections   kol,  min, 
parallel   to  the  base  of   the  cone,  haying  kl,  mk,  for  their 
diameters,  to  which  vo,  hi,  are  ordinates,  as  well  as  to  the  axis 
•f  the  ellipse. 

Now,  by  the  similar  triangles  awl,  ahit,  and  bfk,  bbiTj 

it  is  AF  :  ah  : :  f^  :  bni 
and  FB  :  KB  : :  KF  :  mh  ; 

hence,  taking  the  rectangles  of  the  corresponding  terms/ 
it  is,  the  rect.  af  .  fb  :  ah  •  bb  s  :  kf  .  fl  :  mh  .  hm. 

!But,  by  the  circle,  kf  .  fl  »  fo*^  and  mh  .  hn  =s  hi'  ; 
Therefore  the  rect*  af  •  fb  :  ab  .  hb  : :  FO*  :  hi*,  q.  s.  d# 


THEOBEMIt. 

As  the  Square  of  the  Transverse  Axis  : 
Is  to  the  Square  of  the  Conjugate     :  : 
So  is  the  Rectangle  of  the  Abscisses    t 
To  the  Square  of  their  Ordinate. 

Vet.  1  '     P  P  P  Tb«* 
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AC 


ThatisiAB"  2  ab»  or 
t  :  ac*  •••  AD  .  DB  :  i>k** 


q.  X*  9. 


For,  by  theor.  1,  ac  .  cb  :  ad  .  db  : :  ca»  :  de«  ; 

But,  if  c  be  iVic  centre,  then  ac  .  cb  =  ac»,  and  ca  w  lUff 

aemi-coDjUgate. 
Therefore  ac*  :  ad  .  db  : :  ac«  :  de«  ;     • 

or,  by  pennuution,  ac»  :  ac«  :  :  ad  .  db  :  de«  ; 
pr,  by  doubling,        ab*  :  ab»  : :  ad  .  db  :  de«  • 

ab*  VL 

eoroL  Or,  by  div.  ab  : : :  ad  .  db  or  ca«  -  cd'  :  dbS 

ad 
that  is,  AB  :  /i : :  AD  .  db  or  ca*  —  cd»  s  db*  « 

ab« 
where  yk  i»  the  parameter  — ,  by  the  definition  of  it^ 

ab 
That  is,  As  the  transverse^ 
Is  to  its  parameter, 
So  is  the  rectangle  of  the  abscisses, 
To  the  square  of  their  ordinate. 

THEOBEM  m. 

As  the  Square  of  the  Conjugate  Axis  : 

Is  to  the  Square  of  the  Transverse  Axis  :  : 

So  is  the  Rectangle  of  the  Abscisses  of  the  Cosjogate,  <r 
the  Difference  of  the  Squares  of  the  Semi-conjugate  aflA 
Distance  of  the  Centre  from  any  Ordinate  of  that  Axis  : 
To  the  Square  of  their  Ordinate. 


That  is, 
ca*  :  CB*  : :  ad  •  db  or  ca'  — cd*  :  ds*. 


For,  draw  the  ordinate  ed  to  the  transverse  ab. 
Then,  by  theor.  I,  ca^  :  ca*  :  :  de*  :  ad  .  db  or  ca»  —  cd*;i 

or ca*  :  ca*  :  :  cd» :  ca*  —  dE*. 

But       -    -     -    -  ca*  :cA*  :  :«a*  :  CA*, 

therefi  by  subtr..  .^  ca^  *  ca*  :  ^  ca*  —  cd*  or  ad .  db :  dE*. 

-    ''j  Q.  E*  D* 

1  Cbro/» 


OF  THE  ELLIPSE.  475 

'CoroL  L  If  two  circles  be  described  on  the  two  axes  as 
diameters,  the  one  inscribed  within  the  ellipse,  and  the  other 
circumscribed  about  it ;  then  an  ordinate  in  the  circle  wilt 
be  to  (he  corresponding  or«linate  in  the  ellipse,  as  the  axis  vf 
this  ordinate^  is  to  the  other  axis. 

That  is,  CA  :  ca  :  :  BG  ?  DB, 
and  ca  :  CA  :  :  dg  :dx. 
For,  by  the  nature  of  the  circle,  ad  .  db  cs  no*  ;  theref. 
by  the  nature  of  the  ellipse,  ca*  -  ca* :  :  ad  .  db  or  do*  :  de*, 

or  CA  :  ca  :  :  DO  :  db. 
In  like  manner        -         ca  :  ca  : :  dg  :  dB. 
Also,  by  eqUdlity»     -        do  :  db  or  cd  :  :  dx  or  dc  :  dg. 
Therefore  ego  is  a  continued  straight  line. 

Corol.  2.  Hence  also,  as  the  ellipse  and  circle  are  made  up 
«f  the  same  number  of  corresponding  ordinates,  which  are 
fill  in  the  same  proportion  of  the  two  axes,  It  follows  that 
the  areas  of  the  whole  circle  and  ellipse,  as  also  of  any  like 
parts  of  them,  are  in  the  same  proportion  of  the  two  axes, 
or  as  tb«  square  of  the  diameter  to  the  rectangle  of  the  two 
axes  -;  that  is,  the  areas  of  the  two  circles,  and  of  the  ellipse, 
are  as  the  square  of  each  axis  and  the  rectangle  of  the  two  j 
and  therefore  the  ellipse  is  a  mean  proportional  between  the 
two  cricies. 

THEOREM  IV. 

The  Square  of  the  Distance  of  the  Focus  from  the  Centre, 
is  equal  to  the  Difference  of  the  Squares  of  the  Semi- 
axes; 

Or,  the  Square  of  the  Distance  betweep  the  Foci,  is  equal  to 
the  Difference  of  the  Squares  of  the  two  Axes. 

a 


s 


That  is,  cp*  ««  ca*— ca', 

or  Fi*  ers  AB*'— ab*. 


For,  to  the  focus  v  draw  the  ordinate  fe  ;  which,  by  the 
dlefinltion,  will  be  the  semi-parameter.    Then,  by  the  naturo 
of  the  curve      -        -        ca*  :  ca*  : ;  ca^— cf*  :  fe*  j 
and  by  the  def.  of  the  para,   ca*  ^  ca*  : :        ca*      ^  fe*  ^ 
therefore  -        -        ca'aacA*  —  cf*  i 

and  by  addlt.  and  subtr.      cf^ktca'— ca*  ; 
•r,  by  doubling,  -       Ff*=sAB*— ^b*.  q.  b.  p. 


r 


4ye  jConic  sections. 

Carol.  1.  The  two  semi^axeSf  Mid  the  fecal  dittance  fironi 
the  centre,  are  the  aides  of  a  right  angled  triangle  cFa ;  and 
the  distance  ra  from  the  focus  to  the  extremty  of  the  conjm- 
gate  axisy  is  as  ac  the  semi-tranBYcrse. 

Corol.  3.  The  conjugate  seim-axis  ca  is  a  mean  propor- 
donal  hetweeo  i^v,  tb,  or  between  a^  ffi,  the  distances  of  ei' 
thcr  focus  from  the  two  vertices. 

# 

For  ca^s  cA»  —  cr »  «:  ca  +  cf  .  ca  —  cf  «»  av  *  fb.* 


THBOBEM  V. 

The  sum  of  two  lines  drawn  from  the  two  Foci  to  meet 
at  any  Point  in  the  Cunrei  is  equal  to  the  Transverse 
Axis. 


>  That  iS| 

\  FX  +  fe  n  AB. 

i 


For,  draw  ao  parallel  atid  equal  to  pa  the  aemi-coojagate ; 
and  join  co  meeting  the  ordinate'  nx  in  h  ;  also  take  ci  a  4th* 
proportional  to  ca^  cf»  cd. 

Then,  by  theor.  2,  ca*  :  ag*  : :  ca*  -f  en*  :  de'  ; 

and>  by  aim.  trL      ca*  :  ao«  : :  ca*  —  en*  :  ao*  —  »■* ; 

consequently  nx*  ss  ag*  •—  ob*  as  ca*  —  x>h*. 

Also  FD  sas  CF  (/)    CD,  and  FD*  as  CF*   —  2CF  .  CD  +  CD*  ; 

and,  by  right-angled  triangles,    fe*  =«  fd*  +  dx*  ; 
therefore  fe*  as  cf*  +  ca»  —  2cf  .  cd  +  cd*  —  dh*. 

But  by  theor.  Ay  cf*  +  ca*  «»  ca*, 

and  by  supposition*  .  3cf  .  cd  «  2c  a  .  ci ; 
theref.  fb*  =  ca*  —  2ca  .  ci  +  cd*  —  dh*. 

Agsdn, by  supp.  ca*  j  cd*  : :  cf*  or  ca*  —  A<i*ci*  ; 
and,  by  sim.  tri*  ca*  :  cd*  : :  ca*  —  ag**:  cd*  —  d»*  ; 
therefore      -      ci*  e  cd*  —  dh*  ; 
con»equem]y      fe*  =a  ca*  —  2ca  .  ci  +  ci*. 

And  the  root  or  side  of  this  square  is  fk  as  ca  "—  ex  an  ai. 

In  the  same  manner  it  is  found  that  fx  ss  ca  <4*  <^x  »  "• 
Conseq.  by  addit.  fk  +  fs  s=s  ai  -f  bi  «  ab,        q.  x.  d. 

Core/. 


OFTKEELLO^E. 


4rr 


Carol.  1.  Hence  ex  or  ca  ««  fb  is  a  4tlipra|K0ilieiiftl  to  c^y 

CoroL  3.  And  fs  —  fb  =5  2ei ;  that  is,  the  di£fjerence  be- 
tween two  lines  drawn  from  the  foclt  to  any  point  in  the  'OurvOy 
is  double  the  4th  proportional  to  gA)  cF|  cd. 

CoroL  3.  Hence  is  derived  the  common  method  of  de- 
scribing this  carve  mechanically  by  points,  or  with  a  thread 
thus  : 

In  the  transverse  take  the;  foci  F9  f, 
and  any  point  i.  Then  with  the  radii 
AI9  Ely  and  centres  f,  f)  describe  arcs 
intersecting  in  Bt  which  wiU '  be  a 
point  in  the  curve.  In  like  maAner, 
assuming  other  points  x,  as  roac^ 
other  points  will '  be  found  in  the 
eurve.  Then  with  a  steady  hand 
the  curve  line  may  be  drawn  througli  all  the  pcnnts  of  inter- 
section  e. 

Or,  take  a  thread  of  the  length  ab  of  the  transverse  axist 
and  fix  its  two  ends  in  the  foci  f,  f)  by  two  pins.  Then  carry 
a  pen  or  pencil  round  by  the  thread,  keeping  it  always  stretch- 
ed} and  its  point  will  trace  out  the  curve  line* 

THEOREM  VI. 

If  from  any  Point  i  in  the  Axis  produced,  a  Line  xl  be 
drawn  touching  the  curve  in  one  point  x.';  and  the  Ordi- 
nate LM  be  drawn  s  and  if  c  be  the  Centre  or  Middle  of 
ab  :  Then  shall  ex  be  lo  ex  as  the  Square  of  am  to  the 
Square  of  ax. 


That  is, 

CM  :CI  ::  AM*  :AX*. 


Fofy  from  the  point  x  draw  any  other"*  Ibe  xxh  to  cut  the 
curve  in  two  points  b  and  h  ;.  from  which  let  fiUl  the  perpen- 
diculars BD  and  HG  ;  and  bisect  do  in  k. 

Then,  by  theo.  1,  ad  .  db  :  ao  •  gb  :  n  b*  :  o  b% 
and  by  sim.  triangles,    id*  :  xg*  : :  db*  :  gb  * ; 
theref.  by  equality,  ad  .  db  :  ag  •  gb  : :  id*  ;  xg'« 

ButDB  asCB  +  CDasAC  +  CD  ssAG  +  DC — CG  bb  2CiC +AO| 

andGB  BsCB  4»CG  «Bi  AC— •COS  AD  4-  i>e-— CGsa  2c&-f-AD; 
theref.  ad  •  2cb  +  ad  .  ag  ;  ag  .  2c&  -(-  ad  •  ag  : :  xd*  :  ig', 
and,  by  div.  dg  •  3cx  s  xo*  —  id*  or  do  .  2ijc ;  :  ad  •  2cx  + 

AD.AGIXD*!  or 


4ff$ 
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or     -     JC£  f  5rt  2  :  AD  .  2CK  +  AD  .  AG  :  ID*, 

or      A*D      2CK  :  AD  .  2lK  :  :  AD  T  3CK  -f    AD     AO  :  ID*  J 

theref  by  div.  cr.  :  ik  : :  ad    ag  :  id*  —  ad  :  iK, 

and,  by  comp  ck  •  ic  « ;  ad    ag  :  id*  -—  ad  .  id  +  ia« 

AO  :  AI*. 


or 


CK 


:  ci : :  AD 


But,  when  the  line  iHi  by  revolving  aboot  the  point  f, 
eomea  into  the  posiuon  of  the  tangent  il»  then  the  poinis  b 
and  H  meet  in  the  point  l,  and  the  points  d.  k,  g,  coincide 
with  the  p«>int  m;  and  then  the  last  proportion  becomes 
eu :  CK : :  am*  :  ai^*    k  >•  »• 


THEOREM  Vn.    • 

If  a  Tangent  and  Ordinate  be  dmwn  from  any  Point  in  the 
Curvej meeting  the  Transverse  Axis;  the  Senii-irans verse' 
will  be  a  Mean  Proportional  between  the  Distances  ot  the 
said  Two  iniersectiona  from  the  Centre. 


That  is, 
eA  18  a  mean  proportional  be- 

tween  cd  and  ct  ; 
or  CD,  CA,  CT,  are  continued  ^ 
proportionals. 


For,  by  theor.  6,  cd  :  ct  : :  ad*  :  at*. 

•D  :  CT  •• :  (c  A — eo)*  -  (ct— ca)*,   , 
CD :  cT : :  cd*  +  ca*  «  ca*  +  ct«,  '^' 

CD:  DT  ::CD'  +  CA*  :  CT*—   CD»,     . 
CD  .•  DT5  :  CD«  +  CA*(CT+ CD)  DT,' 

CD*  ;  CD  •  pT  : :  cd*  +  ca*  •  cd  .  dt  +  ct  .  dT| 

CD*  :  CA*  :  :  CD  •  DT  :  CT  .  DT, 

CD*  :  CA*  2 :  CD  :  ct. 


that  is, 

or 

and 

OP 

or 

hence 

and 


/* 


therefore  (th.  78,Geom.)  cd  :  ca  : :  ca  :  ct.        q.  b.  d. 

CoroL  Since  eT  is  always  a  third  proportional  to  cd,  ca  ; 
if  the  points  d,  a«  remain  constant,  dien  will  the  point  t  be 
constant  also;  and  therefore  all  the  tangents  will  meet  in 
this  point  t,  which  are  drawn  from  the  point  b^  of  tyerj 
ellipse  described  on  the  same  axis  ab,  where  they  are  cat  by 
the  common  ordinate  deb  drawn  from  the  poiniPD. 

THEOREM 
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THEOREM  Vm. 


If  there  be  anf  Tangent  tneeting  Four  Perpendiculars  to  the 
Axis  drawn  from  these  four  Points,  nan^ely,  the  Centrey 
the  two  Extremities  of  the  Axis,  and  the  Point  of  Contact  $ 
those  Four  Perpendiculars  will  be  Proportionals* 


That  is, 


AG  :  DS 


cb:bi 


For,  by  theor.  7,  To  :  AC 
theref.  by  dlv.  ta  :  ad 

|md»by  comp.  ta  :  td 

and  by  sirn.  tri.        ag  :  de  ::  ch  *  bi.  q.  x,  d* 

For  these  are  as  ag,  ps»  ch,  bi>  by  similar  triangles. 

THEOREM  IX 

If  there  be  any  Tangent,  and  two  Lines  drawn  firom  the 
Foci  to  the  Point  of  Contact ;  these  two  Lines  will  make 
equal  Angles  with  the  Tangent. 

re 


That  is, 
the  Z,  »siT  ■■  i^fw* 


For,  draw  the  ordinate  de>  and  Ce  parallel  to  fs. 

By  cor.  1,  theor.  5>  ga  :  en  :  :€r  :  ca  —  vE| 

and  by  theor.  7,  ca  :  cd  : ;  ct  :  ca  ; 

therefore  ct  :  cf:  :  ca  :ca  — VB  ; 

and  by  add.  and  sub.  tf  :  Tf :  t  fb  :  3ca  —  fb  or  fis  by  th.  5. 

But  by  sim*  tri.  tf  sTf :  :Fe  :fe  ; 

therefore  &  =:  fe,  and  conseq.        ^e  »  Z^Be. 
But,  because  •  fb  is  parallel  to  fe,  the  ^e  =  z.fet  ; 

therefore  the  Z'bt  » ^ifse.  q.  b.  m 


Cwrolm 


iia  came  SECTIONS; 

Corol.  As  opticians  find  tfattt  tbe  angle  of  incidoDce  is 
equal  to  the  angle  of  reflection,  it  appears  from  this  theoremi 
that  rays  of  light  iasoin^  from  the  one  focus,  and  meetaig  the 
curve  in  erery  point,  vriU  he  reflected  infco  lines  drawn  from 
thoae  points  lo  the  otlier  fJDcua.  So  the  ray  is  is  reflected 
into  IB.  And  this  ia  the  veaaon  why  the  poinu  y»  4«re  called 
theybn',  or  burning  points. 

THEOBEM  X. 

All  the  ParaUeiograms  circumscribed  about  an  Ellipse  are 
equal  to  one  another,  and  each  equal  to  the  Rectangle  oC 
the  two  Axes. 


9t 


That  isy 
the  parallelogram  pqas: 
the  rectangle  ab  •  ab. 


Let  «afeg,  be  two  conjugate  diameters  parallel  to  the 
aides  of  the  parsdlelogramtanadiriding  it  into  four  less  and 
equal  parallelograms.  Also,  draw  the  ordinates  nx,  de,  and 
CK  perpendicular  to  pq  ;  and  let  the  axis  ca  produced  meet 
the  sides  of  the  parallelogram,  produced  if  &eceaaar|r,  in  t 
and  u 

Then,  by  theor  7,  ct  :  ca  :  :  ca  s  en, 

and  Gt  :  CA  :  :CA  :  cd; 

therefl  by  equality,         ct  :  ct  :  :  cd  :  cd  ; 
but,  by  aim.  triangles,    ct.  :  ct  :  :  td  :  cd, 
theref.  by  equality,         tb  :  cd : :  od  :  en, 
and  the  rectangle  td  *.bc  is  a  the  square  cd'. 

Again,  by  theor.  7,         cd  :  ca.  : :  ca  ;  ct> 
or,  by  division,  en  :  c  a  : :  da  :  at, 

and  by  composition,        cd  :  db:  :  ad  :  dt  ; 
conseq.  the  rectangle      cd  .  dt  as  cd*  =  ad  •  db*: 
But,  by  theor.  L,  ca*  :  ca*  : ;  (ad  •  db  or)  cd'  :  d&', 

therefore  ca  :  ca : :  cd  :  db  ; 


*  C»rol  Because  cd*  s=  ad  .  sB  «■  CA*  •*  cd', 
tJiprefore    ca*  —  CD*  +  cd*. 
In  like  manner,     ca*  ^^  d£*  4-  de  *  • 

Ift 
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«tl 


In  like  naimeri 
or 

Botf  by  theor.  7, 
theref.  by  equatitf} 
Bat,  by  sim.  tr|. 
theref.  by  equality, 
and  the  rectangle  ck 
But  the  rect.        ck 
theref.  the  rect.    ca 


CA  :  car :  co : de, 
ca :  de  ;  :  CA  :  CD. 

CT  :  CA  : :  CA  :cd; 

CT  ?  CA  ! :  ca  :  de. 
CT  :  CK  : :  ce  :  de ; 

CK  ;  CA  : :  ca :  ce, 
.  ce  ss  cA.  ca. 

.  ce  fiss  the  parallelogram  CBPe, 
,  ca  aa  the  parallelogram  cEpe, 


coDseq.  the  r^ct.  ab  .  ab  s  the  parallelogram  pc^as*   ^.  1. 1>« 


.  I 


THEOREM  XL 


The  Sum  of  the  Squares  of  every  Pair  of  Conjugate  Diame* 
ters,  is  equal  to  the  the  same  constant  Quantityi  namely,  the 
Sum  of  the  Squares  of  the  two  Axes* 


That  is, 

AB*+^b*  sa  EG*  +  eg*  ; 

where  so»  eg,  are  any  pair  of  con* 
jugate  diameters* 


For,  draw  the  ordinates  bd,  ed. 
Then,  by  cor.  to  theor.  10,  ca*  « 
and        -        .        .  ca*  a 


CD*+  cd^, 


CR' 

ca^ 


therefore  the  sum     ca^  -f  ca' 
But,  by  right-angled  As, 
and        ... 

therefore  the  sum 
consequently     - 
Of)  by  doubling, 


*  +  cd», 
DB*  +  de*  ; 
CD*  H^db'  +  cd*  +  dc*- 

CD*  4.  DB*, 

cd»  4-  i>B*  ; 

CD*  +  DE«  +  cd*  +  de», 

CA*  -f  ca*    ^  «»•  +  CB*  i 

AB*  +  ab*  «>*BG*  +  eg*.  q.  e.<». 


CB*  +  ce 


ITHEOREM  y^t 

m 

The  difierence  between  the  Semi-transverse  and  a  Line  drawn 
from  the  Pocus  to  any  point  in  the  Curve,  ''is  equal  to  a 
Fourth  Proportional  to  the  Semi-transverse,  the  Distance 
from  the  Centre  to  the  Focus,  and  Distance  from  the 
Centre  to  the  Ordinate  belonging  to  that  Point  of  tho 
Curve. 


Vol.  I. 


Q  q  q 


That 


4U 


eONie  SECTIONS. 


That  isv 

'      AC  —  FK  =  CI,  or  IE  =3  Ai  ; 

and  /e  -  AC  =  ci,or/K  =  bi. 
Where  CA  :  CF  : :  cd  '  ci  the  4th 
proportional  to  ca,  cFy  co. 


t'' 


For,  draw  ao  parallel  and  equal  to  ca  the  aemi-conjugalc  ; 
and  join  co  meciing  the  ordina  e  de  in  h 
Then,  by  ihcor.  2  ca*  :  ag«  ;  :  ca^  -  cd»  :  de«  : 
«nd,  by  srni.  tri.     ca«  ;  ao*  : :  ca»  —  cd*  :  ag»— 


consequently       de*  =  ag«  —  dh*  =>  ca*  —  dh*. 

Als6  FD  «  CF  C/3CD.  and  fd*  =  cf*  —  3cf  .  cd  -f  cd*  ; 

but  by  right-angled  triangles,  fd*  +  de*  =  fe«  ; 

therefore  fe»  «  cf*  +  ca*  —  2cf  .  cd  +  cd*  —  dh*. 

But  by  theor  4,         c«*  +  cf  =  ca*  ; 

and,  by  ai*pposition,     2cf    cd  :»  2ca  •  ci; 

tberef.  fk*  »  ca*  —  2ca  .  ci  -f  CD*  —  dh*  ; 

But  by  suppusiiion,  ca*  :  cd*  : :  cf*  or  ca*  —  ao*  :  ci»  ; 

and,  by  sim.  tri.         ca*  :  cd*  :  :  ca^—  ao*   :  cd*  —  ne*  i 

therefore      -      -     ci*=:cd*  —  dh*  j 

consequently      -      fe*  =  ca*  —  2ca  .  ci  +  ci*. 

And  the  root  or  side  of  this  square  is  fe  ■=  c  a  —  ci  =  ai* 

In  the  same  manner  is  found/E  =  ca  +  ci  c*  hi.       ^  b.  ] 


THEOREM  XnL 

If  a  Line  be  drawn  from  either  Focus,  Perpendicular  to  a 
Tangent  to  any  Point  of  the  curve  ;  the  Distance  of  their 
Intersection  from  the  Centre  will  be  equal  to  the  Semi- 
transverse  Axis. 


r 


•  That  is,  if  F^  f/i 
ht  perpendicular  to 
the  tangent  TP/i, 
then  shall  cp  and 
eft  bo  each  equal  td 

CAOr  CB. 


For, 
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For,  tbroug^h  the  point  of  c(»itact  x  draw  is,  and  f% 
meeiing  rp  produced  in  o.     Then»'the  ^okp  ea  ilFSP^ 

being  ea^n  equal  to  the  Z/e^,  and  the  angles  at  p  being 
rignt,  and  the  s|de  pe  bein^^  common,  the  two  triangles  gep^ 
f  7EP  are  equal  in  all  rcdpf'cis,  and  so  gb  t=s  pEt  and  op  as  pp. 

Therefore,  since  fp  «=  Jfo,  and  fc  =  ip/J  and  the  angle  at 
p  common)  the  sic4e  cp  will  be  s=s  i/G  or  jab,  that  is  cp  ess 
CA  or  CB*     And  in  the  same  manner  c/i  a  ca  or  cb.     q.  e.  d. 

Corol  1.  A  circle  described  on  the  transverse  axis,  as  a 
diameter,  will  pass  through  the  points  f^p,  ;  because  all  the 
lines  CA)  CP>  c/^,  cb,  being  equal,  will  be  radii  of  the  circle. 

Corol.  2.     cp  is  parallel  io/e,  and  c/t  parallel  to  fe. 

CotqL  S.  If  at  the  intersections  of  any  tangent,  with  tho 
circumscribed  circle,  perpendiculars  to  the  tangent  be  drawn, 
they  will  meet  the  transverse  axis  in  the  two  ibci.  Ths^t  if, 
the  perpendiculars  pp,y^/give  the  foci  f,^  *  % 

THEOREM  XIV. 

The  equal  Ordinates,  or  the  Qrdlnates  at  equal  Distances 

from  the  Centre,  on  the  opposite  Sides  and   Ends  of  an 

'Ellipse^  have  their  Extremities  connected  by  one  Right 

Line  passing  through  the  Centre,  and  that  Line  is  bisected 

by  the  Centre. 

That  is,  if  CD  »  co,  orihe  ordinate  db  s  oh  ; 
then  shall  cb  ss  ch,  and  bch  will  be  a  right  line. 


For  when  cd  ss  cg,  then  also  is  db  «s  oh  by  cor.  2,  th.  1. 
But  the  i^o  Bs  ^G,  being  both  right  angles  \ 
therefore  the  third  side  gb  rs  ch,  and  the  ^^ocb  a  Zoch, 
and  consequently  bgb  is  a  right  line. 

Ctro/, 


I 
\ 

i 


I 

1 
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CardL  I.  And,  conversely,  if  ech  be  a  rig^t  line  iiaHtkg 
through  the  centre ;  tHen  shall  it  be  bisected  by  the  centre, 
or  have  ce  sb  cb  ;  also  nx  will  be  s=  ou,  and  cd  «■  cg. 

Corol.  3.  Hence  also,  if  two  tangents  be  drawn  to  the  two 
endS|  X|  h  of  any  diameter  eh  ;  they  will  be  parallel  to  each 
other,  and  will  cut  the  axis  at  equal  angles,  and  at  equal  dis« 
tances  from  the  centre.  For,  the  two  cd,  ca  being  equal  to 
the  two  CO,  CB,  the  third  proportionals  ct,  cs  will  be  equil 
also ;  then  the  two  aides  cb,  ct  being  equal  to  the  two  cs, 
cs,  and  the  included  angle  kct  equal  to  the  included  angle 
Bcs,  all  the  other  corresponding  parts  are  equal  :  and  so  the 
^T  ss  ^s,  and  Ts  parallel  to  hs. 

Corol  3.  And  hence  the  four  tafigents,  at  the  four  ex- 
tremities  of  any  two  conjugate  diameters  form  a  parallelograai 
circumscribing  the  ellipse,  and  the  pairs  of  opposite  sides  are 

?ich  equal  tb  the  corresponding  parallel  conjugate  dianieier& 
or,  if  the  diameter  eh  be  drawn  parallel  to  the  tangent  ts 
or  HS,  it  will  be  tne  conjugate  to  sh  by  the  definition  ;  and  the 
tangents  to  e,  h  will  be  parallel  to  each  other,  and  to  the  diam- 
eter VB.  for  the  same  reason. 

THEOREM  XV. 

If  two  Ordinates  so,  ed  be  drawn  from  the  Extremities  S|  e 
of  two  Conjugate  Diameters,  and  Tangents  be  drawn  to 
the  same  Extremities,  and  meeting  the  Axis  produced  in 
T  and  R  ; 

Then  shall  cd  be  a  mean  proponjonal  between  ccf,  cfRi 
and  cd  a  mean  proportional  between  co^  dt* 


For,  by  theor.  7, 
tftfid  by  the  same, 
theref.  by  equalityy 
9ut  by  sim»  tri. 
theref.  by  equalityi 
In  like  manner, 


CD  :  CA  :  t  CA  :  ct, 

c</  :  CA  : :  CA  :  cr; 

CD  :  cd : :  CR  :  cT| 

DT  :cd:  :  CT  :  CR  ; 

CD  :  cd::  CCf:  DT. 

• 

cd:  CD  ::  CD  :dR« 

^.  B«  n. 

C«rof. 

■^ 


OF  THE  ELLIPSE. 

Coroi.  1.    Rend^  cd  :  ccf  : :  cr  :  ex. 

CoroL  2.     Hence  also  ct>  i  ed  :  ;  de  :  »k. 
And  the  rectangle  cd  .  de  =  C£t .  de^  or  A  cde 

Coroi*  3.    Also  C(i^  CSS  CD  .  dt> 
and  CD*  sa  cd  .  cfa. . 
Or  Ci/  a  mean  proportional  between  009  dt  ; 
and  CD  a  mean  proponional  between  c^,  cfn. 


48$ 


A  cde 


TBEOmSM  XVh 


The  same  Figure  being  constructed  as  in  the  last  Theorem 
each  Ordbate  will  divide  the  Axis>  and  the  Semi*axis  lulde^ 
to  the  external  Part,  in  the  same  Ratio. 

(_See  the  last  fig.3 

That  is,  DA  :  DT  :  :  DC  :  DB) 

and  dAidn'tdc  :  dn. 
For,  by  theor.  7,  cd  :  ca  • :  ca  :  cTi  ' 
and  by  div.  cd  :  ca  4 :  ad  :  at^ 

and  by  comp.       cd  :  db  : :  ad  t  dt> 
or^  •    -    -    •    DA  :  DT  :  3  DC  :  db. 
•      In  like- manner,  dA  i  dR  iz  dc  :  dn.  ^.  b.  d. 

CoroL  1.    Hence,  and  from  cor.  3  to  the  last,  it  izj 

C(/*  as  CD  •  DT  sa  AD  •  DB  taa  CA»  —CD*, 
CD>  sa  Qd  .  dR  sa  Ad  .   c/b  «  CA*   —  Cd\ 

Carol.  2.     Hence  also,  ca*  o  cd*  +  cd«, 

.   and  ca*  «»,  db*  +  de*, 

Carol.  3.    Further, because  ca*:  C(t*: :  ad  •  db  or  cd*  :  Dft*, 

Uierefore  ca  :  ca  : :  cd :  db. 
likewise  ca  •  ca  : :  cd  :  de* 


THEOREM  XVa 

IE  from  any  Point  in  the  Curve  there  be  drawn  an  Ordinate, 
and  a  Perpendicular  to  the  Curve,  or  to  the  Tangent  at 
that  point :  Th^,  the 

lylst.  on  the  Trans,  between  the  Centre  and  Ordinatet  t^  i 
Will  be  to  the  Dist.  mi  —        ^^ 

As  Sq.  of  the  Trans.  Axis : 
To  Sq.  of  the  Conjugate. 


CA« 


That  is, 
ca*  : :  dc 


DF. 


4B6  eONIC  SECTIONS. 

For,  by  thcor.  2»  ca*  :  ca"  : :  ad  •  db  :  dk, 

Bull  by  rt.  angled  As,  ihe  rcci.  td  .  dp  »  db*  ; 

and*  by  cor.  1,  theor.  i6.  cd     dt  »  ad  .  dbj 

therefore    -    -    ca*  :  co*  : :  d  .  dc  :  td.  dp, 

or      -    -    -    -     AC*:ca*::DC  :  dp.  q.  e.i». 


THEOREM  XVUL 

If  there  be  Two  Tunjjcnts  drawn,  the  One  to  the  Extremity 
of  tbt:  Transverse*  and  the  other  to  the  Extreniity  of  aWf 
other  Diaaieter,  each  meetini?  the  other's  diameter  pro- 
duced ;  the  two  Tangential  Triangles  ao  formed  witi  be 
equal. 


IS 


That  is, 
the  triangle  get  :=  the 
triangle  can. 


For,  draw  the  ordinate  d«.    Then 
By  aim.  triangles*  cd  :  ca  : :  ce  :  ck  ; 
but,  by  theor.  7,     cd  :  ca  :  ^  ca  :  iX  ; 
there£  by  equal,    ca  :  ct  : :  cs  :  c;f. 

The  two  triangles  cbt,  can  have  then  the  angle  c  common, 
and  the  sides  about  that  angle  reciprocally  proportional ;  those 
triangles  are  therefore  equal,  namely,  the  A  cbt  es  ^  caw. 

CoroL  1.    From  each  of  the  equal  tri.  cbt,  cah, 
take  the  common  space  cape, 
and  there  remains  the  external  A  pat  sb  A  phb. 

Coroi,  2.    Also  from  the  equal  triangles  cbt,  cait, 
take  the  common  triangle  £ed, 

and  there  remains  the  A  ted  ss  trapes,  aned. 

THEOBEM  XtX. 

The  same  being  supposed  as  in  the  last  Propositicm ;  then 
any  Lines  Eq,  qo,  drawn  parallel  to  the  two  Tangents*  shall 
also  cut  off  equal  Spaces.    That  b| 


<^ 


A&^s 
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Ml 


AKao«trapez.  anhov 
and  A  K^^ntrapez*  A«hi^. 


For  draw  the  ordinate  db.    Then 
The  three  sim.  triangles  cak.  cde,  coHy 
are  to  each  other  as       »  ca*,  cd^,  go  ; 
th.  b3rdiv.thetrap.ANED.:trap.AMH&:  :ca'  — cd*  -ca*— c6». 
But,  by  theor.  1,        de*  :  ott*  : :  ca*— cd«  :  ca*  — eo*, 

tberef.  by  equ.  trap.AKED  :  trap,  ahho  : :  db'  :  oq>. 

bntv  by  sim   Asi  tri  tkd  :  tri.     Kqo    : :  de'  :  Gq*  ; 

tberef.  by  equality,  anbo  :  ted   ::  anho        :  Kqo. 

Buty  by  cor*  3,  theor.  18,  the  trap,  anbd  =:  A  ted; 
and  therefore  the  trap,  ahho  =  A  Kqo. 
In  like  manner  the  trap.  Avlig'  a  A  k^^.       q,  b.H. 
Carol   1  The  three  spaces  anbo,  teho,  Kqo  are  all  equal* 
CoroL  3*     From  the  equals  anbg,  icqa, 
take  the  equals    anA.^,  k^.^^,  i 
and  there  remains  ghno  est  ^^qo. 

And  from  the  equals  ghnOy  g^oto^ 

take  the  common  space  ^r/LHO. 

and  there  remains  the  A  Lqu  «a  A  Lqh* 

Again  from  the  equals  Kqo^  TEiiOy 

take  the  common  space  klhgi 

and  there  remains        tblk  s^  A  Lqn. 

CoroL  5.  And  when, 
by  the  lines  xq.  gmi 
moving  with  a  parallel 
motion^  Kq  comes  into 
the  position  xr,  where 
CR  is  the  conjugate  to 
ca  ;  then 

the  triangle    Kqo  becomes  the  triangle  inCf 
and  the  space  anmo  becomes  the  triangle  anc  ; 
9nd  therefore  the  A  XRC  =  ^  anc  =:  A  tec 

CoroL  6.    Also  when  the  lines  Kq  and  6q,  by  mo\rin( 
with  a  parallel  motioDy  come  into  the  position  ce^  ucf 

the 


CoroL  3. 


eoroL  4. 
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the  triangle    lqh  becoicesthe  triangle  ceit, 

and  the  space  tklk  becomes  the  triangle  tec  ; 

and  thereL  the  A  c^m  =  A  tkc  aa  a  akg  a  A  ia«* 

THEOREM  XX. 

Any  Diameter  biaecta  all  its  Double  OrdiaateS)  or  the  Lines 
drawn  Parallel  to  the  Tangent  at  ita  Vertex,  or  to  its  Con- 
^  jugate  Diameter,  « 

h 


That  is,  if  q?  be  {mrallel 
to  the  tangent  te,  or  to  cci 
Uien  shall  Lq  s  hq* 


For,  draw  qa,  gh  perpendicular  to  (he  transverse. 
Then  by  cor.  3  tbeor.  19,  the  A  x-QH  s  a  x-^A  ; 
but  these  triangles  are  also  equiangular  ; 
consequently  their  like  sides  are  equal,  or  Lq  «  l^« 

Corel,    Any  diameter  diyidea  the  ellipse  into  two  equal 
parts.  .  , 

For,  the  ordinates  on  each  side  being  equal  to  each  other, 
and  equal  in  number  ;  all  the  ordinates,  or  the  area,  on  one 
ude  of  the  diameter,  is  equal  to  all  the  ordmatea,  or  the  area, 
on  the  other  aide  <^it. 

THBOBEM  XXL 

As  the  Square  of  any  Diameter  : 
Is  to  the  Square  of  its  Conjugate  t : 
So  is  the  Rectangle  of  any  two  Abscisses  : 
To  the  Square  of  their  Ordinate. 

That  is,  CE*  :  c^*  s  s  el  •  lo  or  ce*  —  cl*  :  Lq*. 

For,  draw  the  tangent 
TE,  and  produce  the  or- 
dinate ((L  to  the  trans- 
Terse  at  E.    Also   draw   

4tH,     eM     perpendicular  T  XL 
to   the    transverse,    and 
meeUng  eo  in  h  and  m. 

Then,  similar  triangles 
being  as  the  squares  of  their  like  sidesi  it 
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by  sim.  trianglest  i^  cbt  :  £k  clc  : :  ob^  ;  cl>  ; 

or,  by  divisiooy     A  cst  :  trap  TmL«  : :  cb*  :  gb'  — •  CL<. 

Agaiiitbf  sim.  tri.  A  ceic  :  A  lqh  : :  ce»  :  Lq*. 
But)  by  cor.  5  theor*  19,  the  A  c<m  a  ^  cbt^ 
and,  by  cor  4  theor  19,  the  A  LqH  ss  trap,  trlb; 
therail  by  equality,  cb»  :  ce>  : :  cm*  -^  cl*  :  Lq«, 
or         -        •         cm*  :  ce*  :s  bl  •  lg  :  Lq*.    q.  s.  ^ 

> 

Cbro/  1.  The  squares  of  the  ordinates  to  any  diameter* 
are  to  one  another  as  the  rectangles  of  their  respecuvo 
abscisses,  or  as  the  difference  of  the  squares  of  the  Semit 
diameter  and  of  the  distance  between  the  ordinate  and  centre. 
For  they  are  all  in  the  same  ratio  of  ce*  to  c?*. 

Coroi.  2.  The  above  beings  the  same  property  as  that  be- 
longing to  the  two  axes,  all  the  other  properties  before  laid 
down,  for  the  axes,  may  be  understood  of  any  two  conjugato 
diameters  whatever,  using  only  the  bblique  ordinates  of  these 
diameters,  instead  of  the  perpendicular  ordinates  of  the  axes  ^ 
namely,  all  the  properties  in  theorems  6^  7^  9,  14^  15^  16; 
It  and  19. 

TlteOBUM  XXXL 

*  > 

If  any  Two  Lines,  that  any  where  intersect  each  otheri  meet 
the  Curve  each  in  Two  Points  ;  then 
The  Rectangle  of  the  Segments  of  the  one : 
Is  to  the  Rectangle  of  tht-  Segments  of  the  other :  • 
As  the  Square  of  the  Diam.  Parallel  to  the  former  : 
To  the  Square  of  the  Diam.  Parallel  to  the  latter. 


That  is,  if  cr  aiid  cr,  be 
Parallel  to  any  two  Lines 
PHq,/tB7 ;  then  shall 
CR*  :  cr*  : :  PB  •  aq  :/iH .  h^. 


For,  draw  the  diameter  cbb^  and  the  tangent  TR»  and  its 
parallels  PR,  Rt,  mb,  meeting  the  conjugate  of  the  diameter 
•R  in  the  points  t,  r,  i,  m .  Then,  because  sisi^ar  triangles 
are  as  the  squares  of  their  like  sides,  it  isy 


Vol.  I. 


Rrr 


^ 
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by  aim.  iriaogles,    cr*  :  gp^  :  *•  A  cEi :  A  e^k, 
and       .       .      •      en*  :  gh*  : :  ^  ciu  :  A  ohm  ; 
theref.  by  division}  cR*  •  gp-  ~-  gh*  : :  cm  *•  xPHVr 
Again,  by  siro.  tri.  ce'  :  ch*  :  t  A  ctb  :  A  cmh  ; 
and  by  division,         ce*  :  ce*  —  ch*  * :   A  cts  :  TiRif. 

But,  by  cor.  5  thcor.  19,  the  A  cte  s=  ^  cm, 

and  by  cor.  I  theor.  19,  tebc  =  kprg,  or  tehm  es  kpbh  ; 

theref.  by  equ.  cfc*  :ce*  —  ch*  : :  ca*  :op*— oh*  orPH.Hq. 

In  like  manner  ce^  :  cs*  -^  ch>  - :  cr*  -  fin    B^r. 

Theref.  by  equ-  ca'  :  cr^  : :  ph  .  nq  :  ^h  ,  h^.  q.  e.  o. 

CoroL  1.  In  like  manner,  if  any  other  lines  /^'eV,  parallel 
tocr  or  to /19,  meet  PHq  ;  since  the  rectangles  pu'q.  ^V/ 
arc  also  in  the  same  muo  of  ca'  to  cr> ;  therefore  rect. 
PHq  :  fing :  s  pb  q  :^H'q'. 

Also,  if  another  line  p'Aq'  be  drawn  parallel  to  pq  or  ca ; 
because  the  rectangles  p'Aq'  fl'hg'  are  still  in  the  same  ratiO| 
therefore,  in  general,  the  rect.  PBq  i/iaq  : :  P^Aq' :  fi'Ag'. 

That  is,  the  rectangles  of  the  pans  of  two  parallel  line^ 
are  to  one  another,  as  the  rectangles  of  the  parts  of  two  otiier 
parallel  lines,  any  where  intersecting  the  former. 

m 

Carol.  3.  And  when  any  of  the  lines  onlj  touch  the  correi 
instead  ol  cutting  it,  the  rectangles  of  such  become  squares, 
and  tiie  general  property  still  attends  them* 


That  is, 

CK*  !  cr«  : :  TE*  :  T^*, 
or  ca  :  cr  : :  TE  '  t^. 
and  ca  :  cr  : :  ra  :  te. 


Corol,.  3.    And  hence  te  :  t^  :  :  /a  :  ie. 

OF 
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OF  THE  HYPERBOLA. 


THEOBEM  L 

The -Squares  of  tbe  Ordinates  of  xha  Axis  are  to  each  other 
as  the  Rectangles  of  tbeir  Abscisses. 

Let  AVB  be  a  plane  passing 
through  the  vertex  and  afisof 
the  opposite  cones  ;  agih  an- 
other section  of  tbem  perpendU 
cutar  to  tbe  plane  of  the  former; 
AB  the  axis  of  the  hyperbolic 
sections  ;  and  vg  hi,  ordinates 
perpendicular  to  it.  .  Then  ir  will 
be.as  FO^  ;  hi'  : :  AF.  FB  :  ah  hb. 
For,  through  the  ordinates 
yo.  Hif  draw  the  circular  sections 
KGL.  MiM,  parallel  lo  the  base  of 
the  cone,  having  kl,  mn,  for  their 
dtanieters,  to  which  fg,  hi,  are  ordinates.  as  well'  to  thesis 
of  the  hyperbola. 

N0W9  by  the  similar  triangles  awu  ahb,  and  bfk,  bhk, 

it  is  AF  :  AH  : :  FL  :  bn, 
and  £d  :  bb  : :  &f  :  mh  ; 

hence,  taking  the  rectangles  of  the  corresponding  terms, 

it  is,  the  rect  af  .  fb  :  ah    hb  :  :  kf  .  fl  :  mh  .  hk. 
But,  by  the  circle,  kf    fl  =  fg',  and  mh    hn  =3 
Therefore  the  rect.  af  .  fb  :  ah  .  hb  : :  fg*  ;  hi*« 


Bi^; 


«•  St  p. 


THEOREM  n. 

As  the  Square  of  the  Traivsverse  Axis  : 
Is  to  the  Square  of  the  Conjugate  :  ; 
So  IS  the  Rectangle  of  the  Abscisses  i 
To  the  Square  of  their  Ordinate. 


That  is,  AB*  I  ab*  or 
AC*  :  ac'  : :  ab..  i^b  :  db*. 


It 
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For,  by  theor*  1,  ac  .  cb  :  ad  .  db  : :  ca* :  i»b*  ; 

But,  if  e  be  tfa«  centrC}  then  ac  «  cb  s  ac'>  and  cait  the 

semi-coDJ^ 
Therefore        •        AC*  ;  ad  •  db  : :  ac*  :  db^  ; 
or,  by  pennutatioD)      ac*  :  ac^  n  :  ad  .  db  r  db' ; 
OTf  by  ckioblingy  ab*'  :  ab*  :»  ad  .  db  :  db*.       m*  «  i^- 

ab* 
CoroL   Or,  by  div.  ai^  :  *^  :  :  ad  .  db  or  gd*-^a*  :  dbS 

AB 

^mt  is,  AB  :yk ; ;  AD  .  db  or  ch^  —  eA*  :db*  ; 

ab« 
wbere  /k  ia  the  parameter  -—  by  the  definition  of  iu 

AB 

That  b,  Aa  the  tnmsverae, 
la  to  its  parameter, 
So  is  the  rectangle  of  the  abacissesy 
To  the  square  of  their  ordinate. 

THEOREM  m. 

As  the  Square  of  the  Conjugate  Axis 

't^  the  Square  of  the  Transverse  Axis  : : 

The  Sum  of  the  Squares  of  the  Semi-conjugatet  and 

Distance  c^  the  Centre  from  any  Ordinate  of  the  Axis : 

The  Squaro  of  their  Ordinate. 


4. 


That  is, 
caff;  CA*  « :  ca'  +  ed* :  ds'. 


For,  draw  the  ordinate  bd  to  the  transyerse  ab* 

'^heii,  by  theor  1   ca*  :  ca*  : :  db^  :  ad  •  dx  or  cd*  •»  ca^ 
or        -      .  .        ca*  :  ca*  : :  cd«  :  dx*  —  ca*. 
But     -        -        ca*  •  CA*  : !  ca*  :  ca*. 
theref.by  compos,  ca*  :  ca*  :  •  ca*  +  cd*  :  d»*. 
In  tike  manner,    ca*  :  ca* : :  ca^  +  cd*  :  ne*.  q.  x.  vs 

CofoL  By  the  last  theor.  ca'  :  ca^ : :  cd'  —  ca':  db'  , 
and  by  this  theor.  ca':  ca':  :cDS-f  ca  i'dc', 
therefore     -        dx'  :  »e'  • :  cd*  -- ca'  :  cd*  +ca*  . 
In  Ukemannery       de'  s  dx':  e  cd'  ^  ca'  cd' :  -f  <^^*  • 

-  THBOBESr 
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TBEOBEMIV. 

The  Square  of  the  Distance  of  ihe  Focus  from  die  Centre)  is 
equal  to  the  Samu  of  the  Squares  of  the  Senii*axes. 

Or,  Ihe  Square  of  Ihe  Distance  between  ihc  Foci|  is  equal  to 
the  Sum  of  Ihe  Squares  of  the  two  Axes. 


That  is, 
ct*  s=s  CA*  +  ca«,  or 
;rfs  ss  aa*  +  ab< 


For,  to  the  focus  w  draw  the  ordinate  ira  ;  which,  by  the 
definition,  will  be  the  semi  parameter.  Then,  by  the  nature 
of  the  curve  -  ca*  :  ca*  '-  s  ct»  —  ca*  •  f«*» 

and  by  the  def.  of  the  para  c  a*  :  ca*  : :        ca*       s  vx>  i 
therefore  -        -        ca*  «=  cf*— ca*  ; 

and  by  addition}         -        cf*  *==  ca»+cu^  j 
or,  by  doubling,         -        Ff*  sa  AB*4-ab^.  q.  x.  i>,  , 

Corol.  i.  The  two  semi-axes,  and  the  focal  distance  from 
the  centre,  are  the  sides  of  a  right-angled  triangle  CAa  ;  and 
Ihe  distance  Aa  is  =»  of  the  focal  distance. 

CaroL  3.  The  conjugate  semi-axes  ca  is  a  mean  propor- 
tional between  afi  fb*  or  between  Af,  fii,  the  distances  of  either 
Jfocus  from  the  two  vertices. 

For  ca*  ss=  cv'«-ca*  s=  gf  +  ca  •  ct— ca  ss  af  •  fs. 

THSOBEM  V. 

The  Difference  of  two  Lines  drawn  from  the  two  Foci,  to 
meet  at  any  Point  in  the  Curve^  is  equal  to  the  Transvefae 


That  is.  • 

fx  —  FB  =  AB* 


For,  draw  ao  parallel  and  equal  to  ca  the  semi*  conjugate ; 
and  join  co>  meeting  the  ordinate  nx  produced  in  b  ;  also 
take  CI  a  4th  proponiooal  to  gA)  6Fi  cb. 

Then, 


4U  CONIC  SECTIONS. 

Then  by  th.  S,  c a«  :  ao*  i :  cd*  —  ca*  :  dh*  ; 
and,  by  sini,  A6»  ca*  •  ag*  : :  cd*  —  ca*  :  dh*  —  ao    ; 
coDsequemly        dk*  =;  dh*  — ag*  =  dh*  —  ca*. 

AlaO,  TD  =  CP  CO  CD,  and  FD*^=  C  F*  — 2CF  .  CO   +  CD*  ; 

and,  by  right-angled  trian^leik,  fe*  ==  fB*  +  d»*. 

therefore  fb*  «=  cf*  —  ca*  —  2cf  .  cd  +  co*  +  oa*. 

But,  by  ihcor.  4,        cf*  —  cu*  =  ca*, 

and,  by  &up|>osiuoD,  2'  f  .  cd  sr:  3ca    ci  ; 

theref.  fe*  =  ca*  —a«  a  .  ci  -f  cd*  +  dh*  » 

Af^ain,  by  &appo8.      ca*  '  cd*  :  •  cf*  or  ca*  +  ao*  .  ci*  ; 

and,  by  sira.  tii.         ca*  *  cd*  :  •  c  a*  -I-  ag*  :  cd*  +  dh*  ; 

therefore  -        ci«  sx  cd*  +  dh*  =  ch*  ; 

consequently  fb*  «=  ca*  —  2c.a  .  ci  +  ci* . 

And  the  root  or  side  of  thi»  ^uare  is  fk  c^  ci  —  ca  as  m. 

In  the  tame  manner,  it  is  found  that  fk  s  ci  -f-  ca  =s  bi» 

Conseq.  by  subtract.  fB  —  fb  ss  bi  ^^  ae  =s  ab.  q  b.  9. 

Corol,  1.    Hence  cb  ss  ci  is  a  4ih  proportiooai  to  ca^  cfj 

CD. 

t 

Corol.  2.  And  Fe  +  fe  ss  2ch  or  9ci ;  or  fe.  ch'^  f&,  are 
in  continued  arithmetical  progression,  the  common  difPerence 
being  ca  the  semi-transverse. 

CoroL  3.  Hence  is  derived  the  common  method  of  describ- 
ing this  curve  mechanically  by  points,  thus  : 

In  the  transverse  ab,  produced,  take  the  foci  f,  f,  and 
any  pobt  i.  Then  with  the  radii  ai,  bi,  and  centres  f,  1^ 
describe  arcs  intersecting  in  b,  which  will  be  »  point  in  the 
curve,  in  like  manner,  assuming  other  points  i,  as  ms^y 
other  points  will  be  found  in  the  curve. 

Then,  with  a  steady  hand,  the  curve  line  may  be  drawn 
trough  all  the  points  of  intersection  b. 

In  the  same  nianner  are  constructed  the  other  two  or  con* 
jugate  hyperbolas,  using  the  axis  ab  instead  of  ab. 

THBOREM  VL 

If  from  any  Point  i  in  the  Axis,  ^Line  ie  be  drawn  touching 
the  Curve  in  one  point  l  $  an^^e  Ordinate  lm  be  drawn  : 
and  if  c  be  the  Centre  or  the  Middle  of  ab  :  Then  shall 
CM  be  to  ex  as  the  Square  of  am  to  the  Square  of  ai. 


H 


That  is, 
CM  s  CI :  s  AM*  :  Al'  • 
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¥6$ 


For,  from  the  point  i  draw  any  line  ^eh  to  ctit  the  curro 
in  iwo  point*  «  and  h  j  from  whkh  let  {all  the  perps.  eo,  ho$ 
Iffid  bisect  pe  in  jc. 

Then,  by  theor.  I,         ad  .  db  :  ag  .  on  : :  be*  :  oh», 
and  bf  nim.-  triangles,  m*      :    lo^       : :  db»  t  gh»  ; 

theref.  by  eqwaliiy,  ad  .  db  :  ag  .  gb  s  :  io«  r  ig«  , 

But  DB  =  OB+CD  «  CB+CD  =:  CG+CD  —  AG  ss  2Cfc  —  AG* 
and  GB  =  +  CO  =?=  CA  +  CG  =s  CO  +  CD  —  AD  =  2CE  —  AD  ; 
thcPel.  AD  .  2CK  —  AD  .  AG  :  AG      iCE  —  AD      AG  :  :  ID*  : 

and,  by  div.  pa  •  2ck  :  i^*  —  in*  or  »g  .  3i&  : :  ap  .  2ce 

—  AD      AG  i  ID*. 
or        •        2cE  :  2lK  :  :  AD     2CK  —  AD  .  AG  :  ID*  ; 
or         AD  .  2CK  :  AD      2lK  t  :  AD  .  2CE  —  AD  .  AG  :.ID*  ; 


io«, 


theref.  by  div.  ce  :  lE  : :  ap  .  ag  :  ad  .  2ie  — 


ID 


and,  by  div.    ce  :  ci.:  i  ad  .  ag  :  id*  —  ad  .  id  +  ia, 

or  -        '    CE  :  CI  *  :  AP  .  AG  :  AI^. 

But,  when  thc^  line  ih,^  by  revolving  about  the  point  i* 
"comes  into  the  position  of  the  tangent  iL)  then  .the  points  b 
and  H  meet  in  the  point  l,  and  the  points  Pr  e,  o,  coincide 
trith   the  point  m  ;   and  then  the   last  proporticm  becuinea 

«Bi  ;  CI  :  :  AM*  1  Al*.  ^.  E«  ©• 

THEOREM  vn. 

If  a  Tangent  and  Ordinate  be  drawn  from  any  Point  in  the 
Curve,  meeting  the  Transverse  Axis  ;  the  Semi-tfhnsveTso 
will  be  a  Mean  Proportional  between  the  Distances  of  thp 
said  Two  intersections  from  the  centre. 


That  is,^ 
CA  is  a  mean  proportional  between 
GP  Jind  CT ;  or  cp,  c  a,  ct,  are  con* 
linued  proportionals. 


For,  by  th.  6,  cp  :  cT  : :  ap*  :  at«, 

at  is,        -       CP :  CT  s :  (cp— ca)*  :  (ca^ct)*, 

*+CA*:CA 


that  is, 

or 

and 

or 

or 


CP :  CT 


:cp 


+  CT' 


CP  :  PT 


•  •*- ;  :cd= 


cp3 


»  +  cA*- :  CP*  —  CT*  , 
CP  s  PT : :  CP*  +  CA*  '  (cp  +  ct)  pt, 
cp.pt::  cp*  +  ca^  :  cp  .  pt  +  ct  .  tp  ; 
hence  cp* :  ca*  : :  cp  .  pt  :  ct  .  tp, 
and        CP* :  CA  : :  CP  :  ct, 
theref.  (th.  78,  Geom.)  cp  i  ca  : :  ca  :  cp>  ^ 


ChroU 
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Corol.  Sinee  cr  is  alwajrs  a  third  proportiotia]  to  c»«  ca  ^ 
if  the  pmnu  Di  a,  remain  co»stant«  then  will  the  point  v  he 
constant  also;  and  therefore  all  the  tangents  will  meet  m 
thb  point  T«  whieh  are  drawn  firom  the  p^t  b,  oferery 
hjpertiola  described  on  the  same  axis  an,  where  tfaej  ar«  cut 
bf  the  common  ordinate  dfk  drann  from  the  point  o. 

TBBXaaSM  TIIL 

If  there  be  anf  Tangent  meeting  Four  PerpendicnkR  to 
the  Axis  drawn  from  these  four  PointSi  namely,  the  Cen- 
tre, the  two  Extremities  of  the  Axis,  and  the  Point  of  Coa- 
tact ;  those  Four  Perpendiculars  will  be  Proportionals. 


That  is, 
AG :  ns  : :  CB  :  Bi« 


For,  by  theor,  7,  tc  :  ac  : :  ac  :  ncy 
thereC  t^  dir.         ta  :  ao  : :  tc  :  ac  or  cB| 
and  hf  conp.  ta  :  to  : :  tc  :  tb, 

and  by  aim.  tri       ao  :  nm  : :  ch  '-  bi.  q.  b.  is 

Oral.  Hence  ta,  Tn,  tc,  tb  >  ^  ^^^  proportional.. 

and  TO,  TE,  TH,  Tl  J  *^     '^ 

For  these  are  as  aO|  dx,  ch^  bi,  by  similar  triangJes. 

THEORRM  DC 

If  there  be  any  Tangent,  and  two  Lines  drawn  from  the 
Foci  to  the  Pmnt  of  Conuct ;  theie  two  Lanes  will  make 
equal  Angles  with  the  TangenL 


That  isi 
theAFBT*-  /.fiae. 


For,  draw  the  ordinate  nx,  and  fe  paiallel  to  ve. 
By  cor.  1,  theor.  Sy  ca  -.  co  : :  cp  :  ca  4-  n^ 
alidl^th.7.  ca;cd:gt:cai 

therefore 
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therefcre  •  er 
and  by  add.  and  tub.  t> 
But  by  aim.  tri, 


:  CA  :  CA  +  F» ;    ■ 

;  FK  :  3cA  +  F«  or  Tb  by  th.  5. 

;  tF  :    :    VS  :   fE  ; 

tbercEore  -       fc  —  fe,aD(l  conseq,    /.es^fie. 

But,  because  fb  is  parallel  to  fe,  the  ^e  a  ^fbt  ; . 

therefore  tbe  ^fet  =  Z-Cbc.  q.  ■.  d. 

Carol,  As  opticians  find  that  the  angle  of  incidence  is  eqiyA 
10  the  angle  of  reflexion,  it  appears,  from  this  proposition, 
thttt  rays  of  light  issuine;  from  the  one  focus,  and  meeting  the 
curve  in  every  pointy  will  be  refiected  into  lines  drawn  ti'oiii 
the  other  focus.  So  the  ray  fK  is  reflected  into  fk  And  this 
is  the  reason  why  the  poiuti  t,  t,  are  called  /oti,  or  bORiing 

THEOREM  X. 

All  the  Parallelograms  insciiiKd  beiween  the  (our  Conjugate 
Hyperbolas  are  equal  to  one  another^  and  each  equal  to  the 
Rectangle  of  the  two  Axes. 


That  is, 
the  parallelogram  PdRi  a 
the  rectaDgle  ab  .  ab. 


Let  KG,  eg  be  two  conjugate  ^ametera  parallel  to  the  sides 
of  the  parallelogram,  and  dividing  it  into  four  less  and  eqtnl 
parallelograms.  Also,  draw  the  ordioatea  dk,  de-  and  cs 
perpendicular  to  pq  ;  and  let  the  axis  produced  meet  the  udes 
of  the  parallelograms,  pioduced,  if  necesiary,  in  t  and  t> 
Then,  by  iheor.  T,  ct  '■ 


and           -        - 

ct 

CA  : 

CA 

Cd; 

thercf  by  equality 

CT 

ct  • 

Cd 

Co; 

but,  by  aim,  tri8ogleB,CT 

ct  ;  : 

TD 

cd, 

thercf.  by  equality, 

TD 

Cd  . 

cd- 

CD. 

and  the  rectangle 

TD 

DC  is 

>■  the  square  cd*. 

Again,  by  theor.  7, 

CD 

CA  : 

.   CA 

CT, 

or,  by  division, 

CD 

CA  t 

DA 

■  AT, 

and,  by  composition 

CD 

:  DB  : 

:  DA 

:  DTt 

conseq.  the  rectangl 

BCD 

.DT  a 

cd* 

™  AD  .  DB». 

•  Corol.  BecAusB  cd 

•m 

ID.  DB 

=^cs 

»  -.  CA». 

therefore  ca 

=  CD«  —  C 

D«. 

In  Uke  mwner     ca*  =  da^  — 

Vol.  I. 

S 

SB 

Bui 
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Bat)  by  theor.  1» 
therefore 
In  like  tnanner^ 
or  -  - 

But,  by  theor.  f , 
theref.  by  equality, 
But,  by  tim.  tri. 
theref.  by  equality, 
and  the  rectangle 
But  the  rect 
theref.  the  rect 
Conse%.  the  ract 


CA*  : 

CA   : 

CA  : 

ca  : 

CT  : 

CT  : 

CT  : 

CK  : 

CK  • 
CK  . 
CA  . 
AB  . 


ca»  :  i 
ca  :  : 
ca  :  : 
de  :  : 
CA  :  : 
CA  : 

GIL  :   ! 

CA  :  : 

ce  a 
ce  a 
ce  B» 
ab  = 


I  AD 

cd  : 
cb  i 
CA 
CA 

\  ca  I 
ce  : 
ca  : 


.  DB  or)  cd*  :  »«», 
DB  ; 
de  ; 

CD. 
CD  t 

de. 
de; 
ce. 


CA  .  ca. 

the  parallelograin  CBPet 
the  parallelogram  CBpe, 
the  paraL  pq&s.       %.  b. 


THEOBEMXL 


The  Difference  of  the  Squares  of  every  Pair  of  Conjagato 
Diametera,  ia  equal  to  the  aaroe  constant  Quantity,  namety, 
the  Difference  of  the  Squares  of  the  two  Axes, 

That  is, 
AB»  —  ab»  =  BO*— eg«; 

where  bo,  eg  are  any  conjugate 
diameters. 

For,  draw  the  ordinates  bd,  ed. 
Then,  by  cor.  to  theor.  10,  ca*  =  cd*  —  cd*, 
and  ...        .  ca^  s=  de*  —  DB*  i 


CD' 


+  DB*  — cd*.dt^ 


theref.  the  difference  ca*  —  ca* 

But,  by  right-angled  As,     cb*  a  cd*  +  db*  ; 

and  ....  ce*  B  cd* -f  de*  ; 

theref.  the  difference  cb*  —  ce*  =  cd*  +  db*  —  cd*  -de  .' 

consequently      -        ca*   —  ca*  «am  cb*  —  ce*  ; 

or,  by  doubling,         ab*   —  ab*  m»  bg*  —  eg*.         q.  b  .b. 


THBORSHXn. 

All  the  Parallelograms  are  equal  which  are  formed  between 
the  Asymptotes  and  Curvoj  by  Lines  drawn  Parallel  to 
the  Asymptotes. 

That  is,  the  lines  gb,  bb,  ap,  a^ 
kcing  parallel  to  the  asymptotes  ch>  cl ; 
(hen  the  paraL  cobk  aa  paral.  cpaq. 


OF  THE  HYPERBOLA.  i^ 

For*  let  A  be  the  vertex  of  the  curve,  or  extremity  of  the 
semi-transverse  axis  ac,  perp.  to  which  draw  al  or  a1,  which 
¥rill  be  equal  to  the  semi -conjugate,  by  definition  19»  Aiso^ 
draw  HKDeh  parallel  to  1.1 » 

Tuen,  by  iheor.  2.  ca*  :  al*  : :  cd*  -ca*  r  i>e*, 
and,  by  parallels,        ca^  s  al»  •' :  cd*  :  dh*  ; 
tberef.  by  subtract,    ca'  •  al»  : :  ca*  :  dh*  —  de*  or 

rect  iiE  .  Eh  ; 
oonseq  the  square  al*  » the  rect  he  •ah. 

Bui.  by  sim   tri.  pa  :  al  :  :  ge  :  EH) 
and^  by  the  same,    qa  :  a1  ^  :  ee  ^  Eh*s 
thcref  by  comp.      pa    aq  :  al*  :  :  gb  .  be  ;  re  •  sh  ; 
and,  because  al'  ==  he    Eh,  theref.  pa  .  aq  =a  oe  •  ex. 

But  the  parallelograms  cgek,  cpAq.  being  equiangular^ 
are  as  the  rectangles  oe  .  ex  and  pa  •  Aq. 

Therefore  the  parallelojrram  ox  ss  the  paral.  pq. 

That  is,  all  the  inscribed  parallelograrors  are  equal  to  one 
EDother.  q.  b.  o* 

.  Carol,  I.  Because  the  rectangle  gee  or  cgb  is  constant* 
therefore  oe  is  reciprocally  as  cg,  or  cg  :  cp  :  :  pa  :  otf • 
And  hence  the  asymptote  continually  approaches  towards  the 
curve,,  but  never  meets^  it :  for  ge  decreases  continually  as 
eo  increases  :  and  it  *  is  always  of  some  magnitude,  except 
when  CG  is  supposed  to  be  infinitely  great,  for  then  oe  is 
infinitely  small,  or  nothing.  So  that  the  asymptote  co  may 
be  considered  as  a  tangent  to  the  curve  at  a  point  infinitely 
distant  from  c. 

CoroL  3.  If  the  abscisses  cd,  cE} 
CO)  &c.  taken  on  the  one  asymp- 
tote, be  in  geometrical  progression 
increasing  ;  then  shall  the  ordi- 
nates  on,  ni*  gk,  &c.  parallel  to 
the  other  asymptote,  be  a  decreas- 
ing geometrical  progression,  hav-  Jr 
ing  the  same  ratio.  For,  all  the 
rectangles  cdh,  cei,  cgx,  &c.  being  equal,  the  ordinates 
BH  EI.  ox,  Sec  are  reciprocally  as  the  abscisses,  cd,  cb,  cQ| 
&c.  which  are  geometricals.  And  the  reciprocals  of  geome* 
tricdls  are  also  geometricals,  and  in  the  same  ratiO;  but  de-* 
creasing,  or  in  converse  order. 


TRG9IIB1II. 


SM  OONIC  SECTIONS. 


THEOBBM  xm. 

The  tliree  folloiring  Spaces,  between  the  Asymptotes  and 
the  Curve,  are  equal  ;  namely^  the  Sector  or  Trilint&r 
Si>ace  contained  by  an  Arc  of  the  Curve  and  two  Radii, 
or  Lines  drawn  from  its  Extremities  to  the  Centre ;  and 
each  of  the  two  Quadrilaterals,  contained  by  the  said  Arc^ 
and  two  Lines  dritwn  from  its  Extt^nuties  parallel  to  ono 
Asymptote,  and  the  intercepted  Part  of  the  other  Asymp* 
tote. 


That  is, 

The    sector  cab  b>  PABG  sae  qAES, 

all  standing  on  the  same  arc  ab« 


For,  by  theor.  J  3,  cPAq  =  cobc  ; 
subtract  the  common  space  coiq, 
thei^  remains  the  paral.  pi  sathe  par.  ik  ; 
to  each  add  the  trilineal  iab,  then 
the  sum  is  the  quadr.  paeo  »  qASK. 

Agun,  from  the  quadrilateral  c  asb 
take  the  equal  triangles  cAq,  ckk, 
and  there  remains  the  sector  cab  ^  qABic. 
Therefore  cab  =  raek  £=  paeo^  q.  i  o. 

THEOREM  XIV. 

The  Sum  or  Difference  of  the  Semi-transverse  and  a  Uoe 
drawn  from  the  Focus  to  any  Point  in  the  Curve,  is  equal 
to  a  Fourth  Proportional  to  the  Semi-transverse,  the  Dis* 
tance  from  the  Centre  to  the  Focus,  and  the  Distance  from 
the  Centre  to  the  Ordinate  belonging  to  that  Point  of  th^ 
Curye. 


That  is, 

TB  -f  AC  as  Cl',Or  FB  «  AI  ; 
and  /B  —  AC  CSS  CI,  OV/%  oa    BI. 

Where  ca  :  cf  :  :  en  :  ci  the 
4th  propor.  to  ca^  cf>  cd. 
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For,  dnw  AO  parallel  and  equal  to  ca  the  aeai-conjugate ; 
and  join  co  meeting  the  ordinate  db  produced  in  h* 

Then,bf  tbeor  3,  CA*  :  a«»  :':  cd«  —  ca*  :  i>e«  ; 

and,  by  sim.  AS|  ca*  :  ao«  :  s  c©*  —  ca»  :  dh^  —  ao«  ; 

consequently         db*— idh«  —  ao*  —  dk*  —  ca*. 

Also  WD  =  c#  xfi  CD,  and  fd*  »  cf«  —  ac»  .  en  +  cD*  ; 
but*  by  right  angled  triangles,  fd*  +  db«  «a  fb*  ; 
therefore  f«*  sp  cf*  —  ca*  —  2cf  .  en  +  cd*  +  d»». 

But1)y  theor.  4,        cf»  —  ca*  «■  ca», 
and»  by  supposition,    3cf  .  cd  s=  3ca  .  cr ; 
theref.  fb*=ca»  —  2c a  -  ci  +  cd»  +  »h«. 

But,  by  supposition,  CA*  •  co*  : :  cf*  or  ca*  +  ag*  :  ci*  ; 
and,bv  sim.  As,      ca*  :  cd*  : :  ca*  +  ao*  :  cd«  +  dh*  ; 
therefore        -        «•  »  cd*  +  dh*  «■  ch*  ; 
consequently    «     fb*  s  ca*  —  2ca  •  ci  4-  ci*» 
And  the  root  or  side  of  this  square  is  fb  i^  ci  -«  ca  as  ai« 
In  the  same  manner  is  found /b  aes  ci  +  ca  «»  bi.        q.  b.  d* 

Corel.  From  the  demonstration  it  appears,  that  db'  ob 
DH*  —  AG*  8B  DH*  —  ca.  Consequently  dh  is  every  where 
greater  than  db  ;  and  so  the  asymptote  coh  never  meets 
the  curve,  though  they  be  ever  so  far  produced  :  but  dh  and^ 
DB  approach  nearer  and  nearer  to  a  ratio  of  equality  as  they 
recede  farther  from  the  vertex,  till  at  an  infinite  distance  they 
become  equal,  and  the  asymptote  is  a  tangent  lo  the  curve  at 
an  infinite  distance  from  the  vertex* 


THEOREM  XV. 

If  a  Lbe  be  drawn  from  either  Focus  Perpendicular  to  a 
Tangent  to  any  Point  of  the  curve ;  the  Distance  of  their 
Intersection  from  the  Centre  will  be  equal  to  the  Senu'* 
transverse  Axis. 


That  is,  if  BP,  Jjir  be  perpen- 
dicular to  the  tangent  TP/i, 
then  shall  cp  and  cfi  be  each 
^qual  to  cA  or  cb. 


For, 


5i2  CONFC  SECTIONS. 

Por,  throTij>li  the  point  of  contact  b  draw  »«  and  und/^,  meet- 
ing »p  produced  in  g.  Then,  the  Z^k^  ■*  Z»b^'  being  each 
equal  to  the  ZAA)  ^^  ^^^  anglea  at  p  being  tight*  asd  ihe 
side  PB  being  common,  the  two  trifoigiea  gep,  fkp  ure  equal 
Sn  all  respects,  and  so  ob  c»  »b«  and  op  ^  pp.  Tl)erefiare» 
since  pp  «  ivo«  and  pc  a  |ir/;  and  the  angle  at  p  commOB, 
the  «idc  cp  will  be  =  4/0  or  4ab,  that  is  cp  «  c^or  cb. 

And  in  the  same  manner  c/t  is  ca  or  cb.        q.  b.  b. 

CoroL  !•  A  circle  described  on  the  tranaverae  biIs^bsb 
diameter,  will  pass  through  the  points  p,/k;  because  aQ  tke 
lines,  CA9  cp,  cfi,  cb,  bebg  equal,  will  be  radii  of  the  circle. 

Corol.  2.  CP  is  parallel  to/e,  and  c^  pamllel  to  fe.- 

Corol.  3.  If  at  the  intersections  of  any  tangent,  with  the 
circumscribed  circle,  perpendiculars  to  the  tangent  be  drawn^ 
they  will  meet  the  transverse  axis  in  the  two  hcL  That  is, 
the  perpendiculars  PF,/^give  the  focifi/. 


THEOREM  XVI. 

The  equal  Ordinatesi  or  the  Ordinates  at  equal  Distances 
from  the  Centre,  on  the  opposite  Sides  and  Ends  of  an 
Hyperbola,  have  their  Extremities  connected  by  one  Right 
Line  passing  through  the  Centre,  and  that  Line  is  bisected 
by  the  Centre. 


That  is,  if  CD  bs  cg,  or  the 
ordinate  de  s=  oh  ;  then  shall 
CB  B>  CH,  and  bch  will  be  a 
Fight  line. 


For,  when  cd«=  co,  then  also  is  de  =  gh  by  cor.  2  theor.  I, 
But  the  Zt>  =  Z<^)  being  both  right  angles  ; 
therefore  the  third  side  cb  =   ch,  and  Uie  ^dcb  =s  ^gcb, 
and  consequently  bch  is  a  right  line. 

Corol,  1.  And,  conversely,  if  bch  be  a  right  line  passing 
through  the  centre  ;  then  shall  it  be  bisected  by  the  centre, 
•or  have  cb  =  cu  ;  also  be  will  be  =s  oh,  and  cd  a  co. 

Corol,  2.  Hence  also,  if  two  tangents  be  drawn  to  the  two 
'^Qda  B|  8  of  any  diameter  bb  ;  they  will  be  parallel  to  each 

other, 


OF  THE  HYPERBOLA. 


SO^ 


other,  and  will  cut  the  axis  at  equal  angles,  and  at  equal  dis* 
tances  from  the  centre.  For,  the  two  cd,  oa  being  equal  to 
the  two  CO,  cB,  the  third  proportionals  ot,  cs  will  be  equal 
«lflo  ;  then  the  two  sides  ck,  ct  being  equal  to  the  two  ch^ 
OS,  and  the  included  angle  bct  equal  to  the  included  anglo 
Hos,  all  the  other  corresponding  parts  are  equal :  and  so  the 
^T  a  ^s,  and  TB  parallel  to  hs. 

CoroL  3.  And  hence  the  four  tangents,  at  the  four  ex- 
tremities of  anf  two  conjugate  diameters,  form  a  parallelogram 
Inscribed  between  the  hyperbolas,  and  the  pairs  of  opposite 
t^es  are  each  equal  to  the  corresponding  parallel  conjugate 
diameters. — For,  if  the  diameter  €h  be  drawn  parallel  to  the 
tangent  tb  or  hs,  it  will  be  the  conjugate  to  bh  by  the  defi- 
nition ;  and  the  tangents  to  eh  will  be  parallel  to  each  other, 
and  to  the  diameter  mn  ibr  the  same  reason.  ^ 

THEOREM  XVIL 

If  two  Ordinates  ed,  ed  be  drawn  from  the  Extremities  b,  Cf 
of  two  Conjugate  Diameters,  and  Tangents  be  drawn  to  the  . 
aame  Extremities,  and  meeting  the  Axis  produced  in  T 
and  R  I 

Then  shall   cb  be  a  mean  Proportional  between  ccf,  Jb, 
and  Qd  a  mean  Proportional  between        ony  bt« 


For,  by  theor.  7»    cd  :  c^  : :  ca  s  cr, 

and  by  the  same,     c</ :  ca  :  s  ca  :  cr  ; 

thereL  by  equality,  cd  :cd  » -•  cR  :  ct. 

But  by  sim.  tri.       ot  •'  cc^ : :  ct  :  cr  ; 

theref  by  equality,  cd'-  cd::  cdi  dt. 

In  like  manner,        c(i :  en  : :  cx> :  i/r.  c|.  x.  if. 

Corel.  1*     Hence  cd  :  Ci/  : :  cr  '  ct. 
Carol.  3.    Hence  also  CD:cd*ide:  ob. 
ind  the  rect.  cd  .  de  ea  cd  .  de^  or  A  cdb  ss  A  cdcm 

GoroL  3.     Also  cd*  as  cd  .  dt,  and  cd'  =  cd .  dvu 
Or  cd  a  mean  proportional  between  cd*  dt  | 
^A  CD  a  mean  proportional  between  cd,  dx* 


504  CONK  SECTIONS; 


THEOB£M  mn. 

'  The  same  Figure  being  constructed  as  in  tte  iMt  PfopmtMB,       ^ 
each  Ordinate  will    divide  the  Axi^i  aod  the  Scmkais 
added  to  the  external  Part,  in  the  same  Ratio. 

I^See  the  last  fig.] 

That  is,  DA  :  OT  :  :  so  :  ]>«, 
and  dA'^dRiidci  dn. 

For,  by  theor.  T,  cd  :  ca  :  s  ca  :  ct, 

and  bf  di?.  cd  r  ca  : :  ad  :  at, 

and  by  comp.  cd  :  db  ' :  ad  :  dt, 

or        -        -  da  :  DT  : :  »c  :  db. 

In  Uke  inanneri  dhzdRizdci  c/b.  q.  e.  9. 

Coroi*  1.    Hence,  and  from  cor.  3  to  the  last  prop,  it  is, 

cd*  ss=  CD  .  DT  =--  ad  .  DB  =  CD*  — CA'i 

and  cd .  dKssxAd  .  dn  c=:  ca»  —  cd*, 

t^croL  3.  Hence  also  ca*  s  cD.'  —  cd*,  and  ca*  es  de^  — *  db'. 
Corol.  3.   Farther,  because  ca*  :  ca«  : :  ad  .  db  or  cd*  :  db^ 

therefore  ca  :  ca :  s  a/ :  d^ 

likewise  ca  i  ca  ; :  cd  ;  de.. 


THBOBEM  SIX. 

It  from  any  Point  in  the  Curve  there  be  drawn  an  Ordinftir, 
and  a  Perpendicular  to  the  Curve,  or  to  the  Tangent  at 
that  Point :  Then  the 

Bist.  on  the  Trans,  between  the  Centre  and  Ordinatef  cd  •' 

Will  be  to  the  Dist.  pa  : : 

As  Square  of  Trans.  Axis : 

To  Square  of  the  Conjugate. 


\ 


That  is» 
CA^  '  ca*  : :  DC  :  op. 


For,  by  theor.  2,  c a*  :  ca*  : :  ad  .  db  :  db*  , 
But,  by  rt.  angled  iis,  the  rect  td  .  dp  =s:  dx*  ; 
and,  by  cor.  1  theor,  i^  cd  •  dt  s^  ad  •  ds; 

therefore    -    -    ca*  :  ca* : :  td  .  dc  :  td    dp, 

or     •     •     •     •      CA*:c«*::PG  s  DP  ij.*-^* 

XBBOBE^ 


OF  THE  hyperbola:      ^ 


ipi 


THEOREM  3CX. 


If  there  be  Tmr^o  Tangents  dra^/yn,  the  One  to  the  Extremity 
of  Che  Transverse,  and  the  other  to  the  Extrenuty  ofuijr 
other  Diameter,  each   meeting  the   other's  Diameter  pro- 

,  duced  ;  the  two  Tangential  Triangles  so  formed,  will  b« 
equal. 


That  is, 
the  triangle  cst 
the  triangle  CAtt 


For,  draw  the  ordinate  de.    Then 
By  sim  triangles,  cb  :  ca  : :  cs  :  cn  ; 
but,  by  theor.  7,  cd  :  ca  • :  ca  :  ct  ; 
theref  by  equal,  ca  :  ct  : :  cs  :  gh. 

The  two  triangles  cETi  can  have  then  the  angle  c  common^ 
and  the  sides  about  thai  angle  reciprocally  proportional ;  ihoac^ 
Idangles  are  therefore  equal,  viz.' the  A  <^£t  as  cam.  C4»  k.  b^ 

CoroL  1.     Take  each  of  ihe  equal  tri.  ckt,  cav> 
from  the  common  space  cape^ 

and  there  remains  the  external  A  fat  aa  A  phs. 

■ 

CbroL  2.     Also  take  the  equal  triangles  cETt  CAir, 
from  the  common  triangle  ced, 

and  there  remains  the  J^  tbd  ea  trapez.  ansp* 


tHEQREM  XSX 

The  same  being  supposed  as  in  the  last  Proposition ;  thei^ 
Any  Lines  Kq  cq,  drai|tn  parallel  to  the  two  Tangents^ 
shall  also  cut  off  equal  Spaces. 

That  is, 
the  A  KQG  es  trapez.  anho. 
and  A  ^HS  «  trapez.  akAj". 


-.-.* 


^r,  draw  the  ordUiate  De.    Then 
The  three  sim*  triangles  «ak,  c»e,  cgEi 

VoE.  I,  ■     T  1 1 


IS^TS 
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are  to  each  other  as        ca*,  cd*i  ca*  ;- 
th.  by  div.  the  trap,  anbd  :  trap  anho  : :  CD*— c  A*  ;  co* — ca'- 
.Hut,  by  Iheor   1,      de*  :  gq*  : :  CD*— ca*:  co*— ca*; 

theref  byequ.trap.ANED  :  trap,  anho  : :  dk*  :  oq*. 
But,  by  Sim.  A  ^i  tri.  ted  :  tri.  Kqo  : :  de*  :  eq* ; 
theref.  by  equal.      amed  :  ted   ::      akho    :  cqo. 

BuC|  by  cor.  2  theor.  20,  the  trap,     aked  ^^  A  tsd  ; 

and  therefore  tbe  trap,     anug  ob  a  aqo. 

In  like  nmnner  the  trap.      Av/tg  ^  /^  aqg.    q.  s.  l>. 

Corol.  1.     The  three  spaces  anho,  txhg»  aqo  are  all 
cquak  f 

CoroL  3.  From  the.equals  anhg.^  aq^, 
take  the  equals  AvAjf,  a^j^, 
and  there  remaiDs  ^Aho  ss^^qe. 

iSforol.  3.     Ai^  from  the  equals  ghuG,  gg^Of 
take  the  comirton  space  gqLnOf 
and  there  remains  the  A  i*<lH  a  i^A^ 

Coroi.  4.    Again,  from  the  equals  aqo,  teho^ 
take  the  common  space  klhg, 
and  there  remains        tele  sa  A  i^K. 


Coroi.  Sm  And  when,  by 
the  lines  xq,  oh,  moving 
'  with  a  parallel  motion,  aq 
comes  into  the  position  ir, 
where  ca  is  the  conjugate  to 
CA ;  then 


the  triangle  aqo  becomes  the  triangle  lac, 
.   and  the  space  avhg  becomes  tbe  triangle  anc  ; 
and  therefore  the  A  iRC  as  A  ^i^c  cb  a  tec. 

CoroL  6.    Also  when  the  lines  aq  and  nq,  by  moving  wiA 
a  parallel  motion,  come  into  the  position  ce.  Me, 
'the  triangle  LqH  becomes  the  triangle  cm, 
and  the  space  telr  becomes  the  triangle  tec  ; 
and  theref.  the  a  c^^m  n  a  tec  a  a  ahc  cs  a  tftc. 


THEOREM  XXn. 

Any  Diameter  bisects  all  its  Double  Ordinates,  or  the  lines 
drawn  Parallel  to  the  Tangent  at  its  Vertex,  er  to  its  Con- 
jugate  Diameter.  #  ^ 

*  .  *  Xhiat 


9       * 


OS  THE  HYPERBOLA. 


MS 


Th»t  M,  if  d?  be  paral- 
lel to  ihe  tangent  te,  or 
to  c«)  then  shall  i-ti'"  i-?- 


For.  dniv  qn^  qh  perpendicular  to  the  transverse. 

Then  by  cor.  3  theor  31,  the  A  1.4H  —  A  W^  > 

but  these  trUn^a  are  also  equiangular  ; 

couseq.  their  like  aides  are  eqiid,  or  Lq  =•  Lq. 

Corot.  I.  Any  diameter  divides  the  hyperbola  into  two 
eqii  t  pans. 

for,  the  ordinates  on  each  side  being  equal  to  each  other, 
and  equal  in  number  ;  all  the  ordtnatesi  or  the  area,  on  one 
aide  or  tbe  didmeter,  is  equal  to  alt  tlie  ordinates,  or  the  aresi 
on  the  other  side  of  it. 

C'^rol.  2  In  like  manner,  if  the  ordinate  be  produced  to 
the  conjugate  hyperbolas  at  4'.  /.  it  may  be  proved  that 
1.4'  =  l/.  Or  if  the  tangent  ts  be  produced,  then  ev  b  ew> 
Also  the  diameter  gcek  bisects  all  lines  drawD  parallel  tOTi 
or  47,  and  ItiRited  either  by  one  hy perboUi)  oe  by  its  two  con- 
jugate  hyperbolas. 

THEOREM  XSm. 

As  the  Square  of  any.  Diameter : 

Is  to  the  Square  of  hs  Conjugate  : : 

So  is  the  Rectangle  of  any  two  Absctases  : 

To  the  Square  of  their  Ordinate. 
That  is,  CE*  -.  ce*  ■■  ■■  ni.  .  hQ  or  ci*  —  cE*  '  m*. 
For,  draw    the  tangent 
TB,  and  produce  the  ordi- 
nate 41.  to  the  transverse 
at  K.     Also  dAw  qu,  iu  . 
perpendicular  10  the  trans- 
verse, and  meeting  eo  in 
B  and  H. ,  Then,   similar 
triangles    being    as    the 
squares  of  their  lilce  sidest 
It  is, 


09  CONIC  SECTIONS. 

Y  sim*  triangles,        a  cet  -.  A  clk  :  :  ce'  :  cl*  ; 

r,  by  dWiftion,  A  cet  :  trap,  telk  :  :  c«**  '-  cl*  -cs*. 

kgam,  by  sim.  trL        A  c^m  :  A  lqh  :  :  c<>^  :  i.q*. 

tuti  by  cor.  5  theor.   2K    the  A  ce^  s=s  A  cet^ 

nd,  by  cor.  4  theor.   2 \ ,    the  A  l^h  »» itap.  telk  ; 

leref.  by  equality,     ce*  ^  c<?*  :  :  cl*      ce'  :  Lq*,    - 

T'       -        -         -     cE*  :  Cf*  :  :  EL  .  LG  :  Lq*  q.  b.  b- 

Corel.  U  The  squares  of  the  ordinates  to  any  dkmecer, 
re  to  one  another  a&  the  rectangles  ol'  their  respeciWe  ab^ 
clasea,  or  as  the  difference  of  the  squares  of  the  semudiame- 
IT  and  of  the  distance  bt;tween  the  ordiijate  and  centre.  For 
iicy  are  all  In  the  same  ratio  of  c£*  to  ce^  . 

Corol,  2.  The  above  being  the  same  property  as  that  be* 
)nging  to  the  two  axes,  all  the  other  properties  before  laid 
own,  for  the  ax^s.  may  be  understood  of  any  tvo  conjugate 
iameiers  whatever^  Ubing  only  the  oblique  ordmates  of  these 
lame ters  instead  of  the.perpcndicular  ordinates  of  the  axes  ; 
aroely)  all  the  properties  in  theorems  6,  7,  8}  16,   17,  20,^21. 

Corol  3  Likewise)  ivhen  the  ordinates  are  cominued  to 
lie  conjugate  hyperbolas  at  q',  7',  the  same  properties  still 
btain,  substituting  only  the  sura  for  the  difference  of  the 
;}uares  of  ce  and  cl, 

That  is,cE*  :  ce*  :  :  cl*  +  ce*  :  Lq'«, 
And  so  LQ*  ."  Lq'*  :  :  cl*-cb*  :  cl»  +  c^'. 

Corol.  4.  When  by  the  motion  of  Lq'  parallel  to  itseU^ 
liat  line  coincides  with  ev,  the  last  corollary  becomes 

ce' :  c^*  : :  2cE*  ;  EV*, 
or  ce*  :  ev*  :  :     1      -2, 
or  ce    :  EV    : :     i     s  \/  2, 
or  as  the  side  of  a  square  to  its  diagonal. 
That  is,  in  all  conjugate  hyperbolas,  and  all  their  diame- 
ers,  any  dianieter  is  to  its  parallel  tangent,  in  the  constant 
atio  of  the  side  of  a  square  to  its  diagonal. 


THEOREM  XXIV. 

f  any  Two  Lines,  that  any  where  intersect  each  other,  meet 
the  Curve  each  in  Two  Points  ;  then 
The  Rectangle  of  the  Segments  of  the  one  : 
Is  to  the  Rectangle  of  the  Segments  of  the  other  : : 
As  the  Square  of  the  Diaro.  Parallel  to  the  former  • 
To  the  Square  of  the  Dicim.  Parallel  to  ihp  latter. 
*^  That; 


0  f 


'> 


OF  THE  HYPERBOLA. 


That  is,  if  CR  and 
cr  be  parallel  to  any 
two  lines  fbq,  fieq  ; 
then  Ahall  CR*  J  cr'  : : 


For,  draw  the  diameter  chk,  and  the  tangent  tb,  and  its 
parallels  sc,  ri,  Ua,  meeting  the  conjugate  of  tke  diameter 
en  in  the  paints  j,  k,  i,  m-  Ttten  because  similar  triangles 
arc  as  the  squares  of  their  like  sides,  it  is, 

by  sim.  triangles,    ci*  :  gt^  ;  :  A  cm  :  AgpKi 

«nd        -         -         cR»  :  oH«  :  :  A  cri  ;  aohm  ; 

theref.  by  division,  en*  :  op*  —  oh*  :  :  cm  =  kphk. 

Again,  by  sim.  tri.  ce*  :  ch*  :  :  Actz:  acmh  ; 

and  by  division,      ce'  t  ch*  —  ck*  '  J  actb  :  tbhu. 

But,  by  cor.  5  theor.  21,  the  A  ctb  =  A  cib,  • 

and  by  cor.    I  tbeo-  21,  Tens  =  kpho,  orTEHHs  kfhh  ; 
theref.  by  equ.  ce«  :  ch*— c»»  : :  ca*  0P»  —  oh"  or  ph  .  b4. 
In  lil^e  nuDner  CE*  :  ch*— CE*  :  :  cr*  tfin  .  n;. 
Theref.  by  equ.  en*  :  cr>  :  =  fh  .  u^  ;  ^h  .  fig.  q.  s.  d. 

Carol.  1 .  In  like  manner,  if  any  other  line  fi '  b'  g',  parallel 
to  or  or  to  fig,  meet  fh<i  ;  since  the  rectangles  ph'q,  fi'  h'  g' 
are  alsu  in  the  same  ratio  of  gk*  to  cr*  ;  therefore  the  rcct. 
PH^  ;  flag  !  :  pa'qi/i'H'y'. 

AlsOjif  another  line  p'Ad' bedrawn  parallel  to  p^or  cr; 
because  (he  rectangles  p'Aq'^'Ay*  are  atill  in  the  same  ratio, 
therefore,  in  general  the reciangle  phq  :  flag  :  ;  p'At^'  •■p'hg'. 
That  is,  the  rectangles  of  the  parts  of  two  parallel  lines,  are 
to  one  another,  as  the  rectangles  of  the  parts  of  two  other 
parallel  lines,  any  where  intersecting  the  former, 

Carol..  2.  And  when  any  of  the  lines  only  touch  the  curve* 
insteadof  cutting  it,  the  rectangles  of  such  become  squarcst 
and  the  goDecalpropeny  still  attends  them.  . 

That 


CM 


CONIC  SECTIONS. 


That 

W| 

e*« 

!  cr*  : 

:  TE» 

:re^9 

w 

ca 

:  cr  : 

:  TE 

:   TCf 

%Dd 

ca 

*  cr  ; 

:  ra 

:  re. 

Cor9L  8.   And  hence  te  :  re  :  :  ra  :  te^ 

THEO&BM  XXV. 

If  a  Line  be  drawn  tbrougb  any  Paint  of  the  CurTes^  Parallel 
to  either  of  ibe  Axes,  and  terminated  at  the  Asjnipioies; 
the  Rectangle  of  its  Segraenis,  me<isured  from  that  Point, 
will  he  equal  to  the  Square  of  the  Semi-axas  to  which  it  b 
•paruilci. 


That  is 
tberect.  hee  or  u<fR 
«nd  rect  AaiS:  or  hek 


CA», 


Fori  draw  al  parallel  to  ca*  and  ah  to  ca.    Then 
by  the  parallels,    ca*  '•  co*  or  al*  :  :  en*  :  dh*  ; 
andbytheor  2,     ca*  :  ca*  '•  •  cn*>-«cA*  :  na*  ; 
theref.  by  eubtr.    ca*  :  cd*  :  s  ca*  :  dh*  -de*  or' 
But  the  antecedents      ca*  ,  ca*  are  equal, 
theref  the  consequents  ca* ,  hek  must  also  ba  equal 
In  like  manner  it  is  again, 


9 


nn*  ; 


by  the  parallels,  ca^  :  ca*  or  at*  :  :  cd 
andby  theor.  3,  ca*  :  ca*  :  :  en*  +  ca*  :  ner*  ; 
theret  by  subtr.'cA*  :  ca*  : :  ca*  :  d^*  -  dh*  or  h^k. 

But  the  antecedents  ca*  ,  ca*  are  the  same, 

theref.  the  conseq.     ca*  ,  neK  must  be  equal. 

In  like  manner,  by  changing  the  axes,  is  Ae^  or  hek  ^  ca*. 

Coroi.  K  Because  the  rect.  hek  a  the  rect  h^k. 

therefore  eh  :  eH  :  :  ea  :  ek. 
And  consequently  he  :  is  always  greater  than  uc> 
^  Corol*  2.  The  rectangle  A  ee  >s  the  rect.  aKk. 
Fori  by  aim.  trt  xA  e  bh  s :  eA:  :  be. 

SCHOUUIL 


OB  THiB  HYPERBOiA^  ^IjL 

8CIUXJX71ML 

It  is  evident  that  this  proposition  is  general  for  any  line 
oblique  to  the  axis  also,  namely,  that  the  rectangle  of  tho 
segments  of  any  line,  cut  by  the  curve,  and  terminated  by  tho 
asymptotes,  is  equal  to  the  square  of  the  semi-diameter  to 
which  the  line  is  parallel.  Since  the  demonstration  is  drawn 
from  properties  that  are  common  to  all  diameters. 

THEOREM  XXVL 

All  the  rectangles  are  equal  which  are  made  of  the  Seg* 
ments  of  any  Parallel  llines  cut  by  the  Curve,  and  limited 
^  by  the  Asymptotes. 


That  is, 
the  rect.  kfk  «  h^r. 
and  rect.  hitLk  as  hek. 


For,  each  of  the  rectangles  RSfC  or  h^k  is  equal  to  the 
square- of  the  parallel  semi-diameter  cs  ;  and  each  of  the  rect« 
angles  hiLk  or  hek  ie  equal  to  the  square  of  the  parallel  semi* 
diameter  ci.  And  therefore  the  rectangles  of  the  segments 
ef  all  parallel  tines  are  equal  to  one  another.  r.  s.  d. 

Corol  },  The  rectangle  hek  being  constantly  the  samei 
whether  the  point  k  is  taken  on  the  one  side  or  the  other  of 
the  point  of  contact  i  of  the  tangent  parallel  to  bk,  it  follows 
that  the  parts  HSt  sr,  of  any  line  hr,  are  equal. 

And  because  the  rectangle  kck  is  constant,  whether  the 
point  €  is  taken  in  the  one  or  the  other  of  the  opposite  hy« 
perbolas,  it  follows,  that  the  parts  h^i  k^,  are  also  equat 

CoroL  2.  And  when  hr  comes  into  the  position  of  the 
tangent  niL,  the  last  corollary  becomes  il  ea  in,  and  lu  es  ini 

and  LU  ma  DU 

Hence  also  the  diameter  cm  4)isects  all  the  parallels  to  dl 
Which  are  terminated  by  the  asymptote,  namely  rh  em  rr. 

OoroU 
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Carol.  3.  From  the  proposilioo.  and  the  lait  corollary,  it 
fbUows  that  tbc  constant  rectangle  hkx  oi-  xbk  is  =  il*.  And 
the  equal  constuii  rect.  ufk  or  est  e3  hln  ar  ih*  —  il*. 
Carol,  *.  And  hence  il  ^  the  parallel  acmi-xUainctcr  cs. 
For,  the  rect.  ebk  ™  ii*, 
and  the  equal  reel,  ear  ^  lu*  ^it*, 
tberef.  il*  >=  m*  -—  u.',  or  im*=  3ii.* ; 
but,  by  cor.  4  theor.  33,-        ih*  =a  3ci*,' 
and  tberefore         -         -         il  ik  ca. 
And  BO  the  asynptoteB  pass  through  the  opposilB  uiglcft  of 
all  the  iiucribed  parailelograins. 

rBXjOBEM  xxm. 

The  rectangle  of  anjr  two  Lines  drawn  irom  any  Point  in 
the  Curve,  Parallel  to  two  given  lines,  and  umited  I? 
the  AsTmptotes,  is  a  Constant  Quantity. 

That  is,  if  AP,  EOt  di  be  parallels, 

as  also        Aa,  EK,  DM  parallels, 

then  shall  the  rect.  fa4  =:rect.  oBx^iectisM. 


l-'or,  produce  ke,  hd  to  the  other  asymptote  at  d.  t. 
Then,  by  the  parall^li,  re  :  ge  : :  ld  :  id  ; 
but     •         -         -  EK  :ek:  :  UM:  nvi 

therefl  the  rectangle    hek  :  oek  : :  ldm  :  idm. 
But,  by  the  last  theor.  the  rect.  hbk  u  ldm  ; 
and  tberelbre  the  rect.  oik  b  idm  =  pa4. 

THEOREM  XXVm. 

Every  Inscribed  Triangl^,  formed  by  any  Tangent  and  the 
two  Intercepted  Parts  of  the  Asymptotes,  is  equal  torn 
Constant  Quantity ;  namely  Double  the  Inscribed  Parat- 
lelogram. 

That 


dP  THE  hyperbola; 


5IjJ 


That  iSf  the  triangle  cts  =s  2  paral.  OK 

For,  since  the  tangent  ts  i* 
bisected  by  0\e  poxDt  oi  contact 
E,  and  EK  is  parallel  lo  tc,  and 
OR  lo  CK  ;  therelore  ck,  ks  ge 
are  ali  equal ,  as  are  also  co»gt» 
KJE-.  Consequently  the  •  nanglc 
gTE  =  the  triangle   kes.  and         i""  K 

each  equal  to  liaif  ihc  constant  inscrtbe-J  paral U.lo^rjm  ci?. 
And  therefore  the  whole  triangle  cts,  w  ach  is  composed  of 
the  two  smaller  triangles  aind  the  parailelogrum,  is  equal  to 
double  the  constant  inscribed  paralhuo^ram  ok.  <(«  b.  o* 


THEOEEM  XXIX. 

« 

IfiFromtfie  Point  of  Contact  of  uny  Tangent,  and  the  two 
Intersections  of  the  Curyi;  i^eith  a  Line  parallel  to  tho 
Tangent,  three  parallel  Lines  be  drawn  in  any  Direciioii| 
and  terminated  by  ciiher  Asymptote ;  those  three  Linc^ 
shall  be  in  continued  Propoition- 


That  is,  if  hkh  and-  the 
tangent  il  be  parallel,  then 
are  the  parallels  dh^ei,  ok 
in  continued  proportion. 


Ml 


C   1>    E  L   G 

For,  by  the  ps^rallels,  bi  :  il  : :  dh  :  u>t ; 
and,  by  the  same  ei  ^  il  : :  gk  :  km  ;  * 

theref  by  compos,     ei*  '  ih^  : :  du  •  gk  :  hhk  ; 

but,  by  theor  26,  t)\e  rect*  hmk  : 

and  theref.  the  rect.      dh    gk  : 

•r  -  -  -  BH  :  EI  :  :  SI  :  OK.  ().  £.  ]|r« 


iL«; 

BI^, 


THEOREM  XXX. 

Draw  the  scmi-diameters  cb,  cih,  ck  ; 
Then  shall  the  sector  cm  ■»  the  sector  cik* 


Vol.  I. 


ggr; 


V 


tu 


CONIC  SECTIONS. 


*" 


Fori  because  HK^nd  all  its  parallels  are  bisected  hj  cur, 
therefore  the  triangle     cnh  =  iri  cmk, 
and  (bo  segment .  inh  =  seg.  ink.  s 

consequently  the  sector  cxu  =::  sec.  cik. 

GoroL  If  the  gcomctricals  du,  ki>  gk.  be  paraliel  totbs 
other  asymptote,  the  spaces  dhib^  eirg  will  be  equal ;  fof 
they  are  equal  to  the  equal  sectors  cHit  eix. 

So  that  by  taking  any  geometricals  cd,  cKy  cOt  tec  and 
drawing  dh.  ei>  gk^  &c.  parallel  to  the  other  asymptote^  as 
also  the  radii  CH)  CI,  CK  i 

then  the  sectors  chi,  cik,  See. 
^     or  the  spaces  dhie,  eikg,  See. 

will  be  all  equal  among  themselves; 

Or  the  sectors  CHit  cHUf  Sec. 

or  the  spaces  dhik.  »h&g,  8tc.  ^ 

will  be  in  arithmetical  progression. 
And  therefore  these  sectors,  or  spaces,  will  be  analogous  to 
the  logarithms  of  the  lines  or  bases  en,  cbi  cg,  &c  ;  ilamely 
OHi  or  OHIB  the  log.  of  the  ratio  of 
CD  to  CB,  or  of  CR  to  cg,  Sec ;  or  of  Bi  to  DHiorof  GE  to  EI,  Sec ; 

and  CHK  or  dhko  the  log.  of  the  ratio  of 

CD  to  CG)  8CC.  or  of  GK  to  VHf  &c* 


■/t* 


OF  THE  PARABOLA. 


THEOREM  L 


The  Abscisses  are  Proportional  to  the  Squares  of  their 

Ordinates. 


^'S 


Let  avm  be  a  section  through 
the  axis  of  the  coney  and  agib  a 
parabolic  section  by  a  plane  per- 
pendicular to  the  former,  and 
parallel  to  the  side  lu  of  the 
cone  ;  also  let  A  ph  be  the  common 
intersection  of  the  two  planes,  or 
the  axis  of  the  parabola,  and  fG| 
hi  ordinates  perpendicular  to  it^ 

Then  it  will  be,  aS  af  :  a6  :  ;  V6^  :  hi^. 

FoTt  through  the  ordinates  to,  hi  draw  the  circuhr  sec- 
tions;  KGL>  MiN|  parallel  te  the  base  ef  (he  conei  barins  el, 

TIN 


OP  THE  PARABOLA, 


UN  for  their  diameters,  to  which  *o,  hi  afc  ordinateS)  is 
well  as  to  the  axis  of  the  parabola. 


MH  ; 


^    Then,  by  similar  triangles,  af  :  ah  : :  n :  hn  ; 

bat,  because  of  the  parallels,  kf  j 

thei^ore        -        -        -      af  :  ah  : :  kf  .  Ft :  mh  .  hm. 

Bui.  by  the  circle,  kf  •  fl  ^  fg*,  and  mh  .  hm  »  hi*  ; 

Therefore        -        -        -    af  :  ah  s :  fo*  :  hi*.         q.  e  j>» 

FG*         HI* 

C^rol,  Hence  the  third  propordonal or is  a  constant 

AF  AH    ^ 

quantity,  and  is  equal  to  the  parameter  of  the  axis  by  defia. 
16.  , 

Or  AF  :  FG  :  :  fg  :  P  the  parameter* 

Or  the  rectangle  p.  af  =  fg*« 

THEOREM  IT, 

As  the  Parameter  of  the  Axis  : 
Is  to  the  Sum  of  any  Two  Ordinates  :  :  .        • 

So  ia  the  Difference  of  those  Ordinates : 
%ji^  To  the  Difference  of  their  Abscisses  : 


That  is, 

y  .  QB  ^  DB  :  :  GH  —    DE  :  I>0> 

Or,  p  :  Ki : :  IH  :  IE. 


and 


For,  by  cor.  theor.  1,  p  .  ag  «  GH*f 


F  .  ad  S=  DE* 


q.  s.  D. 


theref.  by  subtraction,    p    do  «  gh«  —  de» 

Or,  -•         -  -        i*  .  DGss  Kl  •  IH9 

therefore        -        -      p  :  ki  : :  ih  :  dg  or  ei. 

Corol.  Hence  because  p  .  bi  =  ki  .  ih, 
and,  by  cor.  theor.  1,      p .  ag  as  oh*, 
therefore        -        -      ag  :  £i : :  gh^  :  ci  «  ih. 

So  that  any  diameter  bi  is  t^s  the  rectangle  of  the  seg- 
ments  ki,  ih  of  the  double  ordinate  kb. 


'KEOREMm. 

The  Distance  from  the  Vertex  to  the  Focus  is  equal  to  J  of 
the  Parameter,  or  to  Half  the  Ordinate  at  the  Focus. 

That 


ki« 


CONIC  SECTIONS. 


That  is, 

Vrherc  w  in  the  iccus* 


For,  the  general  property  is  a7  :  t£  :  :  ve  :  !> 
But  by  dehniuon  17,       -         b#==t^; 
therefore  uiso  -        -         a.f  « 


rFE  «  Ir. 


Q.  E.  B« 


THEOREM  lY. 


A  Line  drawn  frorn^  the  Focus  to  any  Point  in  the  Carve,  b 
equal  to  the  Sum  of  the  Focal  Distance  and  the  Absdss 
of  the  Ordinate  to  that  Pomt. 

0 

•• 

That  is, 

ITE  8  r A  -f.  AJ>  =S  GI>, 

taking  ag  cs  af. 


For,  since  fd  —  ad  co  af^ 
theref.  by  squaring*    td^  »  af'  —  2af  .  ad  *^  ad',        ^ 
But,  by  cor.  theor.  1,  d&*  s=s  r  .  ad  «=  4a7  .  ad  ; 
theref.  by  addition,      fd*  +  d»*  =»  af*  +  3af  .  ad  +  ad', 
i3ut,by  right-ang.  tri.  fd»  +  de-  =  fk'  ; 
therefore        -        -   fe*  =  af'  +  2af..ad  +  ad*, 
and  the  root  or  side  isFE  =  af  -f  ad, 
cr        •  -        •.   FB  a  0D9  by  takuig  ag  =3  af. 

q*  E.  B. 

Corot,  1.  IC  through  the  point  g,  thegHg  q,  HHH 
line  GH  be  drawn  perpendicular  to  the 
axis,  it  is  called  the  directrix  of  the  pa- 
rabola. The  proper^  of  which,  from 
this  theorem,  it  appears,  is  this  :  That 
drawing. any  line  he  parallel  to  (he  axis. 
HE  is  always  equal  to  Fs  the  distance  of 
the  focus  from  the  point  b. 

Corot,  2.  Hence  also  the  curve  is  easily  described  by  points 
Ifainely,  in  the  axis  produced  take  ag  =  af  the  focal  dis- 
tance, and  draw  a  number  of  lines  be  perpendicular  to  the 
axis  AD  ;  then  with  the  distances  gd,  gd,  od.  Sec.  as  radii 
and  the  centre  f,  draw  arcs  crossing  the  parallel  ordinates 
in  e,  e,  b,  8cc,    Then  draw  the  curve  through  all  the  points, 

E)  B|  S* 

THEOREM 
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THEOREM  v. 

If  a  Tangent  be  drawn  to  a^y  Point  of  the  Parabola^  meet- 
ing the  Axis  produced ;  »and  if  an  Ordinate  to  the  Axis 
be  drawn  from  the  Point  of  Contact ;  then  the  Absciss  of 
that  Ordinate  will  be  equal  to  the  External  Part  of  the 
Axis* 


Tliat  is, 
if  TO  tdlfch  the  curve 
at  the  point  c  ; 
then  is  at  ssav. 


For,  from  the  point  t,  draw  any  line  cutting  the  curve  in 
the  two  points  e,  h  :  to  which  draw  the  ordmatts  dS|  ch  ; 
also  draw  the  ordinate  mc  to  the  point  of  contact  c. 

Then, by  th.  1,  ad  :  ao  :  :  ns*  :  gh'  ; 
and  by  sim.  tri.     td*  :  tg*  :  :  de*  :  oh*  ; 
theref.by  equality )AD  *.  ao  :  :  td*  :  tg«  5 
sMj  by  division,   ad  5  do  :  :  td'  :  to«— tb*  or  do.  (td+tc}, 

or  -  -  AD  :  TD  :    :  TD  :  TD-f  TO  J 

and)  by  division,  ad  :  at  :  ;  td  :  to, 
aiid  again  by  div.  ad  :  at  :  :  at  :  ao  ; 
or        •        -        AT  is  a  mean  propor.  between  ad^  ag; 

Now  if  the  line  th  be  supposed  to  revolve  about  the 
point  t  ;  then,  as  it  recedes  farther  from  the  axb,  the  points 
E  and  H  approach  towards  each  other,  the  point  s  de^icend- 
ing  and  the  point  n  ascending,  till  at  last  they  meet  in  the 
point  c,  when  the  line  becomes  a  tangent  to  the  curve  at  c^ 
And  then  the  points  d  and  o  meet  in  the^pofnt  m,  and  the 
ordinates  de>  gh  In  the  ordinates  ch.  Consequently  Ad,  ag^ 
becoming  each  equal  to  Am,  their  mean  proportional  at  will 
be  equal  to  the  absciss  am.  That  is  the  external  part  of  the 
axis,  cut  off  by  a  tangent,  is  ^«fal  to  the  absciss  of  the  ordi* 
nate  to  the  point  of  contact.  <4*  b*  d» 

« 

THEOREM  Yl 

If  a  tangent  to  the  Curve  meet  the  Axis  produced  ;  then 
the  Lme  drawn  from  the  Focus  to  the  Point  of  Contact, 
will  be  equal  to  the  Disunce  of  the  Foous  from  the  Inter- 
section of  the  Tangent  and  Axis. 

That 


>1» 
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That  is, 

re  SB  FT. 


PoVLi  draw  the  ordinate  dc  to  the  point  of  contact  c. 

Then,  by  iheor.  5|  at  sa  ad  ; 
therefore        •  ft  s«  af  4-  ad* 

But,  \ij  theor.  4»        re  ta  kf  +  jli>  i 
tberef.  by  equality,    fc  =»  ft. 

Corol.  1.    If  CG  be  drawn  perpendicular  to  the  curve,  or  \» 
the  tangent,  at  c  ;  then^shall  fg  —  fc  =«  ft. 

For,  draw  fh  perpendicular  to  tc,  which,  will  also  bisect 
Tc,  because  ft  =  fc  ;  ^d  therefore,  by  the  nature  of  the 
parallela,  fb  also  bisects  tg  ia  r.    And  consequently  fg  s= 

WT  as  FC. 


So 


that  1  ia  the  centre  of  a  circle  passing  through  t, 


C»Q. 


CoroL  3.    The  tangent  at  the  vertex  au  is  a  meaa  propor* 

tional  between  af  and  ad. 

For,  because  fht  is  a  oght  angle, 
therefore     -     ah  is  a  mean  between  af,  at, 
or  between  •     af,  ad,  because  ad  sbs  at. 
Likewise,    •    fb  ia  a  mean  between  fa,  ft, 

or  between  fa,  fc. 

Coro^.   3*  The  fangent  tc  makes  equal  angles  with  fc  and 

the  axis  ft. 

For,  because    ft  bs  f  c, 
th'ercfore  the  /.  fct  ^ji,  ftc. 
Also,  the  angle  ocf  ^ot  the  angle  gck, 
drawing  icr  parallel  to  the  axis  ag. 

CoroL  4.  '  And  because  the  angle  of  incidence  gck  is  = 
the  angle  of  reflection  gcf  ;  thevefore  a  ray  of  light  fidling 
on  the  curve  in  the  direction  ko,  will  be  reflected  to  the 
focus  F.  That  is,  all  rays  parallel  to  the  axis,  are  reflected 
to  the  focus,  or  burning  point. 


THEOBKM 


r 
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THEOREM  VXL  ^ 

If  there  be  any  Tangenty  and  a  Double  Ordinate  drawn  from 
the  Point  of  Contact*  ami  also  any  Line  parallel  to  tho 
Axis,  limited  by  the  Tangent  and  Double  Ordinate :  then 
shall  the  Curve  divide  that  Line  in  the  same  RatiOi  as  the 
Ibine  divides  the  double  Ordinate. 

T 


im 


That  is, 


£L. 


FoK,  by  Sim.  triangles,  ck  :  ii  :  : 
but  by  the  def.  the  paiimi.  p  >  cl  :  : 
therefore,  by  equality,  p  J  ck  s  : 

But,  by  theor.  S,      •      -     p  :  ck  :  s 
theretbre,,b^ eqtiaUtyi  cl:  kl  :  : 

and  by  division,        .-         ck  :  kl  .  : 

THEOREM  TOL 


CD  3  DT  or  3i>A ; 
CD  :  SOA  I 

CL  :  Kt. 
KL  :  ss  I 
Kl  s  &x ; 


The  same  being  supposed  as  in  theor.  7  s  then  shall  the  Ex* 
ternal  Part  of  the  Line  between  the  Curve  and  Tangent 
be  proportional  to  the  Square  of  the  intcrcepttd  Petri  of 
the  Tangent,  or  to  the  Square  of  the  intercepted  Part  of 
the  Double  Ordinate. 

That  is,  IB  is  as  ci'  or  as  ex* 
and     IB,     TA»     ON,    PL.    kc. 

are  as  ci*,  ct*,  co*,  cp,  &c. 
pr  as  CK»,  CD»,  cm*,  cl»,  8cc. 


For,  by  theor«  7,  ib  :  bk  s 
or,  by  equality,         ie  :  bk  *•  : 
But,  by  cor.  th.  3,    bk  is  as  the  rect.  ck  • 
therefore     -      -     ib  isas  gb*,  or  asci*.  4.  e.  d. 

Coroi,  As  this  property  is  common  to  every  position  of 
the  tangent,  if  the  lines  ib,  ta,  on»  8cc.  be  appended  on  the 
points  i>  T,  o,  &c.  and  moTeable  about  them,  and  of  such 
lengths  as  that  their  extremities  B)  A)  Hj  he,  be  in  the  curve 

of 
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of  a  paraboli  in  some  one  position  of  the  ta&geot ;  then 
making  the  tangent  revolve  about  the  point  c,  it  appears  that 
the  extremities  x,  a,  "h.  kc.  will  always  form  the  cnnrc  of 
some  parabola,  in  every  position  of  the  tangent. 

THEOREM  IX 

The  Abscisaea  of  any  Diameter,  are  as  the  Squares  oC  their 

Ordinates. 


That  is,'  cq,  c&,  ca,  tec. 
are  as  q**  ,  ea*  ,  sn*  ,  kc* 
Or    cq  *  ca  - :  c|k*  >  &aS 
fcc. 


For,  draw  the  tangent  ct,  and  the  ex|maala  ei,  at,  v9, 
Sea  parallel  to  the  axis,  or  to  the  diameter  cs. 

Then,  because  the  ordinates  qxi  ra^  air,  8cc.  are  parallel  to 
the  tangent  ct,  by  the  definition  of  them,  therefore  aU  the 
figures  iq,  tr,  os,  8cc.  are  parallelograms,  idiose  opposte 
sides  are  equal ; 

namely,        -        .        ik,  ta,  ok,  kc. 

arc  equal  to  -        cq,  cb,  cs,  kc. 

Therefore,  by  theor.  8,  cq,  cr,  cs,  te. 

are  as  -        -       ci*,  ct*  ,  co»>  kc 

or  as  their  equals    :    qs^,  ra*  ,  sv*,  kc.  q«  s.  p. 

Corol,  Here  like  as  in  theor.  2  the  difference  of  the  ab- 
scisses is  as  the  difference  of  the  squares  of  their  ordinates, 
or  as  the  rectangles  under  the  sum  and  difference  of  the 
ordinates.  the  rectangle  of  the  sum  and  difference  of  the 
ordinates  being  equal  to  the  rectangle  under  the  difference 
of  the  abscisses  and  the  parameter  of  that  diameter,  or  a 
third  proportional  to  any  absciss  and  it9  ordinate. 


TIffiCffifiM 
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THEOREM  X. 

If  a  Line  be  drawn  parallel  to  any  Tangent,  and  cut  the 
Curve  in  two  Points  ;  then  if  t^wo  Ordinatcs  be  drawn  to 
the  Intersections,  and  a  third  to  the  Point  of  Contact^ 
these  three  Ordinatea  will  be  in  Arithmetical  Progression^ 
or  the  Sum  of  tb«  Extremes  will  be  equal  to  DoUbU  thik 
Mean. 


That  is, 
xa  +  HI  ss  2co. 


For,  draw  kr  parallel  to  the  axis,  and  produce  hi  to  &• 
Then,  by  sim.  triangles,  ek  s  hk  :  :  td  or  2ad  :  en  ; 
but,  by  theor.  2,      -        ek  :  hk.  :  :  kl  :  p  the  param. 
theret.  by  equality,        2 ad  :  k.l  :  :  cd  :  p. 
Put.  by  the  defin.  2ad  :  2cd  :  :  cd  :  p  ; 

theret  the  2d  terms  are  equal,  kl  =»  2cd, 
that  is,  -         -         XG+  HI  a  2cd.  q.  8*  9^ 

CoroL  When  the  point  e  is  on  the  other  side  of  ax  $  thefli 

HI— GB  as  2CD. 
THEOBEM  XL 

Any  Diameter  bisects  all  its   Double  Ordinatesy  or  Linci 
parallel  to  the  tangent  at  ita  Vertex. 


That  is, 

MX  a  HH. 


foil,  to  the  axis  ai  draw  the  ordinatea  xaj  CD>  di>  and  UM^ 
parallel  to  thcmy  which  is  equal  to  C9. 
Veil.  T.  X  X  X  Then 


i2i 
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Then,  by  tbeor.  10, 2u9  or  3cd  n  bo  +  Bif 
therefore  m  is  the  middle  of  sh. 

Andy  for  the  same  reasoni  all  its  parallels  are  bisected. 

q«  E.  »r 

ScHoi..  Hence,  as  the  abscisses  of  any  diameter  and  their 
ordiriates  have  the  same  relations  as  those  of  the  axist  namely^ 
that  the  ordinates  are  bisected  by  the  diametery  and  their 
squares  proportional  to  the  abscisses  ;  so  all  the  other  pro- 
perties of  the  axis  and  its  ordinates  and  abscisses,  before  de- 
monstrated, will  likewise  hold  good  for  any  diameter  and  its 
ordinates  and  abscisses.  And  also  those  of  the  parameters! 
understanding  the  parameter  of  any  diameter,  as  a  third 
proportional  to  any  absciss  and  its  ordinate.  Some  of  the 
most  material  of  which  are  demonstrated  in  the  following 
theorems. 

THEOBEM  XIL 

The  Parameter  of  any  Diameter  is  equal  to  four  Tim^es  the 
Line  drawn  from  the  Focus  to  the  Vertex  of  that  Dii' 
meter. 


That  is,  4fc  «s  p, 
the  param.  of  the  diam.  oiu 


For,  draw  the  ordinate  ma  parallel  to  the  tangent  ct. 
also  CD,  MN  perpendicular  to  the  axis  an,  and  ra  perpendicu- 
lar to  the  tangent  ct. 

Then  the  abscisses  ad,  cm  or  at,  being  equal,  by  theor.  5, 
the  parameters  will  be  as  the  squares  of  the  ordinates  en, 
HA  or  CT,  by  the  definition  ; 


CD 


t  • 


CT«. 


•:  FT*. 


that  is,        -        •  ^  :  p 

But,  by  sim.  tri.  •        fh  :  vt  : :  cd  :  ct  9 
therefore    •       -  p  :  p  :  :  fh 

But,  by  cor.  a,  th.  6,  fh*  »  fa  .  ft  ; 

therefore    - 

or,  bf  equality    • 


FT*. 


F  :  P  s   :  FA  •  FT 

p  :  p  :  :  FA  :  FT  or  Fc. 


But, 
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^H 


But»  by  theor.  3,        p 
and  therefore    -        p 


4fa9 

4rT  or  4fc. 


q.s.  D. 


Carol.  Hence  the  parameter  p  of  the  diameter  ch  is  equal 
to  4fa  +  4ad9  or  to  p  4-  4jid9  that  is,  the  parameter  of  the 
axis  added  to  4 ad. 

THEOREM  Xnt 

If  an  Ordinate  to  anf  Diameter,  pass  through  the  Focus,  it 
-will  be  equal  to  Half  its  Parameter  s  and  its  Absciss  equal 
to  One  Fourth  of  the  same  Parameter, 


That  is,  CM  aa  {p, 
and    MB  c=4p* 


For,  join  fc,  and  draw  the  tangent  ct. 


By  the  parallels,  cm 

and,  by  theor.  6,  ^  fc  : 

also,  by  theor.  12,  fc 

therefore      -    -  cm 


FT  ; 
ft  5 

ip; 

iP- 


Again,  by  the  defin.  cm  or  »p  :  me  : :  me  :  p, 

and  consequently        me  «=  |p  =*  2cm.  q.  e.  d. 

Corol.  1.  Hence,  of  any  diameter,  the  double  ordinate^ 
wliich  passes  through  the  focus,  is  equal  to  the  parameter,  or  * 
to  quadruple  its  absciss. 


Corol.  3.  Hence,  and  from  cor.  1 
to  theor.  4,  and  theor.  6  and  12,  it 
appears,  that  if  the  directrix  aabe 
drawn,  and  any  lines  hb,  he,  pa- 
rallel to  the  axis  ;  then  evci^  parallel 
HE  will  be  equal  to  ef,  or  J  of  the 
Xmrameter  of  the  diameter  to  the 
i»oint  E. 


TL  -K  G  H    H, 


THEOltEM 


^u 


CONIC  SECTIONS. 


THEOREM  XIV. 


If  there  be  a  Tangent,  and  any  Line  drawn  from  the 
of  Contact  and  meeting  the  Curve  in  some  other  Pomt,  as 
also  another  Line  parallel  to  the  Axis,  and  limited  bj  the 
First  Line  and  the  Tangent :  then  shall  the  Curve  divide 
this  Second  Line  in  the  same  Ratioj  as  the  Second  Line 
divides  the  first  Line* 


That  is, 
:  CK :  Kii. 


IB  :»K 


Fon,  draw  LP  parallel  to  ik,  or  to  the  axis. 
Then  by  theor.  8,        la  .  pl  :  =  ci»  :  cp', 
or,  by  »im.  trL     -        ie  j  pl  :  s  ck* 
Also,  by  sim.  tri.  ik:  pl  : :  ca 

or     .        -        -        iR  :  PL  :  t  ca» 
therefore  by  eqnalityi  ie  ^  ir  :  :  c& 
or,    -        -        -  IE :  IK 


CK 


CL». 
CL9 
CK  . 
CL 
CL 


CL  ; 

CL« 


and,  by  division,  ie  :  kk  : :  ck 

CoroL  When  ck  aa  &l,  then  ix  s 


KL. 


Q-  JB*  4. 


llK. 


THEOREM  rr . 

If  from  any  Point  of  the  Curve  there  be  drawn  a  Tangentf 
and  also  Two  Right  Lines  to  cut  the  Curve ;  and  Dia- 
ineters  be  drawn  through  the  Points  of  Intersection  x  and 
i«,  meeting  those  Two  Right  Lines  in  two  other  Points  Oy 
and  n :  Then  will  the  Line  so  joining  these  last  Two 
Points  be  parallel  to  the  Taiigent. 


K"~^ 


¥0B« 
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FoK,  by  theor.  I4|  ck  :  ki.  : :  ex  :  e&  ; 

and  by  composition}  ck  :  cl  t :  ei  :  kx  ; 

and  by  the  parallels  cic :  cl  : :  oh  :  lh  ; 

But,  by  sim  tri.     -  cic  :  cl  : :  ki  :  lh  ; 

theref.  by  equal.   -  ai  :  lh  :  :  oh  :  lh  $ 

consequently        •  ki  =  oh, 

Khd  therefore        «  kg  is  parallel  and  equal  to  ih.     q«  s.  d 


THEOREM  XVIi 

If  an  Ordinate  be  drawn  to  the  Point  of  Contact  of  any 
Tangent,  and  another  Ordinate  produced  to  cut  the  Tan^ 
gent ;  It  will  be,  as  the  Difference  of  the  Ordinates : 

Is  to  the  Difference  added  to  the  external  Part : : 

80  is  Double  the  first  Ordinate  : 

To  the  Sum  of  the  Ordinates. 

That  IS)  KB  :  &i : :  K&  :  ko. 


Fory  by  cor.  I  theor.  1)  p :  dc  : :  dc  :  da^ 

and        -        -        -     p :  2dc  : :  do  :  dt  or  Sda. 

But,  by  sim.  triangles,  kx  :   kc  :  s  dc  :  dt  ; 

therefore  by  equality,  p  :  3nc  : :  ki  :  Rc» 

or^        -        «        -      p  :    &i :  :  RL  :  jic. 

Again,  by  theor.  2,       p  :    &h  *• :  &o  :  icc  ; 

therefore  by  equality,  g,ui    j(x  : :  rl  :  jlo*  q*  b.  9. 

CoroL  1,    Hence,  by  composition  and  division, 

it  is,  KH  :  KX  :  *•  on  :  01, 

and   HI :  HK  : :  HK  :  kl, 

also  XH  :  IK : :  xic  :  xo  ; 
that  b»  IK  is  a  mean  proportional  between  i(^  Aid  ih. 

Corol.  3.  And  from  this  last  property  a  tangent  can  easily 
be  drawn  to  the  curve  from  any  given  point  i.  Namely,  draw 
IBO  perpendicular  to  the  axis,  and  take  x&  a  mean  proportion 
xial  between  ih,  xo  ;  then  draw  kc  parallel  to  the  axis,  and  c 
will  be  the  point  of  contact,  through  which  and  the  given 
point  t  the  tragent  ic  i»  fe  be  drawn«  

f  •  THEOBEK 
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THEOREM  XVIL 

IfaTang^ent  cutany  Diameter  produced,  and  if  an  Ordinate 
to  that  Diameter  be  drawn  from  the  Point  of  Contact; 
then  the  Distance  in  the  Diameter  produced,  between  the 
Vertex  and  the  Intersection  of  the  Tangent,  will  be  equal 
to  the  Absciss  of  that  Ordinate. 


That  is,  IE  cs  KK. 
For,  by  the  last  tb.  ib  •  kk  : :  ck  :  rl. 
But,  by  theor.  1 1,  CR .«  rl, 
and  therefore .        ir  ob  eil. 


Corol,  1.  The  two  tangents  ci,  li,  at  the  extremities  of 
any  double  ordinate  cl,  meet  in  the  same  point  of  the  diame- 
ter of  that  double  orduiate  produced.  And  the  diameter 
drawn  through  the  intersection  of  two  tangents,  bisects  the 
line  connecting  the  points  of  contact. 

CoroL  3.  Hence  we  have  another  method  of  drawing  a 
tangent  from  any  given  point  i  without  the  curve,  Namely, 
from  I  draw  the  diameter  ik,  in  which  take  eil  ss  eIi  and 
through  K  draw  gl  parallel  to  the  tangent  at  £  ;  then  c  and  i 
are  the  points  to  which  the  tangents  must  be  drawn  from  i. 


THEOREM  XVm. 


If  a  Line  be  drawn  from  the  Vertex  of  any  Diameter,  to  cut 
the  Curve  in  some  other  Point,  and  an  Ordinate  of  that 
Diameter  be  drawn  to  that  Point,  as  also  another  Ordinate 
any  where  cutting  the  Line,  both  produced  if  necessary  : 
The  Three  will  be  continual  Proportionals,  namely,  the  two 
Ordinates  and  the  Part  of  the  Latter  limited  by  the  said  Line 
drawn  from  the  Vertex. 

That  is,  DE,  GH,  Gx  are 
continual  proportionals,  or 

BE  :  GB  :  :  OH  :   GI. 


For,  by  Uieor.  9,      -    *    -    de*  :  gh* 
and,  by  sim.  tri.       -    -    -    j>e    :  gi 
there r  by  equality,        <-    -    de    :  gi 
that  is,  of  the  three  de,  oh,  gi,  1  st :  3d   : 
therefore        -        -        -        Ist :  Sd 

thjit  is,    -  -  -  •  DE  :  OH 


AD  ! 

AD 

DE* 

Ist* 
2d 
OH 


AO  ; 
AO ; 
GH* ; 

:3d*  ; 

:  3d, 

:  or. 


Q.  S*  B. 
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CoroL  1.  Or  their  equalsy  OK)  OH| GZ)  are  proportionals; 
where  sk  is  parallel  to  the  diameter  ad. 

CoroL  3.    Hence  it  is  be  s  ag  :  :  /^    :  gi,  where  fi  is 
the  parameter,  or     ao  :  gi  :  ;  2>b  :  ft. 
For,  by  the  defin.      ag  s  gh  :  :  gh  :^, 

Coral.  3.  Henee  also  the  three  mn,  mi,  mo,  are  propor- 
tionals, where  mo  is  parallel  to  the  diameter,  and  am  parallel 
to  the  ordinates. 

For,by  theor.  9,    -    mn,  mi,  mo, 

or  their  equals      "    ap^  ao,  ad, 

are  as  the  sqares  of     pK)  gh,  ds* 

or  of  their  equals       gi,  gh,  gk, 

which  are  proportionals  by  cor.  L 

THEOREM  XIX. 

If  a  Diameter  cut  any  Parallel  Lines  terminated  by  the  Curve  I 
the  Segments  of  the  Diameter  will  be  as  the  Rectangle  of 
the  Segments  of  those  Lines. 

That  is,  EK  :  em  :  :  ck  .  kl  :  nm  .  mo. 
Or,    £K  is  as  the  rectangle  ck  .  kl. 

V 

For,  draw  the  diameter 
PS  to  which  the  parallels 
CL,  NO  are  ordinates,  and 
the  ordinate  Eq  parallel  to 
them. 

Then  ck  is  the  differ- 
ence, and  KL  the  sum  of 
the  ordinates  £q,  ca. ;  also 
km  the  difference,  and  mo  the  sum  of  the  ordinates  sq,  ns* 
And  the  differences  of  the  abscisses,  are  qR,  qs,  or  ek,  em. 

Then  by  cor.  theor.  9,  qR  :  qs  :  :  ck  .  kl  :  nm  .  mgt, 
that  is        •        •         KK :  KM  :  :  CK  .  KL  :  NM  .  mo. 


CoroLi.  The  rect  ck  .  kl  «  rect.  ek  and  the  paramo  of  pa. 
For  the  rect.  ck  .  kl  «  rect.  qR  and  the  param  of  ps. 

Corol.  2,  If  any  line  gl  be  cut  by  two  diameters,  kb,  oh  ; 
the  rectangles  of  the  parts  of  tiie  line,  arc  as  the  segments  of 
the  diameters. 

For  SK  is  as  the  rectangle  ck  .  kl. 

and  GH  is  us  the  rectangle  ch  .  hl  ; 

therefore  ek  ;  gb  s :  ck  •  kl  :  ch  .  at. 

toroL 
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Ci^oL  3.  If  two  pAraUelt,  ci,  mo,  be  cut  by  twodiainc- 
ten,  EM,  oi ;  the  rccuuiglca  of  the  parta  of  iho  pu-idkls,  wifi 
be  as  the  segments  of  the  respective  diameters. 

Yot      -     -     -   BK  :  EM  :  *•  C&  .  KL  :  MM  •  MO, 
i^cl  .    .     •   XK  :  OH  '  •  CK  .  KL  :  CH  HI^ 

theraf.  hf  equal.       km  :  oh  :  :  mm  .  mo  :  ch  .  kl, 

Corol.  4.     When  the  parallels  come  into  the  position  of 

the  tangent  at  r,  their  two  extremities,  or  points  in  the  curve 

unite  in  the  pomt  of  contact  p  >  and  the  rectangle  of  the  parts 

becomes  the  square  of  the  tangent,  and  the  same  properties 

still  follow  them. 

So  that,  BV :  pv  : :  pv  :  A  the  parara. 
GW  :  P w  : :  pw  :  /i, 
BV :  ow  : :  pv* :  pw*, 
Bv:  OH  :  ;pv*scH  -hl. 


THEOBEMXX. 


If  two  Parallels  intersect  any  other  two  Parallels';  theRect' 
angles  of  the  Segments  will  be  respectively  Proportional. 
That  is,  CK  .  KL  :  DK  .  kb  : :  gi  .  in  :  mi  .  lo. 


For,  by  cor.  3  tbeor.  33,  pk  :  ^i '  ^  c& .  kl  :  oi .  ib  ; 
and  by  the  same,  pk  :  qi : :  db  :  ke  .  mi  .  lo ; 

theref.  by  equal  ck  •  kl  :  dk  t  ke  : :  oi  .  ih  :  mi  •  io» 

CoroL  When  one  of  the  pairs  of  intersecting  lines  comes 
into  the  position  of  their  parallel  tangents,  meeting  and  limit- 
ing  each  other,  the  rectangles  of  their  segments  become  the 
squares  of  their  respective  tangents.  So  that  the  constaiit 
rado  of  the  rectangles,  is  that  of  the  square  of  their  parsllel 
tangents,  namely, 

ck.klsdk.kb:  '•  tang' .parallel  to  cl:  tang',  parallel  to  vi' 

THEOfiEBl  XSl. 

if  there  be  Three   Tangents   intersecting  each  other ;  their 
Segments  will  bo  in  the  same  Propordon. 

That 


OP  THE  parabola;  ^ 

That  is,  CI  ;  ih  :  :  co  :  sp  :  ,  db  i  be. 
For,  through  the  poiets 
s,  1,  D.  K.  draw  the  diaine- 
tera  ok.  il,  dm,  hv  i  as 
«Uo  the  lines  cii  ei,  which 
»re  double  ordinaiea  to  the 
diameters  ok.  hn,  by  cor.  1 
theor.  1 6  ;  therefore  ^ 

the  diumetera  qk,  dm,  n», 
bisect  the  lineacL,  ce,  li  i 

hence  KM  :=  CM   -   CK  =  ^E  —  iCL  =  }LB  b  LH  or  WMf 

and  MM  B  HE  -  NK  =  ■»  —  4lb  a  ^  gl  b  ck  or  e&. 
But,  by  parallels,  oi :  ih  =  ■  kl  :  lh, 

and  -  •      CO  :  QQ  :  ;  CK  :   KM, 

also  -  -      DH:  be:  ^  HN  :   NB.  ! 

But  the  ■ii  terma        kl,  ck,  hn  are  all  equal  ; 
aa  also  Ihe  4ih  terms  lk,  eh,  he. 
Therefore  [he  first  and  secood  terms,  in  all  th«  lines,  arci 
proportional,  oameiy  si  :  la :  :  ca  i  od  :  '  aa'  be.  d-  E.  A 

THEOREM  XXIL 

If  8  Rectangle  be  described  about  a  Parabola,  having  tM 
same  Base  and  Altitude)  and  a  diagonal  Line  be  drairn 
fmm  the  Vertex  to  the  Extremity  of  the  Bate  ot  the  Para- 
Ixria,  forming  a  right-an)^ed  Trianfrle,  of  the  same  Bass 
and  Altitude  also  ;  then  any  Line  or  Ordinate  drawn  acroM 
the  three  Figures,  perpendicular  to  the  Axis,  will  be  cutia 
Continual  Proportion  by  the  Sides  of  those  Figures. 


Or,  EP,  Eo,  KK,are  in  con- 
tinued proportion. 


FoK,  by  theor.  1,  ab  :  ae  ;  :  Bc*  i  kg', 

and,  by  aim.  iri.  -  ab  :  ab  >  =  bc    :  bf, 

iheref.  of  equality,  -  bv  :  bc  :  :  bo':bc' 

thatis        -        -  -  E7  :  EH  :  :  eo»  j  ek», 
tbcref.byGeom.  th.78,BF,  bo,  sb  are  proportiooali) 

«r  -         -  •  Br  :  EO  :  :  BO  :  EB      _  Q-  B.  a^ 

VoL.L  T  r/  T«BOBSH 
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THEOREM  XXUL 

The  Area  or  Space  of  a  Parabola,  is  equal  to  Two-Thirds  rf 
its  Circumscribing  ParaUelogram. 

That  is,  the  space  abcoa  =  |  abcd  ; 
or  the  space  adcga  =:  -|  abcd. 

Foa,  eoncetve  the  space  aocoa  to  be  composed  of,  or 
divided  inio,  indefinitely  small  parts,  by  lines  parallel  to 
DC  or  ab,  such  as  lO,  which  divide  ad  into  like  small  and 
equal  parts,  the  number  or  sum  of  which  is  expressed  by  tfaa 
line  AD.    Then, 

by  the  parabola,        ac^  :  eg*  :  :  ab  :  ak, 
that  is,  -  AD*   :  Ai*  s  :  DC  :  la 


'« 


Hence  it  foUowsi  that  any  one  of  these  narrow  parts,  as 

DC 

|0,  is  SB  —  X  Ai* ;  hencef    ad    and    dc  being  given    or 


constant  quantities,  it  appears  that  the  said  parts  ig.  Sec.  are 
proportional  to  ai'»  &c.  or  proportional  to  a  series  of  square 
numbers,  whose  roots  are  in  arithmetical  progression,  and  the 

DC      * 

area  adgoa  equal  to—-  drawn  into  the  sum  of  such  a  series 

AD* 

of  arithmeticals,  the  number  of  which  is  expressed  by  ad. 

Now,  by  the  remark  at  pag.  227  this  vol  the  sum  of  the 
squares  of  such  a  series  of  arithmeticals.  is  expressed  by 

\n,n+\,  2n+l,  where  n  denotes  the  number  of  them. 
In  the  present  case,  n  represents  an  infinite  number,  aad 
then  the  two  factors  n  -f  1,  2n+  1,  become  only  n  a]id2ffy 
omitting  the  1  as  inconsiderable  in  respect  of  the  infimte 
number  n :  hence  the  expression  above  becomes  barely 
-Jn.  n.  2n  a|n'. 

To  apply  this  to  the  case  above :  n  will  denote  ad  or  bc  ; 
and  the  sum  of  all  the  ai^'s  becomes  ^  ad'  or  ^  bc^  ;  conse- 

DC  DC 

quently  the  sum  of  all  the  —  X  ai*'s,  is  —    x    i    ad'  = 

AD*  Ab* 

^  AD .  DC  ess  •}  BD,  which  is  the'arca  of  the  exterior  part  adcga. 
That  is,  the  said  exterior  part  adcga,  is  ■}•  of  the  parallelo- 
gram abcd  ;  and  consequently  the  interior  part  abcgA  is| 
of  the  same  par»llelogram.  <!•  c   d. 

Cir<jf. 


OF  THE  PARABOLA.  $5J. 

Corol.  The  part  avcoa,  inclosed  between  the  curwt  and 
the  right  line  avc,  is  ^  of  the  same  parallelogram)  being  the^ 
difference  between  abcoa  and  the  triangle  abcfa,  that  is 
between  f  and  i  of  the  parallelogram* 

THEOKEM  XXIV. 

The  Solid  Content  of  a  Paraboloid  (or  Solid  generated  by 
the  Rotation  of  a  Parabola  about  its  Axis),  is  equal  to  Halt 
its  Circumscribing  Cylinder* 

Let  ABC  be  a  paraboloid,  generated  by  the  rotation  of 
the  parabola  ac  about  its  axis  ad.  Suppose  the  axis  ad  be 
divided  into  an  infinite  number  of  equal  parts,  through 
which  let  circular  planes  pass,  as  evo,  all  those  circles  inakr 
ing  up  the  whole  solid  paraboloid. 

Now  if  c  s  the  number 
3*1416,  then  2c  X  tg  is  the 
circumference  of  the  circle  efo 
whose  radius  is  yo  ;  therefore 
cx  VG*  is  the  area  of  that  circle,     -a  fx  €^ 

But,  by  cor.  theor.  1,  Parabola,//  X  at  a  fg*,  where y^ 
denotes  the  parameter  of  the  parabola ;  consequently /^c  X  av 
win  also  express  the  same  circular  section  eg,  and  therefor^ 
/re  X  the  sum  of  all  the  av's  will  be  the  sum  of  all  those 
circular  sections,  er  the  whole  content  of  the  solid  para- 
boloid 

But  all  the  af's  form  an  arithmetical  progression,  begin- 
ning at  0  or  nothing,  and  having  the  greatest  term  and  the 
sum  of  all  the  terms  each  expressed  by  the  whole  axis  ad* 
And  since  the  sum  of  all  the  terms  of  such  a  progression^  is 
equal  to  |  ad  x  ad  or  J  ad ^,  half  the  product  of  the  greatest 
term  and  the  number  of  terms  ;  therefore  i  ad*  Is  equal  to 
the  sum  of  all  the  af's,  and  consequently  /tc  x  i  ad*,  or  ^  c 
X  fi  X  AD*»  is  the  sum  of  all  the  circular  sections)  or  tho 
cxmtent  of  the  paraboloid. 

DC* 

But,  by  the  parabola,  /k  t  ac  : :  do  :  ad,  or  /t  ss  —«— ;  con- 

AD 

sequently  ic  X  pX  ad*  becomes  j  c  X  ad  x  dc^  for  the 
solid  content  pf  the  paraboloid.     But  r  X  ad  x  dc*  is  equals 
to  the  cylinder  bcih  ;  consequently  the  paraboloid  is  the  half 
ef  its  circumscribing  cylinder.  q.  e.  d. 


THEORESl 


M» 
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THEOREM  XXV. 

,The  Soliditf  of  the  Fnistum  bkoc  of  the  Paraboloid,  la  eqimi 
to  a  Cylinder  whose  Height  is  df,  and  its  Base  Half  the 
Sum  oif  the  two  Circular  Bases  no.  bc,  ' 

Fo&,  by  the  last  tbeor.  i/tc  x  ad^  es  the  solid  abc, 

«Dd|  by  the  same,  i/ic  X  af*  as  the  solid  asg, 

theref.  the  diff.  ificx  (ad*— AF')8the  frust  beoc, 

But  Ad*  *-  AF*  SB  DF  X  (AD  +  AF), 

theref.  i/ic  x  df  X  (ad  4-  af)  =s  the  frust.  begc. 

But,  by  the  parab.  ^  x  ad  «i^  dc  .  and/k  x  af  «s  fo*  ; 
theref.  i  e  x  9i  X  (dc*  +  fq^)  a  the  frust.  b£Gc. 

Q.  B.  B. 

OK  rtK  CONIC  SECTTONS  AS  EXPRESSED  BY  ALGEBrlAlC 
EQUATIONS,  CALUBO  THE  EQUATIONS  OP  THE*cUEVB. 


1.  For  the  EUitiat. 

Xm  d  denote  ai^,  the  transverse,  or  any  diameter ; 

c  a  iH  its  conjugate  ; 

jp  s:  AK,  any  absciss,  from  the  extremity  of  the  diam. 

y  ^  0K  the  correspondent  ordinate. 
Then,  theor  2,  Ab*  :  bi*  : :  ak  .  kb  :  dk', 
that  is,  d*  :  tf*  : :  a:  (ct— x)  :  t/*,  hence  rf*  y*  ^  c«  (t/x— x*), 
or  </y  ess  c  -1/  (fltr — X*),  the  equation  of  the  curve. 

And  from  these  equations,  any  one  of  the  four  letters  or 
quantities,  if,  c,  x,  y,  may  easily  be  found,  by  the  reduction  of 
equations:  when  the  other  three  are  given. 
^  Or,  if ;%  denote  the  parameter,  «  c*  -f-  <f  by  its  definition  ; 
then,  bjGor.  th.  2,  d  :Ji:  :x(d— x);y*,ordy*s»/»(dx— x-), 
vhicb  la  another  form  of  the  equation  of  the  curve. 


OtAermsc, 
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OtAermac. 

Or.  if  tf  SB  AC  the  semiaxis  ;  c  oe  cb  the  semicoDjugate ; 
fissc^  ^d  the  semiparameter  ;  x  bs  ck  the  absciss  counted 
from  the  centre  ;  and  y  «b  dil  the  ordinate  as  before. 
Then  is  ak  «  rf— a:,  and  iLi^^d  +  x^  and  ak  .  kb  »  (<f — x)  x 
(rf  +  X)  «  c/»  —  x«. 

Then,  by  th.  %  d* :  r« : :  rf»—  x*  :  y»,  and  d«y««c*(d«^*), 
or  cfy  a  c  V  (d*  -«  x'),  the  equation  of  the  curve.  • 

Oryd-'/iix  d*  —  x«  •  y «,  and  dy*  «  ^  (d*  -*-  x»),  another 
form  of  the  equation  to  the  curve  ;  from  which  any  one  of  the 
quantities  may  be  found,  when  the  rest  are  given. 

2.  For  $he  Hytierbola. 

Because  the  general  property  of  the  opposite  hyperbohs, 
with  respect  to  their  abscisses  and  ordinates.  is  the  same  as 
that  of  the  ellipse,  therefore  the  process  here  is  the  very  same 
as  in  the  former  case  for  the  elUpse  ;  and  the  equation  to  the 
curve  must  come  out  the  same  also,  with  sometimes  only  the 
change  of  the  sign  of  a  letter  or  term  from  -f-  to  — ,  or  from 
—  to  4-,  becaase  here  the  abscisses  lie  beyond  or  without 
the  transverse  diameter,  whereas  they  lie  between  or  lipoH 
them  in  the  ellipse.  Thus,  making  the  same  notation  for  the 
whole  diameter,  conjugate}  abscissi  am}  ordinate,  as  at  first  in 
the  ellipse  ;  then,  the  one  absciss  ak  being  x,  the  other  bk 
will  be  cf  -f-  X,  which  in  the  ellipse  was  d  —  x ;  so  the  sign 
of  X  must  be  changed  in  the  general  property  and  equationt 
by  which  it  becomes  rf*  :  c*  : :  x  {d  '\- x) :  y^  i  hence  cf*y •  as 
r*  (dx  +  X*)  and  dy  ta  c\^(dx+  x*),  the  equation  of  the 
curve. 

Or,  using  ft  the  parameter  as  before,  it  i^tdift  i  :x(d+  x): 
^*,  or  dy^ssaft  (ctx-|-x>}y  another  form  of  the  equation  to 
the  curve.  ' 

Othervucy  by  using  tho  same  letters  d,  c,  /k,  for  the  halves 
of  the  diameters  and  parameter,  and  x  for  the  absciss  eft 
counted  from  the  centre ;  then  is  ak  «  x^^f,  and  bk  ea  x-f-if, 
and  the  property  rf'  :  c*  : :  (x  —  rf)  X  (:r  -f  rf) :  y»,  g^vea 
d*y^  89  c*  (X*  —  rf»),  or  rfyaac^/  (x*  —  <i*),where  the  signs 
6f  d*  and  x^  are  changed  from  what  they  were  ia  the  ellipse. 

Or  again,  using  the  semiparameter,  rf :  /i : :  x*  —  rf»  :  y», 
and  dy^  a  /^  (r*  —  </')  the  equation  of  the  curve. 

But  for  the  conjugate  hyperbola,  as  in  the  figure  to  theo- 
fem  3,  the  signs  of  both  x^  and  d*  will  be  positive  ;  for  the 
property  in  that  theorem  being  ca*  :  ca*  : :  en*  -)-  oa*  s  dc*, 
*  It 
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it  is  rf*  :  c*  : :  ar«  +  rf *  :  y  *  =  De*,  or  rf«y««  c»  (x»  +  d%  and 
dy  a  c  v  (^*  +  d^)yihe  equatioD  to  the  conju^^aie  hypcrboU. 
Or,  9ls  d'./i::x*  +  d*  :y*,andrfy*  «a/k  l^"  +  tf*)»  also 
the  equation  to  the  same  curve. 

On  the  Equation  to  the  Hyfierbola  between  the  Aeymfttote9. 

Let  CB  and  cb  be  the  two  asymptotes  to 
the  hyperbola  d^t^y  its  vertex  being  f,  and 
%wy  bdy  XT)  BD  ordinates  parallel  to  the 
asyniplotes.  Put  af  or  £p  ob  a^  cb  =:  x, 
and  BD  ss  y,  Theni  by  theor.  38^  af  .  ef 
ca  CB  .  BD,  or  a*  s  xy^  the  equation  to  the 
hyperbola,  ivhen  the  abscisses  and  ordinates 
are  taken  parallel  to  the  asymptotes. 

3.  For  the  Parabola,  • 

If  X  denote  any  absciss  beginning  at  the  vertex,  and  y  its 
m*dinate,  also  /i  the  parameter.  Then,  by  cor.  theorem  I, 
AK  :  KD  :  :tiD  ifi^or  x  :  y  :  z  y  :/i;  hence  fix  ts  y^  is  tlic 
equation  to  the  parabola. 

4.  For  the  Circle. 

Because  the  circle  is  only  a  species  of  the  ellipse,  to  which 
the  two  axes  are  equal  to  each  other  ;  therefore,  making  the 
two  diameters  d  and  c  equl  in  the  foregoing  equations  to  the 
ellipse,  they  become  y*  =zdx  —  x',  when  the  absciss  x  begins 
at  the  vertex  of  the  diameter:  and  y>  sss  d*— x^when  the 
absciss  begins  at  the  centre. 


Scholium, 

In  everyone  of  these  equations,  we  perceive  that  they  rise 
to  the  2d  or  quadratic  degree,  or  to  two  dimensions  ;  which 
is  also  the  number  of  points  in  which  every  one  of  these 
curves  may  be  cut  by  a  right  line.  Hence  it  is  also  that  these 
four  curves  are  said  to  be  lines  of  the  3d  order.  And  these 
fi>ur  are  all  the  fines  that  are  of  that  order,  every  other  curve 
teing  of  some  higher,  or  having  some  higher  equation^  or 
tnay  be  cut  in  more  points  by  a  right  line. 
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ItLEMENTS  OF  ISOPERIMETRY. 

Def.  I.  When  a  variable  quantity  has  its  mutations  regu^ 
kted  hj  a  certain  law,  or  confined  within  certain  limits^  it  \% 
•ailed  a  maximum  when  it  has  reached  the  greatest  magni- 
tude it  can  possibly  attain  ;  and)  on  the  contrary,  when  it 
has  arrived  at  the  least  possible  magnitude,  it  is  called  a 
minimum. 

Dtf,  2.     laofiertmetersy  or    Is0fierimeCtical  Jiguresf   are 
those  which  have  equal  perimeters. 

Def,  3.    The  Locum  of  any  point,  or  intersection,  &c.  is 
the  right  line  or  curve  in  which  these'  are  always  situated. 

The  'problem  in  which  it  is  required  to  find,  among  figures 
of  the  same  or  of  different  kinds,  those  which  within  equal 
perimeters,  shall  comprehend  the  greatest  surfaces,  has  Iqng 
engaged  the  attention  of  mathematicians.  Since  the  admir- 
able invention  of  the  method  of  Fluxions,  this  problem  has 
been  elegantly  treated  by  some  of  the  writers  on  that  branch 
of  analysis  ;  especially  by  Maclaurin  and  Simpson.  A  much 
more  extensive  problem  was  investigated  at  the  time  of 
<*  the  war  of  problems,**  between  the  two  brothers  John  and 
James  Bernoulli :  namely,  "  To  find,  among  all  the  isoperi- 
inetrical  curves  between  given  limits,  such  a  curve,  that  con- 
structing a  second  curve,  the  ordinates  of  which  shall  be 
functions  of  the  ordinates  or  arcs  of  the  former,  the  area  of 
the  second  curve  shall  be  a  maximum  or  a  minimum.*'  While, 
however,  the  attention  of  mathematicians  was  drawn  to  the 
itiost  abstruse  inquiries  connected  with  isopi;rimetry,  the  eie* 
menu  of  the  subject  were  lost  sight  of.  Simpson  was  the  first 
who  called  them  back  to  this  interesting  branch  of  research » 
by  giving  in  his  neat  little  book  of  Geometry  a  chapter  on  thei 
Inaxima  atid  minima  of  geometrical  quantities,  and  some  of 
the  simplest  problems  concerning  isoperimeters.  The  next 
who  treated  this  subject  in  an  elementary  manner  was  Simon 
LhuilUer,  of  Geneva,  who  in  1782,  published  his  treatise. 
De  Relatione  mutua  Cafiacitatii  et  Terminorum  Figurarum^ 
Sec.  His  principal  object  in  the  composition  of  that  work 
was  to  supply  the  deficiency  in  this  respect  which  he  found  in 
most  of  the  elementary  Courses,  and  to  determine,  with  re- 
gard to  both,  the  most  usual  surfaces  and  solids,  those  which 
possessed  the  minimum  of  contour  with  the  same  capacity  ; 
and,  reciprocally,  the  maximum  of  capacity  with  the  same 
boundary.  M.  Legendre  has  also  considered  the  same  sub- 
ject irf  a  manner  somewhat  different  from  either  Simpson  or 
lihuillicr,  in  his  Element*  de  GSom^trie^    An  elegant  geome- 
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trical  tract,  on  the  same  subject,  was  also  given,  by  Dr.  Hors- 
ley,  in  the  Philos.  Trans,  vol.  75^  for  1775  ;  contaLned  also  in 
the  New  Abridgment,  vol.  1 3,  page  653.  The  chief  proposi- 
tions deduced  by  these  four  geotneiers,  together  with  »  few 
additional  propositions^  are  reduced  into  one  system  in  the 
following  theorems* 


SECTION  I.    SURFACES. 

THEOREM  I. 

Of  all  Triangles  of  the  same  Base,  and  whose  Verticea  fall 
in  a  right  Line  given  in  Position,  the  one  whose  Perimeter 
is  a  Miiumum  is  that  whose  sides  are  equally  inclined  to 
that  Line. 

Let  KB  be  the  common  base  of  a  series  of  triangles  abc^ 
ABC,  &c.  whose  vertices  c'',  c,  &11  in  the  right  lineLM,  given 
in  position,  then  Is  the  triangle  of  least 
perimeter  that  whose  sides  ac,  bc,  are 
mclined  to  the  line  lm  in  equal  angles. 


For,  let  BM  be  drawn  from  b,  per- 
pendicularly to  x»m,  and  produced  till 
DM  ^  BM :  join  Ao,  and  from  the  point 
G  where  ad  cuts  lm  draw  bc  :  also,  from  any  other  point  c^, 
assumed  in  lm,  draw  c  a,  c^b,  c'd.  Then  the  triangles  dmc, 
BMCt  having  the  angle  dcm  ess  angle  acl  (th.  7Geom.}=9 
MCB  (by  hyp.)  dmc  sa  bmc,  and  dm  as  bm,  and  mc  conunon 
to  both,  have  also  dc  sa  bc  (th.  1  Geom.) 

So  also,  we  have  c'n  ss  c'b.  Hence  ac  4-  <^b  sa  ac  -1-  eo 
39  AD,  is  less  than  ac'  +  c'd  (theor.  10  Geom.),  or  than  its 
equal  Ac'  +  c'b.  And  consequently,  ab  +  bc  -f  AC  is  less 
than  ab  +  bc'  +  Ac^     q.  e.  d. 

Cor.  1.  Of  all  triangles  of  the  same  base  and  the  same  al- 
titude, or  of  all  equal  ti*iangles  of  the  same  base,  the  isosceles 
triangle  has  the  smallest  perimeter. 

For,  the  locus  of  the  vertices  of  all  triangles  of  the  same 
altitude  will  be  a  right  line  lm  paraUel  to  the  base  $  and 
when  LM  in  the  above  figure  becomes  parallel  to  ab,  since 

MCB    es    ACL,   MCB   =   CBA  (th.    12    Gcom.),   ACL  as  CAB  ;    it 

follows  that  CAB  =:  CBA,  and  consequently  ac  ■»  cb  (tli»4fr 

Geom.). 

Cor,  2.  Of  all  triangles  of  the  same  surface,  that  which 

h^s  the  minimum  perimeter  is  equilaterali 

For 


1 
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For  the  triangle  of  the  smallest  perimeter,  with  the  same 
surface,  must  be  isosceles^  whichever  of  the  sides  be  consid- 
ered as  base  :  therefore,  the  trian^^te  of  smallest  perimeter 
lias  each  two  or  each  pair  of  its  sides  equal,  and  consequently 
it  is  equilaKnd.    ' 

Car,  5.  Of  all  rectilinear  (ip^ures,  with  a  given  magnitude 
and  a  given  number  of  sides,  that  which  has  the  smallest  pe« 
irimeter  is  equilateral 

For  so  long  as  any  two  adjacent  sides  are  not  equal,  we  may 
draw  a  diagonal  to  become  a  base  to  those  two  sides,  and  then 
draw  an  isosceles  triangle  equal  to  the  triangle  so  cut  ofTi  but 
of  less  perimeter :  whence  the  corollary  is  manifest. 


Scholium. 

To  illustrate  the  second  corollary  above,  the  student  may 
proceed  thus :  assuming  an  isosceles  triangle  whose  base  is 
not  equal  to  either  of  the  two  sides,  and  then,  taking  for  a  new 
base  one  of  those  sides  of  that  triangle,  he^  may  construct  an- 
9ther  isosceles  triangle  equal  to  it,  hut  a  smaller  perimeter. 
Afterwards,  if  the  base  and  sides  of  this  second  isosceles  tri* 
angle  are  not  respectively  equal,  he  may  construct  a  third 
isosceles  triangle  equal  to  it,  but  of  a  still  smaller  perimeter  i 
and  so  on,  by  performing  these  successive  operations,  he  will 
find  that  all  Ihe  triangles  will  approach  nearer  and  nearer 
to  an  equilateral  triangle. 


THEOREM  It 

Of  all  Triangles  of  the  Same  Base,  and  of  Equal  PerimetcrSj 
the  Isosceles  Triangle  has  the  Greatest  Surface. 

Let  ABO.  aBD,  be  two  triangles  of  the  same 
base  AB  and  With  equal  perimeters,  of  which 
ihe  one  abc  is  isosceles,  the  other  is  not : 
then  the  triangle  abc  has  a  surface  (or  an 
altitude)  greaier  than  the  surface  (or  than 
the  altitude)  of  the  triangle  abd. 

Draw  c'd  through  d,  parallel  to  ab,  to   A      E  .     B 
out  CE  (drawn  perpendicular  to  ab)  in  c':  then  it  is  to  be  de- 
monstrated that  C£  is  greater  than  c'e. 

The  triangles  ac'b,  aob,  are  equal  both  in  base  and  altitude ; 
but  the  triangle  ac'b  is  isosceles,  while  adb  is  scalene  :  there- 
fore the  triangle  ac'b  has  a  smaller  perimeter  than  the  triangle 
adb  (th.  1  cor.  1),  or  than  acb  (by  hyp.)    Consequently  ac' 

Vol.  !•  Zzz  <  ac  j 
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<  AC  ;  and  in  the  right-angled  triangles  akc'»  ABC,haTiDg.AE 
common}  we  have  c  £  <  cr*.     q.  e.  d. 

Cor.  Of  all  iftoperimetrical  li|^ures»  of  which  the  number 
of  aides  is  giveny  that  which  is  the  greatest  has  all  its  sides 
equal.  And  in  particular,  of  all  isnperiinetrical  triangles,  that 
wiK>se  surface  is  a  maximum,  is  equilateral. 

For,  so  long  as  any  two  adjacent  sides  are  not  equalt  the  sur- 
face may  be  augmented  without  increasuig  the  perimeter. 

JRematk,  Nearly  as  in  this  theorem  may  it  be  proved 
that,  of  all  triangles  of  equal  heights,  and  of  whicb  the  sum 
of  the  two  sides  is  equal,  that  which  is  isosceles  has  the  gnat- 
est  base.  And,  of  all  triangles  standing  on  the  same  baso 
and  having  equal  vertical  anglesf  the  isosceles  one  is  the 
greatest. 

THEOBEM  m. 

Of  all  Right  Line^  that  can  be  drawn  through  a  Giren  Poim* 
between  Two  Right  Lines  Given  in  Position,  that  whi^^h  is 
Bisected  by  the  Given  Point  forms  with  the  other  two 
the  Least  Triangle. 

Of  all  right  lines  od,  ab,  gd>,  that 
can  be  drawn  through  a  given  point 
r  to  cut  the  right  lines  ca,  en,  given 
in  position,  that  ab,  which  is  biscfct- 
ed  by  the  given  point  p,  forms  with 
Ca,  CD,  the  least  triangle,  abc. 

For,  let  £8  be  drawn  through  a       g^IOg-     M* 
parallel  to  cd,  meeting  do  (produ-  j^ 

ced  if  necessary)  in  e  :  then  the  triangles  fbd,  pab,  are  man- 
ifestly equiangular  ;  a«d, since  the  corresponding  sides  pb.  pa 
are  equal,  the  triangles  aie  equal  also.  Hence  pbd  will  be 
less  or  greater  than  pag,  according  as  co  is  greater  or  less 
than  CA.  In  the  former  case,  let  pacd,  vhich  is  common,  be 
added  to  both  ;  then  will  bac  be  less  than  dgc  (ax  4  Geom.}. 
In  the  latter  case,  if  pgcb  be  added,  dcg  will  be  greater  than 
BAG  ;  and  consequently  in  this  case  also  bag  is  less  than 
^sco.     q.  E.  d. 

Cor.  If  pM  and  pn  be  drawn  parallel  to  cb  and  ca  re- 
spectively) the  two  triangles  faM|  pbk,  will  be  equal,  andl 


•  When  two  mathematical  quantities  are  separated  by  the  charsctcr 
< ,  it  denotes  that  the  preceding  quantity  is  /«*  than  the  succeeding 
•nc  :  when,  on  the  contrary,  the  separating  character  is  >,  it  denotes 
that  the  preceding  quantity  is  greater  tkan  the  sueeeedinip  one. 

(t^ese 
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■these  two  taken  together  (since  am  =  pk  =^  uc)  will  be  equal 
to  the  pirallelogram  fmck  :  and  consequently  the  parallelO'^ 
^r:im  pmcn  is  equfil  to  half  abc,  but  less  than  half  dgg. 
From  which  it  follows  (consistently  with  both  the  algebraical 
and  geometrical  solution  of  prob  8,  Application  of  Algebra 
to  Geometry),  thai  a  purallelogram  is  always  less  than  half  a 
triangle  in  which  ii  is  inscribed,  except  when  the  base  of  the 
one  is  half  the  base"  of  the  other,  or  the  height  of  the  former 
balf  the  height  of  the  latter  ;  in  which  case  the  parallelogram 
is  just  half  the  triangle  :  this  being  the  maximum  parallelo- 
j|;ram  inscribed  ^n  the  triangle. 


/Scholium, 

Prom  tlic  preceding  corollary  it  might  easily  be  shown^ 
that  the  least  triangle  which  can  possibly  be  described  about« 
and  the  greatest  parallelogram  which  can  be  inscribed  in,  any 
curve  concave  to  its  axis,  will  be  when  the  subtangent  is  equal 
to  half  the  base  of  the  triangle,  or  to  the  whole  base  of  the 
parallelogram  :  and  that  the  two  figures  will  be  in  the  ratio  of 
^  to  !•    Bui  this  is  foreign  to  the  present  enquiry. 


TH£;OilEM  IV. 

€)f  all  Triangles  in  which  two  Sides  are  Given  in  Magnitude, 
the  Greatest  is  that  in  which  the  two  Given  Sides  are  Per- 
pendicular to  each  other. 

For,  assuming  for  base  one  of  the  given  sides,  the  surface 
is  proportional  to  the  perpendicular  let  fall  upon  that  side 
from  the  opposite  extremity  of  the  other  given  side  :  there- 
fore, the  surface  is  the  greatest  when  that  perpendicular  is 
the  greatest ;  that  is  to  say,  when  the  other  side  is  not  in- 
clined to  that  perpendicular,  but  coincides  with  it :  hence  the 
surface  is  a  maximum  when  the  two  given  sides  are  perpendi- 
cular to  each  other. 

Otherwise.  Since  the  surface  of  a  triangle,  in  which  two 
sides  are  given,  is  proportional  to  the  sine  of  the  angle  in- 
cluded between  those  two  aides ;  it  follows,  that  tiie  triangle 
is  the  greatest  when  that  sine  is  the  greatest :  but  the  greate84 
sine  is  the  sine  total,  or  the  sine  of  a  quadrant  j  therefore  the 
two  sides  given  make  a  quadrantal  angle,  or  are  perpendicular 
to  each  other,   q*  E.  d. 

RHKOREM 
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THEOREM  V- 

Of  all  Rectilinear  Figures  in  which  all  the  Sides  except  onft 
are  knowDi  the  Greatest  is  that  which  may  be  Inscribcid  ixL 
a  SeBiicircle  whose  Diameter  is  that  Unknown  Side. 

For,  if  jrou  suppose  the  contrary  to  be  the  case,  then  when- 
ever the  figure  made  wiih  the  sides  given,  and  the  side  un- 
known is  not  inscribable  in  a  semicircle  of  which  this  latter 
is  ihc  diameter,  viz.  whenever  aiiy  one  of  the  angles,  formed 
by  lines  drawn  from  the  extremities  of  the  unknown  side  te 
one  of  the  summits  of  the  figure,  is  not  a  right  angle  ;  wc 
may  make  a  figure  greater  than  it,  in  which  that  angle  shall 
be  right,  and  which  shall  only  differ  from  it  in  that  respect : 
therefore,  ^henever  all  the  angles  formed  by  right  lines 
drawn  from  the  several  vertices  ol  the  figure  to  the.  extremi- 
ties of  the  unknown  line,  are  not  right  angles,  or  do  not  fall 
in  the  circumference  of  a  seroicir^e^  the  figui^e  is  not  in  its 
tnaxiiuum  state,  q.  e.  d* 


ef- 


THEOREM  VL 

Of  all  Figures  made  with  sides  Given  in  Number  and  Mag- 
nitude, that  which  may  be  Inscribed  in  a  Circle  is  the 
Greatest. 

Let  ABCDEFO  be  the 
polygon  inscribed,  and 
hbcdtfg  a  polygon  with  J* 
equal  sides,  but  not  in* 
tcribable  in  a  circle  ;  ^{ 
&o  that  AB=>a5,Bc  =:^r, 
&c. ;  it  is  affirmed  that 
the  polygon  abcdbfg  ^ 

is  greater  than  the  polygon  abcdefg. 

Draw  the  diameter  ep  ;  join  ap*  pb  ;  upon  ab  =  ab  make 
the  triangle  abfi^  equal  in  all  respects  to  abp  ;  and  join  t^. 
Then,  of  the  two  figures  cdcbii^fiagfcyone  at  least,  is  not  (by 
hypo  inscribable  in  the  semicircle  of  which  efi  is  the  diame* 
ter.  Consequently,  one  at  least  of  these  two  figures  is  smaller 
than  the  corresponding  part  of  the  figure  apbcdefo  (th.  5). 
Therefore  the  figure  apbcdbfo  is  greater  than  the  figure 
aftbcdefg :  and  if  from  these  there  be  taken  away  the  rcspcc* 
tiye  triangles  apb,  a/iby  wiiich  are  equal  by  construction,  there 
will  remain  (ax  5  Geom.)  the  polygon  abcdefg  greater  than 
the  polygon  abcde/g.    q.  jj.  d. 


'< 
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The  Magnitude  of  the  Greatest  Polygon  which  can  he  con- 
tained under  any  number  of  Unequal  Sides,  does  not  at  all 
de(>end  on  the  Order  in  which  those  Lines  are  connected 
with  each  other. 

For,  since  the  polygon  is  a  rnaximum  under  given  sides,  it 
is  inscribable  in  a  circle  (th.  6).  And  this  inscribed  polygon 
Is  constituted  of  as  many  isosceles  triangles  as  it  has  sides^ 
those  sides  forming  the  bases  of  the  respective  triangles,  the 
other  sides  of  all  the  triangles  being  radii  of  the  circle,  and 
their  common  summit  the  centre  of  the  circle.  Consequentlyi 
the  magnitude  of  the  polygon,  that  is,  of  the  asaentblage  of 
these  triangles,  docs  not  at  all  depend  on  their  disposition}  or 
arrangement  round  the  common  centre,   q.  £•  n. 

THEOREM  Vm. 

If  a  Polygon  Inscribed  in  a  Circle  have  all  its  Sides  Equal,  all 
its  Angles  are  likewise  Equal,  or  it  is  a  Regular  Polygon. 

For,  if  lines  be  drawn  from  the  several  angles  of  the  poly- 
goni  to  the  centre  of  the  circumscribing  circle,  they  wiU 
divide  the  polygon  into  as  many  isosceles  trilogies  as  it  has 
sides;  and  each  of  these  isosceles  triangles  will  be  equal  to 
either  of  the  others  in  all  respects,  and  of  course  they  will 
have  the  angles  at  their  bases  all  equal :  consequently,  tiia 
angles  of  the  polygon,  which  are  each  made  up  of  two  angles 
at  the  bases  of  two  contiguous  isosceles  triangles,  will  be  equal 
to  one  another,    q.  b.  n 

THEOREM  IX. 

•fall  Figures  having  the  Same  Number  of  Sides  and  Equfl 
Perimeters,  the  Greatest  is  Regular.' 

For,  the  greatest  figure  under  the  giveti  conditions  has 
all  sides  equal  (tb  3  cor.).  But  ahice  the  sum  of  the 
sides  and  the  number  of  them  are  given,  each  of  them  is 
given :  therefore  (th.  6),  the  figure  is  inscribable  in  a  circle  : 
and  consequently  (th.  8)  all  its  angles  are  equal ;  that  is,  it  is 
regular,   q.  a.  d. 

Cor.  Hence  we  see  that  regular  polygons  possess  the  pro- 
perty of  a  maximum  of  surface,  when  compared  with  any. 
«ther  figures  of  the  same  name  and  with  equal  perimeters. 

THEOREM 
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THEOREM  X. 

A  Regular  Poffgon  has  a  Smaller  Perimeter  than  an  Irregu- 
lar one  Ec}ual  lo  it  in  Surface,  and  having  the  San\e  Nuib- 
ber  ol  Sides. 

This  is  the  converse  of  the  preceding  theorem,  and  may 
be  demonstrated  thu^:  Lei  r  and  i  be  two  figures  equal  in 
surface  and  having  the  same  number  of  sides^  ot  which  r  is 
regular,  i  irregular'^  lei  also  r  '  be  a  regular  figure  simiLr  to 
R,  and  having  a  perimeter  equal  to  that  of  i  Then  (th.  9) 
a'  >  I ;  but  I  =  R  ;  therefore  r'  >  R  Bui  r'  and  r  .tre  si- 
milar; conscqj^ently,  perimeter  of  r'  >  perimeter  of  r  ;  while 
per.  r'  ^  per.  i(by  hyp  ).     Hence,  per.  i  >  per.  ti.  q.  e.  n. 

THEOREM  XL 

The  Surfaces  of  Polygons,  Circumscribed  about  the  Same  or 
Equal  Circles,  are  respectively  as  their  Perimeters*. 


Let  the  polygon  ABcn  be  circumscribed 
about  the  circle  efgh  ;  and  let  this  polygon 
be  divided  into  triangles,  by  lines  drawn 
from  its  several  angles  to  the  centre  o  of 
the  circle.     Then,  since  each  of  the  tan-  ^     . 

gents,  4B,  sc,  Sec.  is»  perpendicular  to  its  .A.  li  -^ 
corresponding  radius  oe,  oF)  &c.  drawn  to  the  point  of  con< 
tact  (th.  46  Geom.) ;  and  since  the  area  of  a  triangle  is  equal 
^  the  rectangle  of  ihe  perpendicular  and  half  the  base  (Mens, 
of  Surfaces,  pr.  2)  ;  it  toUowst  that  the  area  of  each  of  the 
triangles  a  bo,  sco,  Sec.  is  equal  to  the  rectangle  of  the  radius 
of  the  circle  and  half  the  corresponding  side  ab,  bc>  Sec.  '•  and 
consequently,  the  area  of  the  polygon  abcd^  circumscribing 
the  circle^  will  be  equal  to  the  rectangle  of  the  radius  of  the 
circle  and  half  the  perimeter  of  the  polygon.  But,  the  sur- 
face of  the  circle  is  equal  to  the  rectangle  of  the  radius  and 
half  the  circumference  (th.  94  Geom.).  Therefore,  the  sur- 
face of  the  cirdei  is  to  that  of  the  polygon,  as  half  the  cir- 


*  This  theorem,  together  with  the  analogous  ones  respecting  bodies 
clrcumBCribmg  cylindera  and  spheres,  were  given  by  Emerson  in  his 
Geomelry,  and  their  use  in  the  tlieory  of  Isoperimeters  was  just  sug- 
gested ;  but  the  full  application  of  them  to  that  theory  is  due  lo  Simon 
Lhuiliier. 

cim^ferenCft 
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^umference  of  the  fbrraer,  to  half  the  perimeter  of  the  latter ; 
gr,  as  the  circumference  of  the  former,  to  the  perimeter  of 
the  latter.     Now,  let  r  and  P'  be  any  two  polygons  clrcam- 
acribiog  a  circle  c  :  then»  by  the  foregology  we  have 
aurf.  c  :  surf,  v  :  *•  circum.  c  :  perim.  p, 
Burf  c  :  surf,  p' : :  circum.  c  :  perim.  p'. 
But)  suice  the  antecedents  of  the  ratios  in  both  these  propor- 
tions, are  equal,  the   consequents  are  proportional :  that  is, 
surf,  p  :  surf,  p'  :  :  perim.  p  :  perim*  p'.     q.  ».  d. 

Corol.  l«  And  one  of  the  triangular  portions  abo,  of  a  po- 
lygon circumscribing  a  circle,  is  to  the  corresponding  cipcular 
sector,  as  the  side  ab  of  the  polygon,  to  the  arc  of  the  circle 

included  between  ao  and  bo. 

• 

Cor.  2.  Every  circular  arc  is  greater  than  its  chord,  and 
less  than  the  sum  of  the  two  tangents  drawn  from  its  ex- 
tremities and  produced  till  they  meet. 

The  first  part  of  this  corollary  is  evident,  Uerause  a  rigrht 
'  line  is  the  shortest  distance  between  two  given  points-  The 
second  part  follows  at  onee  from  thij>  proposition  :  for  ea  4. 
AH  being  to  the  arch  sih,  as  the  quadrangle  aeoh  ^o  the 
circular  sector  hieo  ;  and  the  quadrangle  being  greater  than 
the  sector,  because  it  contains  it  9  it  follows  that  sa  4.  ah  is 
greater  than  the  arch'siH*. 

Cor.  3.  Hence  also,  any  single  tangent  SAy  is  greater  than 
its  corresponding  arc  bi. 


THEOREM  Xtt 

If  a  jCircle  and  a  Polygon,  Circumscribable  about  another 
Circle,  are  Isoperimeters,  the  Surface  of  the  Circle  is  a 
Geometrical  Mean  Proportional  between  that  Polygon  and 
a  Similar  Polygon  (regular  or  irregular)  Circumscribed 
about  that  Circle. 

Let  c  be  a  circle,  p  a  polygon  isoperimetrlcal  to  that  circle, 
and  circumscribable  about  some  other  circle,  and  p'  a  polygon 
similar  to  p  and  circumscribable  about  the  circle  c  *•  it  is  af- 
firmed that  p  :  c  :  :  c  :  p'. 


*  This  second  corollary  is  introtluced>  not  because  of  Us  'TTinit  'liate 
connection  with  the  subject  under  discussion,  but  becan^  .  ..(itwlth- 
standing  its  simplicity,  some  authors  have  enopioyed  whole  pages  in 
attempting  its  demonstrati<vi#  And  failed  at  last« 

For,. 
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Por,  p  :  p' :  1  perim*  .  p : :  perim^  .  p' : :  circum'  .  c  :  petim* .  jp* 

by  til.  89,  Geom.  and  the  hypothesis. 

But  (th.  1 1)  p' ;  c  : :  per.  p' :  cir.  c  : :  per*  .  p' :  per.  p'xcir.  c. 

Therefore      p  :  c  : :     -      -      -      -.   -cir*     c  :  per.  /xcif.  c. 

.: :  cir.  c  •  per.  p' : :  c  :  p'.    <t  «.  D. 

THEOREM  Xni. 

If  a  Circle  and  a  Polygont  Circumscribable  about  anothep 
Circle,  are  Equal  in  Surface,  the  Perimeter ori:hat  Figure 
is  a  Geometrical  Mean  Proportional  between  the  Circum- 
ference of  the  first  Circle  and  the  Perimeter  of  a  Similar 
Polygon  Circumscribed  about  it* 

« 

Let  c  B=  p,  and  let  p'  be  circumscribed  about  c  and  ^imik^ 
to  c  •  then  it  is  affirmed  that  cir.  c  :  per.  p  : :  per  p  :  per  p'. 
For,  cir.  c  •  per    p'  : :  c  :  p'  : :  p  :  p'  J :  per*  .  p  :  per*    p', 
Also,  per.  p' :  per  p      -      -     -      -      : :  per«,p'q>erpxper.p'. 
Therefore,  cir.  c  :  per.  p     -     -      -       : ;  per*  .  p  :per-Xpcr.p' 

: :  per.  p  »  per.  p'.     q.  e-  d. 


THEOREM  XIV.  • 

The  Circle  is  Greater  than  any  Rectilinear  Figure  of  the  Same 
Perimeter ;  and  it  has  a  Perimeter  Smaller  than  any  Recti* 
linear  Figure  of  the  Same  Surface. 

For,  in  the  proportion,  p  :  c  :  :  c  :  p',  (th.  12),  since  c  <  p'; 

therefore  p  <  c. 
And,  in  the  propor.  cir.  c  .'  per.  p  ^  -.  per.  p  :  per.  p'  (th.  lo)| 

or,  cir.  c  :  per.  p' : :  cir^  .  c  :  per*  .  p/t* 
cir.  c  <  per  p'  j 
therefore,  cir«  .  c  <  per*,  p,  or  cir.  c  <  per.  p.    q.  b.  d. 

Cor,  1.  It  follows  at  once,  from  this  and  the  v^o  preced- 
ing theorems,  that  rectilinear  figures  which  are  isopcrimeters, 
and  each  circumscribable  about  a  circle,  arc  respectively  in 
the  inverse  ratio  of  the  perimeters,  or  of  the  surfaces,  of 
figures  similar  to  them,  and  both  circumscribed  about  one 
and  the  same  circle.  And  that  the  perimeters  of  equal  rec- 
tilineal figures,  each  circumscribable  about  a  circle,  arc  re- 
spectively in  the  subduplicate  ratio  of  the  perimeters  or  of 
the  surfacesjof  figures,  similar  to  them,  and  both  circumscribed 
ubout  one  and  the  same  circle. 

Cor,  2.  Therefore,  the  comparison  of  the  perimeters  oE 
equal  regular  figures,  having  different  numbers  of  sides,  and 
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that  of  the  sur&ces  of  regular  isoperimetrtcal  figures,  is  re- 
duced to  the  comparison  of  the  perimeters,  or  of  the  surfaces 
of  regular  figures  respectively  similar  to  them,  and  circum- 
acribable  about  one  and  the  same  circle. 

Lemma  I. 

If  an  acute  angle  of  a  right-angled  triangle  be  divided  into 
any  number  of  equal  parts,  the  aide  of  the  triangle  opposite 
to  that  acute  angle  is  divided  into  unequal  parts,  which  aro 
greater  as  they  are  more  remote  firom  the  right  angle. 

Let  the  acute  angle  c,  of  the  right- 
angled  triangle  acv,  be  divided  into  equal 
parts,  by  the  lilies  cb,  cd  ce,  drawn  from 
that  angle  to  the  opposite  side ;  then  shall 

the  parts  ab,  bd.  &c.  intercepted  by  the        a  -n  ti     ■■« 

lines  drawn  from  c,  be  successively  longer      A  B  J)    E      R 
as  they  are  more  remote  from  the  right  angle  a. 

For  the  angles  acd.  bcb,  8cc.  being  bisected  by  cb,  cd, 
|(C.  therefore  by  theor.  83  Geom  ac  :  cd  : :  ab  :  bd,  and 
BC  s  CB  :  :  BD  •  DKi  and  dc  :  cv  : :  dx  :  sv.  And  by  tb.  31 
Greom.  CD>  cAi  (.b>  cb,  cf>  cx>,  and  so  on  :  whence  it 
iollows,  that  db>  ab,  db>  db,  and  so  on.    q.  b  b. 

Cor.  Hence  it  is  obvious  that,  if  the  part  the  most  remote 
from  the  right  angle  a.  be  repeated  a  number  of  times  equal 
to  that  into  which  the  acute  angle  is  divided,  there  will  re« 
suit  a  quantity  greater  than  the  side  opposite  to  tbe  divided 

angle- 

THEOREM  XV. 

If  two  Regular  Figures,  Circumscribed  about  the  Same  Circloi 
differ  in  their  Number  of  Sides  by  Unity,  that  which  has 
the  Gres^test  number  of  Sides  shall  have  the  Smallest  Pe« 
rimeter. 

Let  CA  be  the  radips  of  a  circle,  and  ab*  ad,  the  half  udea 
of  two  regular  polygpna  circumscribed  about  that  circle,  of 
which  the  number  of  sides  differ  by  unity, ibeing  C 
respectively  n  +  i  and  n.    The  angles  aci^acd, 

therefore  are  respectively  the  ;^  and  the  ^  th 

part  of  two  right  angles  :   consequently  these    Jt — b"^ 

angles  are  as  n  and  n  +  \  i  and  hence,  the  angle  may  bo 

conceived  divided  into  n+  I  equal  parts,  of  which  bcd  is  one. 

Vol.  I.  A  aa  a        •  Con« 
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CoMcquently,  (cor.  to  the  lemma)  («  +  1 )  bd  >  ad.    Taking, 
theiiy  unequal  quantiiies  from  equal  quantities  ve  aball  hate 

(»+I)aD  —  («  +   l)BD<(n+    I)  AD  —ad; 

or,(ft+  1)  Aii<n  .  AD. 
That  is,  the  semiperimeter  of  the  polygon  whose  half  Mde  is 
AB  is  sinaller  than  the  semiperinieter  of  the  ^lygon  whose 
half  side  is  ad  >  whence  the  proposition  is  manifest 

Cor.  Hence,  augmenting  successively  by  unity  the  nam* 
ber  of  udes,  it  follows  generally,  that  the  perimeters  of 
polygons  circumscribed  about  any  proposed  circle,  become 
smaller  as  the  number  of  their  ndes  become  greater. 

THEOfiEM  XVt 

The  SurEsces  of  Regular  Isoperimetrical  Figures  are  Grottr 
as  the  Number  of  their  Sides  is  Greater :  and  the  Perime- 
ters of  Equal  Regular  Figures  are  Smaller  as  the  Number 
of  their  Sides  is  Greater. 

For,  1st.  Regular  isoperimetrical  figures  are  (cor  l.th.  U^ 
in  the  intrerse  ratio  of  figures  similar  to  them  circumscribed 
about  the  same  circle.  And  (th.  15)  these  latter  are  smaller 
when  the  number  of  udes  is  greater:  therefore,  on  the 
contrary,  the  former  become  greater  as  they  have  more  sides* 

2dly.  The  perimeters  of  equal  regular  figures  are  (cor.  1 
th.  14)  in  the  subduplicate  ratio  of  the  perimeters  of  similar 
figures  drcumscribed  about  the  same  circle j  and  (ih«,  15) 
these  latter  are  smaller  as  they  have  more  sides:  tfcttreforo 
the  perimeters  of  the  former  also  are  smaller  when  die  nufls- 
ber  of  their  sides  is  greater,    q.  x.  d. 


SECTION  IL    SOLIDS. 

THEOItEM  XVIL 

Of  all  Prisms  of  ithe  Same  Altitude,  whose  Base  is  Given  ia^ 
Magnitude  and  Species,  or  FigurCy  or  Shape,  the  Right 
Prism  has  thi^  Smallest  Surface. 

For,  the  area  of  each  face  of  the  prism  is  propordonal  (a 

its  height ;  therefore  the  area  of  each  face  is  the  smaltest 

when  its  height  is  the  smallest,  that  is  to  say,  when  it  is  equal 

to  the  altitude  of  the  prism  itself:  and  in  that  cese  the  prism 

i9  eyidently  a  right  prism.    Q.  e.  d. 

THBOBBW 
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f         #f  nil  Prisms  whose  Base  is  Given  in  Magnitude  and  Speciesi 
and  whose  Lateral  Surface  is  the  same,  the  Right  Prism 
'  has  the  Greatest  Aldtttde;  or  the  Greatest  Capacity. 

This  is  the  converse  of  the  preceding  theoreroi  and  n^y 
yeadlJy  be  proved  after  the  manner  of  theorem  S. 

•     *  THEOREM  XIX. 

Of  all  Hx^ht  Prisms  of  the  Same  Altitude,  whose  Bases  are 
Given  m  Magnitude  and  of  a  Given  number  of  Sides,  that 
whose  Base  n  a  Regular  Figure  has  the  Smallest  Surface. 

For,  the  surface  of  a  right  prism  of  given  altitude,  and  base 
given  in  magnitude,  is  evidently  proportional  to  the  perime- 
ter of  iu  base.  But  (th.  10)  the  base  being  given  in  magni* 
tude,  and  having  a  given  number  of  sides,  its  perimeter  is 
smallest  when  it  is  regular  i  whence,  the  truth  of  the  propo^ 
sition  is  manifest. 

•  THEOBBM  XX. 

Of  two  Right  Prisms  of  the  Same  Altitude,  and  with  Irre<* 
gular  Bases  Equal  in  Sur&ce,  that  whose  Base  has  the 
Greatest  Numbe?  of  sides  has  the  smallest  Surface  :.  and,  in 
particular,  the  Right  Cylinder  has  a  Smaller  Surface  than 
any  Prism  of  the  Same  Altitude  and  the  Same  Capacity. 

The  demonstration  is  analogous  to  that  of  the  preceding 
theorem,  being  at  once  deducible  from  theorems  16  and  14. 

THE^tEHXXT. 

Of  all  Right  Prisms  whose  Altitudes  and  whose  Whole  Sur- 
£3ices  are  Equal,  and  whose  Rases  have  a  Given  Number  of 
Sides,  that  whose  Base  is  a  Regular  Figure  is  the  Greatest 

Let  p,  v\  be  two  right  prisms  of  the  same  name,  equal  n 
altitude,  and  equal  whole  stirface,  the  first  of  these  havmg  a 
fegular,  the  second  an  irregular  base ;  then  is  the  base  of  the 
prism  Fi  less  than  the  base  of  the  prism  p'. 

For,  let  9"  be  a  prism  of  equal  altitude,  and  wh6se  base  is 
equal  to  that  of  the  prism  p'  and  similar  to  that  of  the  prism  p. 
Then  the  lateral  surface  ot  the  prism  p''  is  smaller  than  tho 
lateral  surface  of  the  prism  p'  (th.  19) :  hence,  the  totsl  snrt 

fiico 
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face  of  p'^  is  unaller  than  tbe  total  surbce  of  p;,  andlherebro 
(by  hyp*)  smaller  than  the  whole  siir&ce  of  p.  But  the  prisnift 
t'  and  p  have  equal  altitudes  and  similar  bases  ;  therefere  tbe 
dliaeoaionft  of  the  base  of  w'  are  Bmaller  than  the  dimeDftions 
of  the  base  of  P.  Consequently  the  base  of  p",  or  that  of  p's 
is  less  than  the  base  of  p  ;  or  the  base  of  p  greater  than  that 

TIIEOREBl  XXII. 

Of  Two  Right  Prihinst  haying  Equal  Altitudes,  Equal  Totsl 
Surfacesi  and  Regular  Bases,  that  whose  Base  has  the 
Greatest  number  of  Sides,  has  the  Greatest  Capacity. 
And,  in  ptirticular,  a  right  Cylinder  is  Greater  than  any 
Right  Prism  of  hqual  Altitude  and  Equal  Total  SurCsuce* 

m,    • 

The  demonstration  of  this  is  similar  to  that  of  the  preced* 
ing  theorem^  and  flows,  from  th.  30* 

THEOREM  XXm. 

The  Greatest  Parailelopiped  which  can  be  contained  under 
the  Three  Parts  of  a  Given  Lme,  any  way  takenf  wiQ  be 
that  constituted  of  Equal  Jength,  breadth,  and  depth. 

For,  let  AB  be  tbe  given  line,  and, 

if  possible,  let  two  parts  ab«  eo,  be  ■     i   |        I 

unequal.     Bisect  ad  in  c,  then  will  A        0  £'     I)       B 
the  rectangle  under  ab  (be  ac  *i-  ce) 

and  kd{^  ac  —  ce),  be  less  than  ac*  ,  or  than  Ac  •  cd,  by  the 
fiquare  of  CB  (th.  33  Geom.).  Consequently,  the  solid  ab  . 
ED  •  DB,  will  be  less  than  the  solid  ac  .  cd  .  db  ;  which  is 
repugnant  to  the  hypothesis. 

Cor.  Hence,  of  all  the  rectangular  parallelopipecb,  hav- 
ing the  sum  of  their  three  dimensions  the  samei  the  cube  is 
the  greatest. 

THEOREM  XXIV. 

The  Greatest  Parallelepiped  that  can  possibly  be  contiuned 
under  the  Square  of  one  Part  of  a  Given  LinOf  and  the 
other  Part,  any  way  taken^  will  be  when  the  former  Part 
Is  the  Double  of  the  latter. 

Let  ab  be  a  given  line,  and 
j^c  =  3cb,  then  is  ac»  .  cb  the  ■     I  J — Jj  I 

greatest  poaaible*  A       DJD     CTC       B 

For, 
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For,  let  Ac'  and  c'b  be  any  other  parts  into  ^bich  the  ^ven 
line  AB  maf  be  dWicled  ;  and  let  ac,  ac',  by  bisected  in  b» 
d'i  respectively.  Then  shall  ac*  .  ob*^  4ad  .  dc  .  cb  (cor  to 
theor.  31  Geom.)  >  4ap'  .  vfc  •  cb,  or  greater  than  its  equal 
c'a*  .  c  B,  bf  the  preceding  theorem. 

THEOREM  XXy. 

Of  all  Right  PanJlelopipeds  Given  in  Magnitude,  that  wliich 
has  the  Snaallest  Surface  has  all  its  Faces  Squares,  or  is  a 
Cube.  And  reciprocally,  of  all  Paralleloplpeds  of  Equal 
Surface,  the  Greatest  is  a  Cube. 

For,  by  theorems  19  and  31,  the  right  parallelepiped  hav- 
ing the  smallest  surface  with  the  same  capacity,  or  the  great- 
«st  capacity  with  the  same  surface,  has  a  square  for  its  base. 
But,  any  face  whatever  may  be  taken  for  base :  therefore,  in 
the  parallelopiped  whose  surface  is  the  smallest  with  the  same 
capacity,  or  whose  capacity  is  the  greatest  with  the  same  sur* 
face,  any  two  opposite  faces  whatever  are  squares:  conse- 
quently, this  parallelopiped  is  a  cube. 

THEOREM  XXVL 

The  Capacities  of  Prisms  Circumscribing  the  Same  Right 
Cylinder,  are  Respectively  as  their  Surmces,  whether  Total 

or  Lateral. 

• 

For»  the  capacities  are  respectively  as  the  bases  of  the 
prisms  ;  that  is  to  say  (th.  1 1),  as  the  perimeters  of  their 
bases ;  and  these  are  manifestly  as  the  lateral  sur&ces :  whence 
the  proposition  is  evident. 

• 

Cor,:  The  surface  of  a  right  prism  circumscribing  a  cylin* 
der,  is  to  the  surface  of  that  cylinder,  as  the  capacity  of  the 
former,  to  the  capacity  of  the  latter. 

Def.  The  Archimedean  cytioder  is  that  which  circum- 
scribes a  sphere^  or  whose  altitude.is  equal  to  the  diameter  of 
its  base. 

THEOREM  XXVn. 

The  Archimedean  Cylinder  has  a  Smaller  SurCEu:e  than  aagr 
other  Right  Cylinder  of  Equal  Capacity  ;  and  it  is  Greater 
than  any  other  Right  Cylinder  of  Equal  Sur&ce. 

Let  e  and  c'  denote  two  right  cylindersi  of  which  the  first 
is  Archimedean)  the  other  not :  then^ 

1st, 


SS§  ELEMENTS  OV  ISOPERIMETRt. 

1st*  If  ...  €  ss  c\  surf,  c  <  surf.  C  : 
2dly,  if  8ur£  c  £»  surf,  c'f  c  >  c'* 

For  having  drcufnscril>ed  about  the  cylinders,  c,  cf,  the 
right  priftiDt  Pf  f',  with  square  bases,  the  former  ifrill  be  ft 
cabe»  the  second  not :  and  the  followiog  series  of  equal  ra- 
tios wili  obtain,  vizt  c  :  f:  :  surf,  c: surf,  f  : : base c: base  p  :: 
base  c':  base  p' : :  c  :  v'  t  :  surf  c^  :  surC  p'. 

Then*  1  «i :  when  c  =  c'.  Since  c :  p  :  ^  c'  :  p^  it  follows 
that  F  a  p'  •  and  therefore  (tb.  25)  surf,  p  <  surf,  p'  Bvtp 
surf,  c  :  surf,  p  :  >  surf  e' :  surl.  p' ;  consequently  surf,  c  < 
surf.  c\    q.  B    Id 

2dly  :  when  surf,  c  a  surf,  c^  TheOi  since  surf,  c  :  s«Hl 
F :  :  surf  c' :  surf,  p',  it  foUows  that  surf,  p  a  surf,  f'  ;  and 
therefore  (th   25)  p  >  f'.    But  c  :  p  : :  c  :  p' ;  consequently 

c  >  c'.    q.  B.  2d. 

i 

THEOREM  XXVIll.  ! 

Of  all  Rif^ht  Pristns  whose  Bases  are  CHrcumscnbable  about 
Circles,  and  Given  in  Species,  that  whose  Altitude  b 
Double  the  Radius  of  the  Circle  Inscribed  in  the  BasCi  I 

has  the  Smallest  Surface  with  the  Same  Capacityi  and  the 
Greatest  Capacity  with  the  Saese  Surface. 

This  may  be  demonstrated  exactly  as  the  preceedin^  tlicd- 
Tem^  by  supposing  cylinders  inscribed  in  the  prisma. 

JSchoUum. 

Tfthe  base  cannot  be  circumscribed  about  a  circle^  the  right 
prism  which  has  the  minimum  surface  or  the  maximum  ca* 
pacity,  is  that  whose  lateral  surface  is  quadruple  of  the  sur- 
fkce  of  one  end,  or  that  whose  lateral  surface  is  two-thirds 
of  the  total  surface.  This  is  manifestly  the  case  with  the 
Archimedean  cylinder ;  and  the  extention  of  the  property 
depends  solely  on  the  mutual  connexion  subsisting  between 
the  properties  of  the  cylinder^  and  those  of  circumicribing 
yrisms. 

THEOBEMXXIX. 


'JMe  Surfaces  of  Right  Cones  Circumscribed  about  a' Spheres 

are  as  their  Solidities. 

For,  it  may  be  demonstrated^  in  a  manner  analogoos  to 
the  demonstrations  of  theorems  1 1  and  36|  diat  these  eooet 

are 


SOliHs. 


Hi 


are  equal  to  right  cones  whose  altitude  is  equal  to  the  radius 
of  the  Inscribed  sphere^  aod  whose  bases  are  equal  to  the 
l^tal  surfaces  of  the  cones  :  therefore  the  surfaces  and  solidi- 
ties are  proportional. 

THEOREM  XXX. 

The  Sur&ce  br  the  Solidity  of  a  Right  Cone  Circumscribed 
about  a  Spherci  is  Directly  as  the  Square  of  the  Cone's 
Altitude,  and  inversely  as  the  Excels  of  that  Altitude  oyer 
the  Diameter  of  the  Sphere. 
Let  VAT  be  a  right-angled  triangle  which) 

by  its  rotation  upon  va  as  an  axis,  generates  a 

right  cone  ;  and  boa  the  semicircle  which  by 

a  like  rotation  upon  va  forms  the  inscribed 

sphere :  then,  the  sur&ce  or  the  sdidity  of 


the  cone  varies  as 


VA» 

va 


For,  draw  the  radius  cd  to  the  point  of  contact  of  the 
gsmicircle  and  vt.     Then,  because  the  triangles  vat,  voOf 
are  similar^  it  is  at  :  vt  ; :  qo  :  yc. 
And,  by  compos,  at  s  at  +  vt  :  en  .  cd  +  cv  =  va  ; 
Therefore  at»  s  (at  +  vt)  at  '• :  en :  Va,  by  multiply- 

ing the  terms  of  the  first  ratio  by  at. 
But,  because  va,  vd,  va  are  continued  proportionals, 
it  is  vB  :  VA : :  vi>* :  VA*  :  ]  ei>*  :  AT*  by  siin.  triangles, 
fiut  CD  :  VA  : :  AT>  .*  (at  +  vt)  AT  by  the  last ;  and  these 
inulu  give  en  .  vb  :  va*  :  ?  c»* :  (at  +  vt)  at, 

VA« 

or  VB  :  CD  : :  va*  :  (at  +  vt)  at  ss  cd  •  «^ 

But  the  sur&ce  of  the  cone,  which  is  denoted  by  ir .  at*  4- 
«  AT .  VT*,  is  manifestly  proportional  to  the  first  meo^r 
#rthis  equation,  is  also  proportional  to  the  second  membery 

AV» 

or,  since  cd  is  constant,  it  is  proportional  to-*^  or  to  a  third 

BV 

proportional  to,  bt  and  a  v.  And,  since  the  capacities  of  these 
drcumscribinn  cones  are  as  their  surfaces  (th.  29),  the  truth 
of  the  whole  proposition  is  evident. 

~   Lemim  3. 
The  difiisrence  of  two  right  lines  being  given,  the  third 
proportional  to  the  less  and  the  greater  of  them  is  a  minimufla 
when  the  greater  of  those  lines  is  double  the  other. 


"*  .iiniii 


^w  ■■  1^— 
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Let  A  V  and  b  v  be  two  right 

linesi,  whose  differeoce  ab  U      ,   -  ^ 

given,  «nd  let  ap  be  a  third      ^  I  -\z        ■ 

proporiional  to  Bv  and  ay;        '         ^    \       ^  T 

then  is  AP  a  minimum  when  ay  =  2by. 

For,  since    ap  *  ay  : :  ay  :  bv  ; 

By  division  ap  :  af— AV  : :  ay  •  ay— by  ; 

That  is,        AP  :  YP  : :  ay  :  ab. 

Hence,  yp  .  ay  >»  af  .  ab. 
But  YF    AY  is  either  sb  or  <U''  (cor.  to  th.  31  Geom. 
and  th.  33  of  this  chapter.) 

Therefore  ap  .  AB<iAp* :  whence  4AB<APy  op  ap  >  4ab. 
Consequently)  the  minimum  value  of  af  is  the  quadruple  of 
AB  ;  and  in  that  case  fy  ■»  ya  =  Sab.    q.  b.  o.* 

THEOREM  XXXL 

Of  all  Right  Cones  Circumscribed  about  the  Same  Sphere^ 
the  Smallest  is  that  whose  Altitude  is  Double  the  Diamft- 
terof  the  Sphere. 

YA« 

For,  by  th.  30,  the  aoUdity  Yaries  aa-^  (see  the  fig,  to 

VB 

that  theorem)  :  and,  by  lemma  %,  mot  ya  —  yb  is  g^veo,  the 

YA» 

third  proportional  —  is  a  minimum  when  ya  s  2ab.   q.  s.  o. 

YB 

Cor,  1.  Hence,  the  distance  from  the  centre  of  the  sphere 
to  the  vertex  of  the  least  circumscribing  cone,  is  triple  the 
radius  of  the  sphere. 

.  Car,  2.  Hence  ahoy  the  side  of  such  cone  is  triple  the  radius 
of  its  baaiB. 

*  Though  the  evidence  of  a  linffle  demonstraUon*  conducted  oo 
sound  maibemalical  principles/is  really  irresistihle,  and  therefore  needs 
no  corroboration  ;  yet  it  is  frequently  conducive  as  well  to  n^enttl  in- 
provement,  as  to  mental  delight,  to  obuin  like  results  from  difierent 
procetaea.  In  this  view  it  vim  be  advantageous  to  the  student^  to  con* 
firm  the  truth  of  several  of  the  propositions  in  this  chapter  by  meana  of 
the  fluxionat  analysis.  Let  the  truth  enunciated  in  tl^s^re  lemma  be 
taken  for  an  ezample :  and  let  AS  be  denoted  by  a,A  v  by  x^B  v  by  x-«. 

Then  we  shall  have  x— a  :x::xt  -«-« :  the  third  proportional ;  which 

is  to  be  a  minimum.    Hence,  the  Auction  of  this  fraction  wiQ  be  eqoal 

x^x^2axx 
to  zero  (Flux.  art.  51>    That  is  (Flux.  arU.  19  and  30^,  ■■■  ■ 

(x-fl? 
o.    Consequently,  x^  — 2ax  =ao,  and  x  «=2tf,  w  Av  iss2ab,  a»  above, 

THEOBSM 
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THEOREM  XXXU. 

The  Whole  Surface  of  a  Right  Cone  being  Given,  the  In- 
scribed Sphere  is  the  Greatest  when  the  Slam  Side  of  the 
Cone  is  i'riple  the  Radius  of  its  Base, 
For,  let  c  and  c'  be  two   ri^bi  cones  of  equal  whole  sur- 
fiicc,  the  radii   of  their  respective  inscribed  spheres  being 
denoted  by  r  and  k  ;    let  the  side  of  the  cone  c  be  triple 
the  radius  of  its  base,  the   same  ratio  not  obtaining  in  c' ; 
and  let  c"  be  a  cone  similar  to  c.  and  circumscribed  about 
the  same  sphere  with  c'-     Then,  (by  ih.  3 1 )  surf  c"  <•  surl.  c' ; 
therefore  surf,  c'^  <  surf  c.     But  c'-  and  c  arc  simiiar.  there- 
fore all  the  diinensiofls  of  c'*  are  less  than  the  corresponding 
dimensions  of  c  :  and  consequently  the  radius  ft'  of  the  sphere 
inscribed  in  c ''  or  in  c  '  is  less  than  the  radius  r  of  the  sphere 
inscribed  in  c,  or  r  >  R^.     Q-  e.  d. 

Cor.  The  capacity  of  a  right  cone  being  given)  the  in- 
scribed sphere  is  the  greatest  when  the  aide  of  the  cone  ia 
triple  the  radius  of  its  base 

For  the  capacities  of  such  cooes  vary  as  their  surftcea 
(th.  29). 

THEOREM  XXXUI. 

* 

Of  all  Right  Cones  of  Equal  Whole  Surface,  the  Greatest 
is  that  whose  side  is  Triple  the  Radius  of  its  Base  :  and 
reciprocally,  of  all  Right  Genes  of  Equal  Capacity^  that 
whose  Side  is  Triple  the  Radius  of  its  Base  has  the  Least 
Surface. 
'   For,  by  th.  29,  the  capacity  of  a  right  cone  is  in  the  com- 
pound ratio  of  its  whole  surface  and  the  radius  of  its  inscribed 
sphere.    Therefore,  the  whole  surface  being  Mflffe^^  ca* 
pacity  is  proportional  to  the  radius  of  the  inscriml^Pnere  : 
and  consequently  is  a  maximum  when  the  radius  oftke  in- 
scribed sphere  is  such  :  that  is,  (th.  32)  when  the  side  of  the 
cone  is  triple  the  radius  of  the  base*.  '". 

Again, 


•  Here  again  a  similar  result  may  easily  he  dedticed  from  the  method 
of  fluxions.  Let  the  r  .dius  of  the  base  be  clenofM  b\  x.  the  slant  side 
•f  the  cone  by  z,  its  wholf  Rmf^ce  hy  a*  ,  and  3  141 69S  Hy  a-.  Then 
the  circuvQfe pence  of  the  conrN  b;»5C  will  be  25rx,  its  aie..  vrx^  and  the 

convex  surface  vxz»    The  whole  surface  is,  therefore,  =  tx*  +  txz  : 

a* 

and  this  being  =  i|S  ,  vre  have  s  =3=  ~  ^  x.    Bvt  the  altitude  of  the 

Ven.i  Bhbb  ,        •«» 
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AgaiDt  reciprocally,  tbe  capacity  being  giveot  the  aurtee 
is  in  the  inverse  ratio  of  the  sphere  inscribed  :  therefore,  it 
u  the  smallest  when  that  radius  is  the  greatest ;  that  la  (th.  33) 
when  the  aide  of  the  cone  is  triple  the  radius  of  its  biAc.  ^.  s.  m. 


THEOREM  XXXIV. 

The  Surfaces,  whether  Total  or  Laterali  of  Pyramids  Cir- 
cumscribed about  thft  Sanse  Right  Cone,  are  respectively 
aa  their  Solidities.    And,  in  particular,  the  Surface  of  a 
Pyramid  Circumscribed  about  a  Cone,  is  to  the  Surbce  of 
'  that  Cone,  aa  the  Solidity  of  the  Pyramid  is  to  the  Solidity 
of  the  Cone;  and  these  Ratios  are  Equal  to  those  of  the 
Sur&ces  or  the  Perimeters  of  the  Bases. . 
For,  the  capacities  of  the  several  solida^re  respectively  n 
tlieirbaaea;  and  their  surfuces  areas  tlie  perimeters  of  those 
bas^s:   so  that  the  proposition  may  manifestly  be  demoo^  j 

atrated  by  a  chain  of  reasoning  exactly  like  that  adopted  in  I 

theorem  11.  ^ 


cone  is  equal  to  the  square'root  of  the  difference  of  the  aquaies  of  the 
side  sad  of  the  radius  of  the  bsse  j  that  is»  it  is  =  ^  (..— .  -  —  ), 

And  this  multiplied  mto  ^  of  the  area  of  the  base.  via.  by  ^a;*  »  gii^ 

a*         2a* 
j^rx*  v^  (— - —  —  }•  for  the  capacity  of  the  cone.    Now«  this  bei^g 

«•**«    r 
a  maximum  its  square  must  be  so  lil^ewjse  (Flux.  srt.  53),  that  is, 
c^  xS  ^^2Z4i^Ar4 

•y  or  rejecting  the  denominator!  as  constant*  a*  ^^  mm 


2^d*  X*  must  be  a  maximum.  This*  in  fluxions>  is  2a*  xx«-8«rtfS  x^x 

at 

SB  o  ;  whence  "we  hare  a   —  4rx*  =»  o»  and  consequently  x  =  «/^-*  ; 

and  a^  &:=  4frxt .    Substituting  this  value  of  a*  for  its  in  the  vslue  of  z 

a  4irx> 

above  f iven,there  results  e  =s  .. .  j*  =  .......  ^x  ssAx  —  x s3x» 

irx  wx 

There&re,  the  mde  of  the  cone  is  triple  the  radius  of  its  base*  Or,  the 
square  of  the  altitude  is  to  the  square  of  Uie  radius  of  the  bsse,  as  9 
(o  1,  or,  tb  the  square  of  (h^<diameter  of  the  base,  as  2  to  1. 


THfiOUM 


)soLm^«  ss$ 


THEORRM  XXXV. 

T'ha  Base  of  a  Right  Pyramid  bein^  Given  in  Speciea«  Iht 

Capacity  of  that  Pyramid  is  a  Maximum  with  the  Same 

Surface,  and  on  the  contrary,  the  Surface  is  a  Minimum 

wiih  the  Same  Capacity,  when  the  height  of  One  Face  Is 

Triple  the  Radius  of  the  Circle  Inscribed  in  the  Base. 

Lei  p  and  f'  be  two  right  pyramids  with  simitiar  bases,  the 

heigUt  of  one  lateral  face  of  f  being  triple  the  radius  of  the 

circle  inscribed  in  the  base,  but  this  proportion  not  obtaining^ 

with  regard  to  p'  :  then 

l8t.  If  surf,  p  ^  BOrf.  p\  p  >  f. 
2dly,  If.  /  p  »  .  .  p\surf.  p.  <surf  p'* 
For,  let  c  and  c^  be  right  cones  inscribed  within  the  pyra- 
midsf  p  and  p' :  then  in  the  cone  c*  the  slant  slide  is  triple 
the  radius  of  its  base,  while  this  is  not  the  case  with  respect 
to  the  cone  c  ^  Therefore,  if  c  ss  c'l  surf,  o  <  surf,  c'  and 
if  surf,  c  e»  surf,  c',  c  >  c'  (th.  33)  ♦ 

But,  1st  surf,  p  :  surf,  c  :  :  surC  p'  :  surf,  c^ ; 
whence,  if  surf,  p  im  surf.  p\  surf,  c  «■  sur£  o' ; 
therefore  c  >  c'.    But  p  :  c  :  ;  p' :  c'.  Therefore  p  >  p'. 

3dly.  p  :  c : :  p' :  c'.  Theref  if  p  9sp%  c  ea  c' :  conseqiiently 
surf,  e  <  surf.  cf.  But,  surL  p  :  surf,  c  :  :  surf,  v  :  surf.  c'« 
Whence,  surf,  f  <  surf  p'. 

Cor.  The  regular  tetraedron  possesses  the  properly  of  the 
minimum  surface  with  the  same  capacity,  and  of  the  maxi- 
mum capacity  with  the  same  surface,  relatively  to  all  right 
pyramids  with  equilateral  triangular  bases,  and,  a  fQrtiori^ 
relatively  to  every  other  triangular  pyramid. 

THEOBEM  XXXVI. 

A  Sphere  is  to  any  Circumscribing  Solid,  Bounded  by  Plane 
Surfaces,  as  the  Surface  of  the  Sphere  to  that  of  the  Cir* 
cumscribing  Solid* 

For,  since  all  the  planes  touch  the  sphere,  the  radius  4niWn 
to  each  point  of  contact  wiil  be  perpendicular  to  each  re- 
spective plane.  So  that,  tf  planes  be  drawn  through  the  cen- 
tre of  the  sphere  and  through  all  the  edges  of  the  body,  the 
body  will  be  divided  into  pyramids  whose  bases  are  the  re- 
spective planes,  and  their  common  altitude  the  radius  of  the 
sphere.  Hence,  the  sum  of  all  these  pyramids,  or  the  whole 
circumscribing  solid,  is  equal  to  a  pyramid,  or  a  cone  whose 

bas^ 
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base  is  equal  to  the  whole  surface  of  that  solid,  and  altitude 
equal  to  the  radius  of  the  s^phere  But  the  capacity  of  the 
sphere  is  equal  to  chat  of  a  cone  whose  base  is  equal  to  the 
surface  of  ibe  sphere,  and  altitude  equal  to  its  rudtus.  Con- 
aequenily,  the  capacity  of  the  sphere^  is  to  that  of  the  circum- 
8Cri!ui)g  solid,  as  the  surface  of  the  former  to  the  surface  of 
the  Utter:  both  haviug,  in  this  mode  of  considering  them,  a 
common  altitude      q.  £•  d. 

'J  Cor*  I.  AU  circuDi&cribing  cylinders,  cones,  Scc,  are  to 
the  sphere  they  circumscribe,  as  their  rcspet  tive  surfaces. 

For  the  s^me  proportion  will  subsist  iMnwreii  their  indefi. 
nirel-  small  corresponding  segmenisi  and  iherefore  between 
lh»-ir  wholes. 

Cor.  2..  All  bodies  circumscribing  the  same  sphere,  are 
respectively  as  their  surfaces. 

THEOREM  XXXVU. 

The  Sphere  is  Greater  than  any  Polyedron  of  Equal 

Surface.  1 

For,  first  it  may  be  demonstrated,  by  a  process  similar  Iq  -    , 

that  adopted  in  theorem  9,  that  a  regular  polyedron  has  a 
greater  capacity  than  any  other  polyedron  of  equal  surface.  ' 

Let  p,  therefore,  be  a  regular  polyedron  of  equal  surface  to 
a  sphere  s.  Then  p  must  either  circumscribe  s,  or  bH  partly 
within  it  and  partly  out  of  it,  or  fall  entirely  within  it.  The 
first  of  these  suppobitions  is  coDirary  to  the  hypothesis  of  the 
proposition,  because  in  that  case  the  surface  of  p  could  not 
be  cgtuil  to  that  of  s.  Either  the  2d  or  3d  supposition  there- 
fore must  obtain  ;  and  then  each  pbne  of  the  surface  of  p 
must  fall  either  partly  or  wholly  within  the  sphere  s  :  which- 
ever of  these  be  the  case,  the  perpendiculars  demitted  from 
the  centre  of  s  upon  the  planes  will  be  each  less  than  the 
radius  of  that  sphere  :  and  consequently  the  polyedron  p 
must  be  less  than  the  sphere  s,  because  it  has  an  equal  hase» 
but  d  less  altitude,     q.  e.  d 

Cor*  If  a  prism,   a  cylinder,   a   pyramid,  or  a  cone,  be 

equal  to  a  sphere  either  in  capacity,  or  in  strrface  ;  in  the  Erst 

ease,  the  surface  of  the  sphere  is  less  than  the  surface  of  any 

.of  those  solids  ;  in  the  second,  the  capacity  of  the  sphere  is 

greater  than  that  of  either  of  those  solids. 

The  theorems  in  this  chapter  will  suggest  a  variety  of  \ 

practical  examples   to  exercise  the  student  in   computation* 

A  few  such  are  given  in  the  following  page.  i 

EXERCISES. 
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Ex.  1.  Find  the  areas  of  an  equilateral  triangle^  a  squarci 
a  hexagon,  a  dodecagon,  and  a  circlet  the  perimeter  of  each 
being  36. 

Ex.  2.  Find  the  difference  between  the  area  of  a  triangle 
whose  sidea  are  5^  4,  and  5,  and  of  an  equilateral  triangle  of 
•qua!  perimeter. 

Ex  3.  What  is  the  area  of  the  greatest  triangle  which 
can  be  constituted  with  two  given  sides  8  and  1 1  :  and  what 
will  be  the  length  of  its  third  ^ide  ? 

Ex.  4.  The  circumference  of  a  circle  is  13,  and  the  pe- 
rimeter of  an  irregular  polygon  which  circumscribes  it  is  15  : 
what  are  their  respective  areas  l 

Ex.  5.  Required  the  surface  and  the  solidity  of  the  great* 
est  parallelopiped,  whose  length,  breadth,  and  depth,  together 
make  18  ? 

Ex.  6.  The  surface  of  a  square  prism  i$  546:  what  is  its 
8olidit]^when  a  maximum  ? 

Ex  7.  The  content  of  a  cylinder  is  169' 645968  :  what  is 
its  surface  when  a  minimum  ? 

Ex.  8.  The  whole  surface  of  a  right  cone  is  201  06 1953  : 
irhat  is  its  solidity  when  a  maximum  ? 

Ex,  9.  The  surface  of  a  triangular  pyramid  is  43*30127  : 
what  is  its  capacity  wheji  9  maximum  ? 

Ex.  10.  The  radius  of  a  sphere  is  10.  Required  the  so- 
lidities of  this  sphere,  of  its  circumscribed  equilateral  cone, 
and  of  its  circumscribed  cylinder. 

Ex.  11.  The  surface  of  a  sphere  is  28*274337,  and  of  an 
irregular  polyedron  circumscribed  about  it  Ss  :  what  are  their 
respective  solidiiicb  ? 

Ex.  12.  The  solidity  of  a  sphere,  equilateral  cone,  and 
Archimedean  cylinder,  arc  each  500  :  what  are  the  surfaces 
and  respective  dimensions  of  each  ? 

Ex.  13.  If  the  surface  of  a  sphere  be  represented  by  the 
number  4,  the  circumscribed  cylinder's  convex  surface  and 
whole  surface  will  be  4  and  6,  and  the  circumscribed  equila- 
teral cone's  convex  and  ^hole  surface,  6  and  9  respectively* 
Shbw  how  these  numbers  are  deduced. 

Ex.  14.  The  solidity  of  a  sphere,  circumscribed  cylinder, 
and  circumscribed  equilateral  cone,  are  as  the  numbers  4,  6» 
and  ^    Required  the  proot 
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nOBLEMS  SELATIVE  TO  THE  mVTSION  OP  VIBLDS  UK 

OTHER  SURFACES. 


PROBLEM  I. 

To  Diride  a  Triangle  into  two  parts  having  a  Gitoi  Ratio* 

1st   By  a  line  drawn  from  one  angle 
of  the  triangle. 

Mdke  Al>:  AB  :  :  mt  m  +  fi ;  draw  cD« 
So  shall  Aoc.  BDC,  be  the  parts  required. 

Here*  evidently,  adsbb  — —  ab.  db  as  —  ab. 

2dly.  By  a  line  parallel  to  one  of  the  sides  of  the  uiangle. 

Let  ABC  be  the  given  triangle,  to  be 
divided  into  two  parts,  in  the  ratio  of  m 
to  n,  by  a  line  parallel  to  the  babe  ab« 
Make  ck  to  bb  as  m  to  n  •  erect  bd  per- 
pendicularly tocB,  till  it  meet  the  semi« 
circle  de&cribed  on  cb,  as  a  diameter^  in 
».  Make  cr  sa  cd  :  and  draw  through  r  >  gb  ||  ab.  So  shall  ay 
^vida  the  triangle  abc  in  the  given  ratio. 

cn» 

For,  CE  :  cb  =  — - : :  cd'  («b  cf*):  cB'.But  ce  :  bb  •• :» :«, 

CE 

«r  CE  :  CB  :  :  m  :  m  -f  tt,  by  the  construction :  therefore 
CF*  :  CB*  : :  m :  m+n.  And  since  A  cgf  ••  A  cab  :  :  cf*  ;  cB*; 
it  follows  that  cgf  :  cab  :  :  m  •'  m-f-»,  as  required. 

Com/iutation,     Since  cb':cf^:  :  m^-  n  :  mj  there forOf 
(in  +  »)c»*  =:  m  .  CB*  ;  whence  cf  \/  ('n  -f  n)  as  cb   ^  m,  or 
m  ^  m 

CF  ea  CB^— — .    In  like  manner,  cg  «  ca\/ • 

'       Sdly.  By  a  line  parallel  to  a  given  line. 

Let  HI  be  the  line  parallel  to  which 
a  line  is  to  be  drawn,  so  as  to  divide 
the  triangle  abc  in  the  ratio  of*i» 
^on. 

By  case  3d  draw  gf  parallel  to  ab» 
so  as  to  divide  abc  in  the  given  ratio* 
Through  f  draw  fe  parall^  to  hi. 
On  cb  as  a  diameter  describe  a  semi- 
circle ;  draw  on  perp.  to  ac,  to  cat 
the  semicircle  in  n.  Make  cp  oa  cd  : 
through  Tj  parallel  to  ef,  draw  p^  the  line  required. 


Thfr 
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The  demaostratioD  of  this  follows  at  once  from  case  3  ;  be« 
^ause  it  is  only  to  divide  rcK>  by  a  line  parallel  to  fk,  into  two 
triangles  having  the  ratio  of  fck  to  fco,  that  is,  of  ce  to  oq« 
•  Commutation-  co  and  cv  being:  computed,  as  in  case  1,  the 
distances  ch«  ci  being  g^iven,  and  cp  being;  tacq  as  ch  to  ci : 
the  triangles  cgf,  gpqt  also  having  a  cotnnion  vertical  angle, 
are  to  each  other,  as  cg  .  cf  to  ^q  cp.  These  products  there- 
fore are  equal ;  and  since  the  factors  of  the  former  are  known^ 
the  latter  product  is  known.  We  have  hence  given  the  ratio 
of  the  two  lines  cp  (=x)  to  cq  (asy)  as  C9  to  ci ;  say  as  /t  to 
f  ;  and  their  product  ^  OF  •  cg^  say  ■»  ad :  to  find  x  and  jr* 

abfi  abq 

Here  we  find  x  a  »/ ,  y  =  V  — •  That  is, 

CF  .  CO  .  CH  CF  •  CG  .  CI 

CP  =V  ;    CQ  -   4/ 

CI  CH 

N.  B.  If  the  line  of  division  were  to  be  perpendicular  to 
one  of  the  sides*  as  to  ca,  the  construction  would  be  similar: 

m 
cp  would  be  a  geometrical  mean  between  ca  and         »■  c3,  p 

being  the  foot  of  the  perpendicular  from  b  upon  ac. 
4thly.    By  a  line  drawn  through  a  given  point  p. 


a/ye 

x\ 

f7^\y\,        y"-\ 

y'\ 

e     e  d    rrt 


Byi«ny  of  the  former  cases,  draw  Itn  (fig.  1)  to  divide  the 
triangle  abc,  in  the  given  ratio  of  m  to  n :  bisect  cl  in  r,  and 
through  r  and  m  let  pass  ^the  sides  of  the  rhomboid  crtm« 
Make  ca  s  Pf ,  which  is  given,  because  the  pdnt  p  is  given 
•in  position :  make  ctf  a  fourth  proportional  to  ca;  cr,  cm ; 
that  is,  make  cat  or : :  cm :  cc/ ;  and  let  a  and  dj  be  two 
angles  of  the  rhomboid  cabdj  figs.  1  and  3.  pe,  in  figure  3, 
being  drawn  parallel  to  azy  describe  on  td  as  a  diameter  the 
nmicircle  c/H,  on  which  set  off  ^ss  ce  =>  ap  :  then  set  off 
iIm  er  dwi  en  ea^equal  to  df^  and  through  p  and  m,  p  and  m' 

draw 
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draw  ih6  lines  lm,  l'm',  either  of  which  will  divide  the  tri- 
angle in  the  ^iven  ratio  —The  construction  is  ^ven  in  2  £gs. 
merely  to  aroid  complexness  in  the  diagrams. 

The  limitations  arc  obvious  from  the  consiruction  :  fer^the 
point  h  must  fall  between  b  and  c,  and  the  point  u  between 
A  and  c  ;  ap  must  also  be  less  than  f6,  otherwise  ef  cannot 
be  applied  to  the  semicircle  on  fd. 

Demon.  Because  cr  s=s  4c/,  the  rhomboid  crem  ss  triangle 
c/m,  and  because  ca :  cr :  :'cm  :  c(i,  we  have  ca  .  ci/s=cm  .  cr, 
therefore  rhomboid  cadd  as  rhomboid  cr«oi  as  triangle  c/m. 
By  reason  of  the  parallels  cb,  6d,  and  ca,  ab^  the  triangles 
azv%  </OM,  ^opt  are  similar,  and  are  to  each  other  as  the 
squares  of  their  homologous  sides  ap,  e/M,  dp  :  now  ed*  as  e/^ 
+  rf/^,by  construction;  and  ^J  =  Tb,  ef=z  av^  df  s:z  dui 
therefore  p6'-  =3  ap*  +  rfM*,  or  the  triangle  p^a  taken  away 
from  the  rhomboid,  is  equal  to  the  sum  of  the  triangles  apLf 
cTmg,  added  to  the  part  caF^d  i  consequently  clm  b  cabd^  as 
required.  By  a  like  process,  it  may  be  shown  that  ol'p,  dQ'n* 
p^o^are  similar»and  ah'p-i-^G'M'  as  p^a' ;  whence  vbdnss 
ah'F,  and  cl'h'  sa  cadd^  as  required. 

Comfiutatiofiy  c/,  cm,  being  known,  as  well  aa  co,  ap,  or 
Ctf,'  ep,  cr  s  -1^  ci,  is  known  ;  and  hence  cd  may  be  found  by 
the  proportion  ca  :  cr  :  :  c  m   c^.     Then  cd—ce  ^  edt  and 

Vrrf»  —  </»a=  V>d"d^P  »  df^  du  «  du\     Thus  cm  is 

c/  .  cm 
determined.    Then  we  have ,—  «=*  cl. 

CM 

I^.  B.  When  the  point  is  in  one  of  the  sides,  as  at  m  ;  then 
make  cl  «  cm  •  (m+n)  es  ca  cb  .  m,  or,  cl  :  ca  : :  m  .  cb  : 
(m4.ft)  CM,  and  the  thing  is  done. 

Sthly.  By  the  shortest  line  possible. 

Draw  any  line  pq  dividing  the  triangle  in 
the  given  ratio,  and  so  that  the  summit  of  the 
triangle  cpq  shall  be  c  the  most  acute  of  the 
three  angles  of  the  triangle  Make  cmssCk, 
a  geometrical  mean  proportional  between  cp 
and  cq  ;  so  shall  mn  be  the  shortest  line  pos- 
sible dividing  the  triangle  in  the  given  ratio. -^ 
The  computation  is  evident. 

J>emon9.  Suppose  mn  to  be  the  shortest 
line  cutting  off  the  given  triangle  cmn,  and 

CO  1.    MN  .  MM  =S3    MO  4"  ^^  ^    C^      ^^^  M    + 
CG .  cot  N  as  GO  (cot  M  H-  ^^  n).   But,  COt  M+ 
cos  M      cog  N       sin  (  M  -fi.  n'^ 

cotK  aBB— + sa .  And(equa. 

sin  M      sin  N      sin  m  .  sin  v 
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xnih  Analyt*  pi.  trigonom.)  sin  m  .  sin  nsb  ^os  (m— n)— ^tos 

8111.  (J«+n) 

(H  +  N)s»iC0s(M-N)+ic0SCThcrcfMNaBCG. ; 

icos(M  —  N)-|- JcOS  G 

whicti  expression  is  a  minimum  when  its  denominatoi*  is  a 
maximum  ;  chai  is,  when  cos  (m  —  n)  is  the  greatest  possibley 
which  is  manifestly  when  m— w  =  o>  or  m  »  n,  or  when  the 
triangle  cmn  is  isosceles  That  the  isosceles  triangle  must 
have  the  most  acute  angle  for  ifs  summit)  is  evident  from  the 
consideration,  that  since  2Acmn  a  co  .  mn,  mn  yaries  in- 
versely as  CG  ;  and  consequently  mn  is  shortest  when  co  is 
longest,  that  is,  when  the  angle  c  is  the  most  acute. 

N.  B.  A  very  simple  and  elegant  demonstration  to  this 
case  is  given  in  Simpson's  Geometry :  vide  the  book  on  Max, 
and  Min  See  also  another  demonstration  at  case  3d  prob. 
6th,  below* 

PROBLEM  IL 

To  Divide  a  Triangle  into  Three  Parts,  having  the  Ratio  of 

the  quantities  m,  n,yk. 

1st.  By  lines  drawn  from  one  angle  of  the  triangle  to  the 
opposite  side. 

Divide  the  side  aB)  opposite  the  angle  c 
from  whence  the  lines  are  to  proceed,  in  the 
given  ratio  at  d,  s ;  join  cd,  cs  ;  and  acoi 
BOB,  ECB,  are  the  three  triangles  required.     ^__ 
The  demonstration  is  manifest ;  as  is  also  the    AS 
computation.  * 

If  it  be  wished  that  the  lines  of  division  be  the  shortest  the 
nature  of  the  case  will  admit  of,  let  them  be  drawn  from  the 
most  obtuse  angle,  to  the  opposite  or  longest  side. 

Sdly.  By  lines  parallel  to  one  of  the  sides  of  the  triangle. 

Make  cd  :  dh  :  rb  : :  m  :  n  :  /t.  Erect 
BE,  HI,  perpendicularly  to  cb,  till  they  meet 
the  semicircle  described  on  the  diameter 
cb.  in  E  and  i.  Make  cv  ss  ce,  and  ck  «» 
ci.     Draw  of  through  f,  and  l&  through  E, 

parallel  to  ab  ;  so  shall  the  lines  gf  and  le,       

divide  the  triangle  abc  as  required.  '  ft 

-  -Th<^  demopstration  and  computation  will  be  similar  to  those 
in  the  second  case  of  prob.  1. 

3dly.    By  lines  drawn  from  a  given  point  on  one  of  the 
sides. 

Vol.  r.  C  c  c  c  'Fig. 
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i^V.  I-      e/yiK  ^-3. 


Let  F  (fisr-  0  ^  ^^^  given  point,  a  and  b  the  points  wluGh 
divide  the  side  ab  in  the  given  ratio  of  m,  n,^  :  the  point  r 
frUhig  between  a  and  b.  Join  pc,  parallel  to  widch  dfww  acj 
bdf  to  meet  the  sides  ACt  bc,  in  the  points  c  and  d  :  join  pr, 
fdf  so  shall  the  lines  rP|  vdy  divide  the  triangle  in  the  given 

■fado. 

9  In  fig  3,  where  p  falls  nearer  one  of  the  extremitiea  of  ab 
than  both  e  and  b^  the  construction  is  essentially  the  same  ; 
the  sole  difference  in  the  result  is,  that  the  poinu  Cj  and  d, 
both  fidl  on  one  side  ac  of  the  triangle. 

Demon,  The  lines  ca,  c6,  divide  the  triangle  into  the  f^xrea 
ratiOf  by  case  1st  But  by  reason  of  the  parallel  lines  ac^  pct 
M,  A  Arc  A  at Pt  and  A  ^^c  s^  6dp.  Therefore^  in  fig-.  1, 
Aoc  +  acF  s=r  Aflc  -f-  Acc  that  is,  Acp  es  Asc  :  and  Bbd  +  bdr 
ssx  nbd  +  bdCf  XMt  is,  b(/p  s  b6c.  Consequently,  the  re- 
mainder ccFd  Bs  G0^.—- In  fig.  3f  A^P  «3  Asc,  and  Adp  wm  ac6  ; 
therefore  cFd  a  acp ;  and  acb^ai/p  as  acb— ac6,  that  isi 

CBP<I  cb  cb4. 

Coif0«/afiofi.  The  perpendiculars  c;f,  co  being  demltte^ 
^  acp:  a  agbx  :m:m-|-B-f/k::AP.  c^:ab.cd.   Therefiire 

m     AB  .  CD 

(m+n+fi)  AP.rjr*9ffiJkB.CDy  and  eg  u  *    The  line 

eg  being  thus  known,  we  soon  find  ac  ;  for  en  :  ac  : :  c;  • 

AC    eg  m     as  .  AC       • 

AC  8  — —  wm  — .    Indeed  this  expression  may  be 

CD       {fn+n+p)  Ap 
deduced  more  uroply ;  for,  since  acb  :  acp  :  :  ac  .  ab  : 
AC  •  AP :  s  m+n4^ :  m,  we  have  (m+n+fi')  ac  •  AP=:m .  ab  .  aCj 

m  .  AB  .  AC 

and  AC  s -'— -•    By  a  like  process  is  obtained,  in 

im+n+p)AF 

^.AB.BC  m  +  ll)  AB  .  AC 

fig.  I,  Bd  ss ;  and»  in  fig.  3,  Ad  as • . 

{m+n+p)  PB  ini+H+f)  Af 

4thly.    By  lines  drawn  from  a  given  point  p  mihtn  tbe 
triangle. 


Omit. 
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Contt»  ThroQgh  p  and  c  draw  the  line  gp^,  and  let  the 
triangle  be  divided  Into  the  given  ratio  by  lines /ir»  ftd^  drawn 
«froin  fi  to  intersect  ACt  BCt  or  either  of  them  ;  according  to 
the  method  described  lo  case  3  of  this  problem.  Through  p 
draw  PC}  Td,  and  respectively  parallel  to  them,  from  fi  draw 
the  lines  fiu^  flv  s  join  pm,  pn  ;  so  shall  these  lines  with  r/t^ 
divide  the  triangle  in  the  given  ratio. 

Demon,  The  triangles  cpm,.  cp/k,  are  manifestly  equal,  as 
are  also  </pn,  dwp  ;  therefore  cpm  ==  c/kc,  and  cpm  ■»  cfid ; 
whence  also,  in  fig.  1,  cnpm  a  cdjicj  and^  in  fig.  2,  CBy^pji  =: 

CBfid, 

cp » cd 
Comfiut,   Since  cp  .  cn  es  c/^  •  cd^  we  have  cv  ==  ■ 

CP 

In  like  manner  cm  «  ^ 

CP 

Remark.  It  will  generally  be  best  to  contrive  that  the 
smailett  share  of  the  triangle  shall  be  laid  off  nearest  the  ver* 
tex  c  of  the  triangle,  in  o^er  to  ensure  the  possibility  of  the 
construction.  Even  this  precaution  however  may  sometimes 
fail,  of  ensuring  the  construction  by  the  method  above  given : 
when  this  happens,  proceed  thus  s 

By  case  1,  draw  the  lines  cd^  cf,  from 
the  vertex  c  to  the  opposite  nde  ab,  to  di- 
vide the  triangle  in  the  given  ratio.  Upon 
AB  set  off  any  where  mm,  so  that  mn  :  ab  :  2 
r/i  (the  perp.  from  p  on  ab)  :  c/k,  the  alti- 
tude of  the  triangle,  if  up  and  ph  are  to- 
gether to  be  the  least  passible,  then  set  off  )  mn  on  each  side 
the  point  fi :  so  will  the  triangle  mpn  be  isosceleS}  and  its 
perimeter  (with  the  given  base  and  area)  a  minimum. 

5ihly.  By  lines,  one  of  which  is  drawnyrom  a  given  tngle 
to  a  given  point,  which  is  also  the  point  of  concourse  of  the 
other  two  lines. 


^OTtSt. 
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Const.  By  case  1st  draw  the  lines  ca,  e*,  dinding  the 
trianule  in  the  given  ratio,  and  so  that  the  smaller  pomons 
shall  lie  nearest  the  angles  a  and  b  (unless  the  conditions  of 
the  division  require  it  to  be  otherwise).  From  p  and  a  denut 
upon  AC  the  perpendiculars  Tfi,  ac  ;  and  from  p  and  6,  on 
»c,  the  perpendiculars  vg,  bd.  Make  cm  ^  CA  : :  ffc  :  p/i,  and 
cw  :  CB  : :  bd  :  vq.  Draw  pm,  pn,  which,  with  cf,  will  divide 
the  triangle  as  required. 

When  the  perpendicular  from  b  or  from  o,  upon  bc  or  ac* 
is  IWJRer  than  the  corresponding  perpendicular  from  P,  the 
point  «  or  M  will  fall  further  from  c  than  b  or  a  does  Sop- 
pose  it  to  be  w  :  then  make  n'^  :  ^B  : :  we :  cf,  and  draw  PK/ 
for  the  line  of  division. 

The  demonstration  of  all  thisas  too  obvious  to  need  trac* 

ing  here. 

CA  .  Off 

Comfiut,    The  perp.  ca  =  Aa  .  sin  a  ;  and  cu  = ^- 

Tp 

bd  ss  'ab  .  sin  b  ;  and  ck  = . 

'9      ^ 
Sthly-    By  lines,  one  of  which  falls  from  the  given  point  of 
concourse  of  ail  three,  upon  a  given  side,  in  a  given  angle. 

Suppose  the  given  angle  to  be  a  right 
angle,  and  p/  the  given  perpendicular: 
which  will  simplify  the  operation,  though 
the  principles  of  construction  will  be  the 

same. 

'  Const.  Let  cfl,  c*,  divide  the  triangle 
in  the  given  ratio.  Make/N  :  cb  :  :  W  :  p/, 
and/M  :  ca  : :  ac  :  p/;  and  draw  pw,  fm,  thus  fonniog  two 
triangles  vfs,  p/m,  equal  to  cAb,  caa,  respectively.  If  r  fell 
between /and  B|  and  m  between  a  and/,  this  constructioa 
manifestly  effects  the  division.  But  if  one  of  the  points,  sup- 
pose M,  falls  beyond  the  corresponding  point  A,  the  line  px 
intersectuig  ac  in  e  :  then  make  mV  :  eA  : :  cm  :  <fF ,  and  draw  J 

pm'  :  so  shall  p/i  PM'y  PK,  divide  the  triangle  as  required.  ^ 


Comfmtm 
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Camftut.  Here  ca  and  6d/are  found  as  in   case  5tb ;  and 

CB  .  W  CA  .  flc 

hcnce/N  « ;  and/ji= Then  pm  a  i/(m/»+/p«), 

and  —  csa  sin.  k.  Also  180*— (m+a)  cxm^a.    Then  sin  m^a  : 

piii 
sin  M :  sin  A  a  HA  (=m/—  a/)  :  Ae :  Mf .  Again  pe  «=  pm-m^  ; 

Ae  •  CM 

and  lastly  m  'e  = 

cp 
Here  also  the  demonstratioD  is  mani^st. 
7thly«    By  lines  drawn  from  the  angles  to  meet  in  a  deter- 
minate point* 

Conatrue.  On  one  of  the  sides,  as  ac,  set 
off  An,  so  that  ad  :  ac  :  :  w  :  m  +  n+ft. 
And  on  the  other,  as  ab,  set  off  be,  so  that 
ji-R  iBC  iim  m  +  n+/t  Through  n  draw 
DG  parallel  to  ab  ;  and  through  b,  eh  parallel  A.     JE\  3 

to  BC  ;  to  their  point  of  intersection  i  draw  lines  ai.  bi,  ci, 
which  will  divide  the  triangle  abc  into  the  portions  required. 
Demon.  Any  triangle  whose  base  is  ab,  and  whose  vertex 
iallsin  do  parallel  to  it,  will  manifestly  be  to  abc,  as  ad  to 
AC,  or  as  m  to  m  -f  n  -f  A :  so  also,  any  triangle  whose  base 
is  BC,  and  whose  vertex  falls  in  eh  parallel  to  it,  will  be  to 
Ailc,  as  be  to  BA,  that  is,  as  n  to  m  +  n  +ft. 

Thus  we  have  aib  :  acb  :  :  m  :  m  +  n  +  yk, 
and     .     .     .    bic  :  ACB  :  :  n  :m +« +/I, 
therefore     .     aib  !  bic  : :  tn  '-  n. 
And  the  first  two  proportions  give,  by  composition. 
AIB  +  Bic  :  ACB  :   i  m  +ni  m  +n  +  fi  ;  and  by  divtuon, 
ACB--<AiB+Bic)  :  ACB  s:m  +  n+/i—(m  +  n)im+n  +fi^ 
or  Aic  :  ACB  I  :fi*m  4.  n  -f /),  consequently  aib  :  bic  :  aic 

n  •  AB  m  •  BC 

Comput.    be  s  01  =  — ;  bo  = ;  angle  bgi 

=s  3  right  angles— B.  Hence,  in  the  triangle  boi,  there  are 
known  two  sides  and  the  included  angle,  to  find  the  third 
side  Bt. 

Bemark.  When  maae  n  s=fi^  the  construction 
becomes  simpler.  Thus  :  from  the  vertex  draw 
.  CD  to  bisect  AB  ;  and  from  b  draw  be  in  like 
manner  to  the  middle  of  ac  :  the  point  of  inter- 
section I  of  the  lines  cd,  be,  will  be  the  point  sought. 

For,  on  be  and  be  produced,  demit,  from  the  angles  c  and 
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jLitbe  perpendiculars  ci,  ak:  then  the  triangles  ceti  aiki 
are  equdi  in  all  respectsy  because  as  sx  cb,  kak  s  xck»  and 
the  angles  at  e  are  equal.  Hence  ae  =  ci.  But  these  ai-e 
the  perpendicular  altitudes  of  the  triangles  bpc,  bfa,  which 
have  the  common  base  bp  Cocksequenily  those  two  triangles 
are  equal  in  area,  in  a  similar  manner  it  may  be  proved,  (hat 
Arc  =  aPB  or  GPB  :  therefbre  these  three  triangles  are  equal 
to  each  other,  and  the  lines  pa,  pb,  pc,  trisect  the  A  i^Bc. 

• 

PROBLEM  ni. 

To  Divide  a  Triangle  into  Four  Parts,  having  the  Proportion 

of  the  Qtiantilies  m,  »,  /k,  g. 

This,  like  the  former  problems,  might  be  divided  into  sev- 
eral cases,  the  consideration  of  all  which  would  draw  us  to  a 
rcry  great  length,  and  which  is  in  a  great  measure  unnecessarfy 
because  the  method  will  in  general  be  suggested  immediately 
on  cootempUting  the  method  of  proceeding  in  the  analogous 
case  of  the  preceding  problem.  We  shall  therefore  only  take 
one  case,  namely,  thai  in  which  the  lines  of  division  must  all 
be  drawn  from  a  given  point  of  one  of  the  sides. 

Lei  p  be  the  given  pomt  in  the  side  ab. 

Let  the  points;  /,  m  n,  divide  the  base  ab 
in  the  given^pr^iportion  s  so  will  the  lines  c/, 
€»)  cn^  divide  jthe  surface  of  the  triangle  in 
the  same  proportion.  Join  cp.  and  parallel 
toil  draw,  from  A  m,  it,  the  lines  /l,  ihm,  A, I 
nil,  to  cut  the  otheir  two  sides  of  the  triangle  in  l,  m  v. 
Draw  PL,  PM,  pv,  which  will  divide  the  triangle  as  required. 

The  demonstration  is  too  obvious  to  need  tracing  through- 
out :  foi^  the  triangles  l/p,  l/c,  having  the  same  base  li,  and 
lying  between  the  same  two  parallels  l/,  cp,  are  equal ;  to 
each  of  thes^  adding  the  triange  al^  there  results  alp  s=ac/* 
And  in  like  manner  tlie  truth  of  the  whole  construction  nuqf 
be  shown. 

The  computation  may  be  conducted  after  the  manner  of 
that  in  case  3d  prob.  3, 

PROBLEM  IV. 

To  Divide  a  Quadrilateral  into  Two  Parts  having  a  Given 

Ratio,  m : ». 

1st.  By  a  line  drawn  from  any  point  in  the  perimeter  of 
the  figure. 

CM9true.  From  p  draw  lines  pa,  pb, 
to  the  opposite  angles  a,  b.  Through  n 
draw  nr  parallel  to  pa,  to  meet  ba  pro- 
duced in  F  ;  and  through  c  draw  ce  pa* 
rallel  to  pb  to  meet  ab  produced  in  x. 

Divide 
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JDiyide  n  in  m,  in  the  gi? en  ratio  of  m  to  n  )  join  p,  m  ;  so 
thsill  the  line  pm  diTide  the  quadrilateral  as  required. 

Demons  That  the  triangle  t pb  is  equal  to  the  quadrangle 
ABCD,  may  be  shown  by  ihc  same  process  as  is  used  to  demon* 
strate  the  coostruction  of  prob.  36,  Geometry  ;  of  which,  in 
fiict,  this  is  only  a  modification.  And  the  line  pm  evidemly 
divides  fpb  in  the  given  ratio.  But  fpm  «s  adpm,  uid  bpmob 
BCPM  :  therefore  pk  divides  the  quadrangle  also  in  the  given 
ratio. 

Remark  1.  If  the  line  pm  cut  either  of  the  sides  ab,  bc, 
then  its  poMUtion  must  be  changed  by  a  process  similar  to  that 
described  in  the  5th  and  6th  cases  of  the  last  problem. 

Remark  2.  The  quadrilateral  may  be  divided  into  three, 
fbur,  or  more  parts,  by  a  similar  method,  being  subject  how 
•ver  to  the  restriction  mentioned  in  the  preceding  remark. 

Remark  3.  The  same  method  may  obviously  be  used  when 
the  given  point  p  is  in  one  of  the  angles  of  the  figure. 

^  Comfiut.  Suppose  i  to  be  the  pobt  of  intersection  of  tho 
sides  DC  and  ab,  produced ;  and  let  the  pari  of  the  quadrila- 
teral laid  off  towards  i,  be  to  the  other,  as  »  to  m.    Then  wo 

fl(Xl>  .   ZA-XB  .  IC) 

have  iM  z:  ■■  .  As  to  the  distances  di,  ai,  (since 

the  angles  at  a  and  d,  and  consequently  that  at  i,  are  known), 
they  are  easily  found  from,  the  proportionality  of  the  sides  of 
triangles  to  the  sines  of  their  opposite  angles. 

2dly.  By  a  line  drawn  parallel  to  a  given  line. 

Corutruc,  Produce  oo,  ab,  till 
they  meet,  as  at  i.  Join  dm  pa- 
rallel tb  which  draw  cp.  Divide  af 
in  the  given  ratio  in  h.  Through 
9  draw  DO  parallel  to  the  given  _  ^ 
line.  Make  ip  a  mean  proportional  A.O-  j^  d  B  l^"""*""^ 
between  ib,  io  ;   through  p  draw 

PM  parallel  to  oo  :  so  shall  pm  divide  the  quadrilateral  abcd 
as  required. 

Demon.  It  is  evident,  from  the  transformation  of  figures, 
so  often  resorted  to  in  these  problems,  that  the  triangle  adv 
asr  quadrilateral  ABCD  (th.  36Geom.):  and  that  db  divides 
the  triangle  adp  in  the  given  ratio,  is  evident  from  prob  1 
case  I.  We  huve  only  then  to  demonstrate  that  the  triangle 
lOD^  equa^  to  the  triangle  ipm,  for  in  that  case  hop  will 
manifestly  be  equal  to  bcmp.  Now,  by  construction,  ih  : 
IP  :  :  IP :  to  :  :  (by  the  parallels)  im  :  id  i  whence,  by^inaking 
the  products  of  the  means  and  extremes  equaly  we  have 

ID  . 
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ID  .  iH  =  IP  .  XM  ;  but  when  the  products  of  the  sides  about 
the  equal  angles  of  two  triangles  Jiaving  a  common  angle  are 
equaif  those  triangles  are  equal ;  therefore  A  ibd  =b  A  inc. 

q.  E.  D. 

Comfiui.  In  the  triangles  adx,  ado  are  given  all  the  angles* 
and  the  side  ad  ;  whence  ai,  ao,  di,  and  ic^  =  dx— no,  be- 
come known.  In  the  triangle  ifc«  all  the  angles  and  the  side 
ic  are  known  %  whence  if  becomes  known,  as  well  as  fh> 
since  AH  :  HF  :  :  m  : ».  Lastly,  if  sb  v(ir  .  la)*  and  to  : 
1»  :  :  IP  :  XM .  ^ 

Cor.  1.  When  the  line  of  division  pm  u  to  be  pecpendicu* 
lar  to  a  side,  or  parallel  to  a  given  side  ;  we  have  only  to  draw 
BO  accordingly  :  so  that  those  two  cases  are  included  in  tltt& 

Cor.  3.  When  the  line  pm  is  to  be  the  shortest  possible,it 
must  cut  off  an  isosceles  triangle  towards  the  acutest  angle  s 
and  in  that  case  lo  must  evidently  be  equal  to  id. 

Sdly.  By  a  line  drawn  through  a  ^ven  point. 

The  method  will  be  the  same  as  that  to  case  4th  prob.  1» 
and  therefore  need  not  be  repeated  here. 

Scholium.  ^  If  a  quadrilateral  were  to  be  divided  into  Cour 
parts  in  a  given  proportioni  m,  nj/i,g:  we  must  first  divide 
it  into  two  paru  having  the  ratio  of  m  +  »,  to^  +  ^ ;  and 
then  each  of  *the  quadrangles  so  formed  into  their  respective 
ratioS|Of  m  to  n,  and/k  to  g. 

FBOBLBM  r. 

To  Divide  a  Pentagon  into  Two  Parts  havmg  a  Given  Rati^, 
from  a  Given  Point  in  one  of  the  Sides. 

Reduce  the  pentagon  to  a  triangle  by  prob.  37,  Geometry^ 
and  divide  this  triangle  in  the  given  ratio  by  case  1  prob.  1. 

PROBLEM  VL 

To  Divide  any  Polygon  into  Two  Parts  having  a  Given 

Raiia 

^ist.  From  a  given  pomt  in  the  perimeter  of  the  polygon. 

Cmutrue.    Join  any  two  opposite 
angles  a,  d,  o(  the  polygon  by  the  line 

AD.    Reduce  the  part  abcd  into  an  .^      tii   ^  . 

equivalent  triangle  nps,  whose  vertex  >ry  •     H\J\|\  J 

shall  be  the  given  point  p,  and  base  ad  h    Ja.      j  y^ps  ] 

produced  :  an  operation  which  may  be 
performed  at  once,  if  the  portion  abcd 
be  quadrangular  |  or  by  several  opera- 
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tions  (as  from  8  sides  to  6>  from  6  to  4,  See.)  if  the  sides  be 
more  than  four.  Divide  the  triangle  nps  into  two  parts  hav- 
ing the  given  ratio,  by  the  line  ph.  In  Ijke  manner,  reduce 
AOEFGA  into  «n  equivalent  triangle  liaving^  h  for  its  vertex^ 
and  F&  produced  for  its  base  v  and  divide  this  trlan^^le  into 
the  ^v€n  ratio  by  a  line  from  h,  as  hk.  The  compound  line 
PHK  will  manifestly  divide  the  whole  polygon  into  two  parts 
having  the  ffsircn  tatio.  To  reduce  this  to  a  right  line,  joia 
PK,  and  through  h  draw  hh  parallel  to  it ;  Join  pm  ;  so  will 
the  right  line  pm  divide  the  polyj^on  as  required^  provided  v 
fall  between  f  and  »  If  it  do  not,  the  reduction  may  be  com- 
pleted by  the  process  described  in  cases  5th  and ^th  prob.  3d. 

All  this  is  too  evident  to  need  demonstration. 

Remark.  There  is  a  direc:  method  of  solving  this  pro- 
blem, without  subdividing  the  figure  :  but  as  it  requiivs  the 
computation  of  the  area*  it  is  not  given  here* 

Sdly.     By  the  shortest  line  possible. 

Cojutruco  From  any  point  p', 
in  one  of  those  tiro  sides  of  the 
polygon  which,  when  produced, 
meet  in  the  most  acute  angle  i, 
draw  a  line  p'm'>  to  the  other 
of  those  sides  (ef),  dividing  the 
polygon  in  the  given  ratio.  Find 
'  the  points  p  and  m,  so  that  ip  or  im  shall  be  a  mean  propor- 
tional between  IP^  im'  ;  then  will  Fif  be  the  line  of  division 
required. 

The  demonstration  of  this  is  the  same  as  has  been  alreadjr 
given,  at  case  5  prob.  I.'  Tliose,  however,  who  wish  for  a 
proof,  independent  of  the  arithmetic  of  sines,  will  not  be  dis- 
pleased to  have  the  additional  demonstration  below. 

The  shortest  line  which,  with  two  other  lines  given  in  po- 
sition, includes  a  given  area,  will  make  equal  angles  with  those 
two  lines,  or  with  the  segments  of  them  it  cuts  off  from  an 
isosceles  triangle. 

Let  the  two  triangles  abc,  aef,  havinp:  the  common  angle 
A»  be  equal  ie  surface,  and  let  the  former  triangle  be  isos- 
celes,  or  have  ab  ss  ac  ;  then  is  bc  shorter  than  xf. 

Vol.  I.  D  d  d  a  First> 
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First,  the  oblique  base  sr  cannot  pass 
through  D,  the  middle  poini  of  bc,  ab  in 
the  annexed  figure.  Fcir,  draw  ng  co 
parallel  to  ab,  to  roeei  bf  produced  in 
o  Then  the  two  trianijles  dbr,  dco 
are  identical,  or  mutually  equal  in  all 
respects.  Consequently  the  triar.gltf 
Bcr  IS  less  than  db£|  and  therefore 
jiBC  less  than  akv. 

xy  must  therefore  cut  bc  in  some  point  h  between  b  and 
B,  and  cutting  the  pcrp.  ad  in  some  point  i  above  n,  as  tn  tfa« 

2d  fig.  Upon  EF  (produced  if  necessary) 
demit  the  perp.  ak.  Then  in  the  right- 
angled  A  A  IK,  the  perp.  ak  is  less  than 
the  hypoihenuse  ai,  and  thercftjre  much 
more  less  than  the  other  perp.  ad.  But, 
of  equal  triangles,  .that  which  has  the 
greatest  perpendicular,  has  the  least  base,  _ 
Therefore  the  base  bc  is  less  than  the  base  ef      q.  x  d 

This  series  of  problems  might  have  beep  extended  ranch 
farther  ;  but  the  preceding  will  furnish  a  sufficient  Tarie^, 
to  suggest  to  the  student  the  best  method  to  be  adopted  in 
almost  any  other  case  that  may  occur.  The  following  prac- 
tical samples  are  subjoined  by  way  of  exercise. 

JEx,  1.  A  triangular  field,  whose  sides  are  20,  18,  and  16 
chains,  is  to  have  a  piece  of  4  acres  in  content  fenced  oiF  from 
it,  by  a  right  line  drawn  from  the  most  obtuse  angle  to  the 
opposite  side.  Required  the  length  of  the  dividing  line,  and 
its  distance  from  either  extremity  of  the  line  on  which  it 
falls  ? 

£x.  2«    The  three  sides  of  a  triangle  are  5, 13,  and  13.    If 
two-thirds  of  this  triangle  be  cut  off  by  a  line  drawn  parallel 
to  the  longest  side,  it  is  required  to  find  the  length  of  the 
dividing  line,  and  the  distance  of  its  two  extremities  from  the 
extremities  of  the  longest  side. 

JEx*.  3.  It  is  required  to  find*  the  length  and  position  of 
the  shortest  possible  line,  which  shall  divide,  into  two  equal 
parts,  a  triangle  whose  sides  are  35,  24,  and  7  respectively. 

• 

Ex.  4  The  sides  of  a  triangle  are  6,  8,  and  10:  it  is  re* 
quired  to  cut  off  nine-sixteenths  of  it,  by  a  Une  that  shall  pass 
through  the  centre  of  its  inscribed  circle. 

Jtx, 
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Ex,  5.  Two  sides  of  a  triangle,  which  include  an  wiglc  of 
70<>,  and  14  and  17  respectively.  It  is  required  to  divide  it 
into  three  equal  parts,  by  lines  drawn  parallel  to  its  longest 
side. 

Ex.  6.  The  base  of  a  triangle  is  1 12'65,  the  vertical  angle 
570  57'  and  the  difference  of  the  sides  about  thut  angle  is  8. 
li  is  to  *be  divided  into  three  equal  parts,  by  lines  drawn  from 
the  angles  to  meet  in  a  point  within  the  triangle.  The  lengths 
of  iho:»e  lines  are  required.  • 

Ex.  7.  Thelegs  of  a  right-anpfled  triangle  are  28  and  45. 
Required  the  lengths  of  lines  dra^rn  from  the  middle  of  the 
hypolhenusei  to  divide  it  into  four  equal  parts. 

Ex,  8  The  length  and  breadth  of  a  rectangle  arc  15  and 
9.  It  is  proposed  to  cut  off  one-fifth  of  ii;. by  a  line  which 
shall  be  drawn  fi*om  a  point  on  the  longest  side  at  the  dis- 
tance of  4  from  a  corner. 

Ex,  9.  A  regular  hexagon,  each  of  whose  sides  is  12,  is 
to  be  divided  into  four  equal  parts,  by  two  equal  lines  ;  both 
passing  through  the  centre  of  the  figure.  What  is  the  length 
of  those  lines  when  a  miniuium  I 

Ex.  10.  The  three  sides  of  a  triangle  are  5,  6,  and  7.  How 
may  it  be  divided  into  four  equal  parts,  by  two  lines  which 
hall  cut  each  oiher  perpendicularly ; 

^♦,,  The  student  will  find  that  some  pf  these  examples  will 
admit  of  two  answers.  ^ 


On  the  Construction  0/ Geometrical  Problems. 

Problems  in  Plane  Geometry  are  solved  either  by  means  of 
the  modern  or  algebraical  andlysis,  or  of  the  ancient  or  geo- 
metrical analysis.  Of  the  former,  some  specimens  are  given 
in  the  Application  of  Algebra  to  Geometry,  page  369,  &c*  of 
this  volume.  Of  the  latter,  we  here  present  a  few  examp)eS| 
premising  a  brief  account  of  this  kind  of  analysis. 

Geometrical  analysis  is  the  way  by  which  we  proceed  from 
the  thing  demanded,  granted  for  the  moment,  till  we  have 
connected  it  by  a  series  of  consequences  with  something  an* 
teriorly  known,  or  placed  it  among  the  number  of  principles 

known  to  be  true. 

•  Analy^s 


.  n 


672  CONSTRUCTION  OF 

Analysis  may  be  distinguished  into  two  kinds.  In  the  one, 
which  is  named  by  Pappus,  contemplative,  it  is  proposed  to 
ascertain  the  truth  or  the  falsehood  of  a  proposition  advanced  ; 
the  otlicr  is  referred  to  the  solution  of  problems,  or  to  the 
investig^ation  of  unknown  ti*utha.  In  the  first  we  assume  as 
true,  or  as  previously  ^-^isiinj^,  the  subject  of  the  proposition 
advanced,  and  proceed  by  the  consequences  of  the  hypothesis 
to  something  known  ;  and  if  the  result  be  thus  found  trae, 
the  proposition  advanced  is  likewise  true.  The  direct  de- 
monstration is  afteiivards  formed,  by  taking  up  again,  in  an 
inverted  order,  the  several  parts  of  the  analysis.  If  the  con* 
sequence  at  which  we  arrive  in  the  last  place  is  found  false, 
we  thence  conclude  that  the  proposition  analysed  is  also  ialse« 
When  a  firoblem  is  under  consideration,  we  first  suppose  it 
resolved,  and  then  pursue  the  consequences  thence  derived 
till  we  come  to  something  known.  If  the  ultimate  result 
thus  obtained  be  comprised  in  what  the  geometers  call  datai 
the  question  proposed  may  be  resolved  :  the  demon straticxi 
(or  rather  the  construction),  is  also  constituted  by  taking  the 
parts  of  the  analysis  in  an  inverted  order.  The  impossibility 
of  the  last  result  of  the  analysis,  will  prove  evidently,  in  this 
case  as  well  as  in  the  former,  that  of  the  thing  required. 

In  illustration  of  these  remarks  take  the  following  ez« 
amples. 

Ex,  I.  It  is  required  to  draw,  in  a  given  segment  of  a 
circle,  from  the  extremes  of  the  base  a  and  b,  two  lines  ac, 
Bc,  meeting  at  a  point  c  in  the  circumference,  such  that  they 
ajball  have  to  each  other  a  given  ratio,  viz.  that  of  m  to  n. 

AnalyaU.  Suppose  that  the  thing  is  af« 
fected,  that  is  to  say,  that  AC  :  cb  :  :  m  :  k, 
and  let  the  base  ab  of  the  srgment  be  cut 
in  the  same  ratio  in  the  point  e.  Then  ec, 
being  drawn,  will  bisect  the  angle  ACB(by 
th,  83  Geom.)  ;  consequently,  if  the  circle  ^^ 

be  completed,  and  cb  be  produced  to  meet  it  inv,  the  re- 
maining circumference  will  also  be  bisected  in  r,  or  have 
TA  s=  FB,  because  those  arcb  are  the  double  measures  of  equal 
angles  :  therefore  the  point  f>  as  well  as  e^  being  giveU)  the 
point  c  is  also  given. 

Construction  Let  the  given  base  of  the  segment  ab  be 
cut  in  the  point  e  in  the  assigned  ratio  of  m  to  k,  and  com- 
plete the  circle  ;  bisect  the  remaining  circurnference  in  t  ; 
join  FE,  and  produce  it  till  it  meet  the  circumferenee  in  c  : 
then  drawing  ca,  cb,  the  thing  is  done. 

Dcmomtraiion.  Since  the  arc  fa  =  the  arc  fb,  the  aogle 
Acr  ssx  angle  bCF^  by  theor,  49  Geom. ;  therefore  ac  :  cb  :  t 

'    "  '        '  ae  : 
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AS  !  BB)  hf  th.  83.    But  AB  :  BB :  :  m  :  K,  bf  canstruction  ; 
therefore  ac  2  cb  : :  m  «  w.    q.  e.  d. 

Ex.  2.  From  a  given  circle  to  cut  off  an  arc  such,  that 
the  sum  of  m  times  the  sinei  and  n  times  the  versed  sine^ 
may  be  equal  to  a  given  line, 

jinal.  Suppose  it  donci  and  that  abb'b  is 
the  given  circiof  bs'b  the  required  arc,  bo  its 
sine,  nn  its  versed  sine  ;  in  da  (produced  if 
necessary)  take  bp  an  nth  part  of  the  given 
sum ;  join  pb»  and  produce  it  to  meet  Br  4- 
to  ab  or  II  to  BD|  in^the  point  w.  Then,  since 
m  .  B»  +  n  .  Bi^Qsi  n  .  BP  as  0  .  pn  -f  n .  BD  ;  •"  -^  M. 
consequently  m  .  bd  es  n  .  pd  ;  hence  pd  :  bd  < :  m  :  n«  But 
PD  :  BD  :  :  (by  aim.  tri)  pb  :  by  ;  therefore  pb  ^  bf  :  :  f»  :  n. 
Now  FB  is  given,  therefore  bp  is  given  in  magnitude,  and, 
being  at  right  angles  to  PB,i8  also  given  in  position  ;  therefore 
the  point  w  is  gives  aqd  consequently  pp  given  in  position  $ 
and  therefore  the  point  b,  its  intersection  with  the  circum* 
ference  of  the  circle  AEB'B,j0r  tiiB  arc  bb  is  given.  Hence 
the  following* 

Conat.  From  b,  the  extremity  of  any  diameter  ab  of  the 
given  circle,  draw  bm  at  right  angles  to  ab  ;  in  ab  (produced 
if  necessaiy)  take  bp  an  nth  part  of  the  given  sum  ;  and  on 
BM  take  BF  (SO  that  bf  :  bp  :  imm.  Join  pf,  meeting  the 
circumference  of  the  circle  in  b  and  b^  and  bb  or  bb'  is  the 
arc  required. 

Demon,  From  the  points  b  and  b'  draw  bd  and  b'  n'  at 
right  angles  to  ab.  Then,  since  bf  •  bp  :  inim^  and  (by 
aim.  tri.)  bf  :  bp  :  :  db  :  dp  ;  therefore  db  :  dp  :  :  n :  m. 
Hence  m  .  oe  sss  n  .  dp  ;  add  to  each  n  •  bd,  then  will 
m  .  db  -f-  ^  •  BD  =  n  .  BD  +  ^  •  DP  «  ^  •  PB|  or  the  given 
sum.  ^  ~ 

£x.,  3,    In  a  given  triangle  abh»  to  inscribe  another  tri-  - 
angle  abc^  similar  to  a  given  one,  having  one  of  its  sides  pa* 
rallel  to  a  line  otBit  given  by  position,  and  the  angular  points 
a,  3,  c,  situate  in  the  sides  ab,  brj  ah,  of  the  triangle  abh 
respectively. 

AnalyM.  Suppose  the  thing  done* 
and  that  abcK  is  inscribed  as  required. 
Through  any  point  c  in  bh  draw  cd 
parallel  to  m^n  or  to  a6,'and  cutting 

AB  in  D  ;  draw  cb  parallel  to  Ac,  and    f- ^--"^ 

DB  to  ac,  intersecting  each  other  in  b  .      fifi 

The  triangles  dbc,  acby  are  similar,  and  nc  i^b  i  :  cb  :  Ar  ; 
also  BDC)  Ba^i  are  similar^  and  dc  :  ad  :  :  bc  :  b^.    Therefore 

''  BQC 
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Bc  :  CB  :  :  Bft  •  Ac ;  and  they  arc  about  equal  angles,  conse- 
quently B|  £)  c,  ure  in  a  righi  line* 

Construe.  From  any'  point  c  in  bb«  draw  cd  parallel  to 
«m  ;  on  CD  conslitutc  a  triangle  cde  siinilar  to  tlie  given  one  ; 
and  through  iu  angles  b  draw  be,  which  produce  tilJ  it  cuts 
AH  in  c  ;  through  c  draw  ca  parallel  lo  ed  and  cb  p«rB/Jei  to 
xc  ;  join  ab,  then  abc  is  the  triangle  required,  having  its  side 
cb  paralieL  to  mn^  and  being  similar  to  the  given  triangle. 

Demon,  For,  because  of  the  parallel  lines  acy  db,  and  cb, 
Ec»  the  quadrilaterals  bdec  and  nacbt  are  similar  ;  und  ihere- 
Ibre  the  proportional  lines  no,  ab^  cutiin||ofF  equal  angles 
BDC,  Bab  ;  BCD,  Bba  ;  must  mulie  the  ani^les  kd*  ,  sen.  res- 
pectively equal  to  the  angles  cab,  cba  ;  while  ab  is  parallel  to 
DC)  which  is  parallel  to  mBn,  by  construction. 

£x.  4.  Given,  in  a  plane  triangle,  the  rcrticlc  angle,  the 
perpendicular,  and  the  rectangle  of  the  segments  of  the  base, 
made  by  that  perpcndiculas ;  m  construct  the  triangle. 

^nal.  Suppose  ab'c  the  triangle  re« 
quired,  bd  the  given  perpendicular  to  the 
base  AC,  produce  it  to  meet  the  periphery 
of  the  circumscribing  circle  abch.  whose 
centre  is  o,  in  k  ;  then,  by  th.  61  Geom. 
the  rectiiiigle  bd  dh  s  ad  .  dc,  the  given 
rectangle  ;  hence,  since  bd  is  given,  dh 
and  bu  are  given  ;  therefore  bi  ss  hi  is  given :  as  also 
ID  ss  OE  :  and  the  angle  soe  is  ax  abc  the  given  one,  be* 
cause  xoc  is  measured  by  the  arc  &c,  and  abc  by  half  the 
arc  AKC  or  by  rc.  Consequently  kc  and  ac  s*  3xc  are  ^vea. 
Whence  this  i 

Construction.    Find  dh  such,  that  dd  •  db  a  the  given 

AD  .  DC 

rectangle,  or  find  db  «  ^j  then  on  any  right  line 

bd 
GF  take  fb  =:  the  given  perpendicular,  and  eg  s  dh  ;  bisect 
VG  in  o,  and  make  boc  ^  the  given  vertical  angle ;  then 
will  oc  cut  EC,  drawn  perpendicular  to  ob,  in  c.  With 
eentre  o  and  radius  oc,  describe  a  circle,  cutting  cb  produced 
in  A :  through  F  parallel  to  ac  draw,  fb,  to  cut  the  circle  in  a  ;  i 

join  AB,  CB,  and  abc  is  the  triangle  required.  1 

Remark*  In  a  similar  manner  we  may  proceed,  when  it 
is  required  to  divide  a  given  angle  into  two  parts>  the  tecv- 

angle 
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angle  of  whose  tangents  may  be  of  a  giyen  magnitude.    Se^ 
prob.  40,  Simpson's  Select  Exercisis* 

Note  For  other  exercises,  the  student  may  construct  all 
the  problems,  except  the  24th,  in  the  Application  of  Algebra 
to  Geometry,  at  page  369,  &c.  of  this  volume.  And  that  he 
may  be  the  better  able  to  trace  the  relative  advantages  of  the 
ancient  and  the  modern  analysis,  it  will  be  advineable  that  he 
aolve  those  problems  both  geometrically  and  algebraucally. 


PRACTICAL  EXERCISES  IN  MENSURATION. 

QuBST.  1  WHAT  difference  is  there  between  a  fl  ^or 
38  feet  long  by  30  broad,  and  two  others,  each  of  half  *.he 
dimensions  s  and  what  do  all  three  come  to  at  45a*  per  square, 
or  WO  square  feet  ? 

Ans.  diff.  280  sq.  feet    Amount  18  guineas, 

QuBST  3.  An  elm  plank  is  14  feet  3  inches  long»  and  I  would 
havu  just  a  square  yard  slit  off  it ;  at  what  distance  from  iho 
edge  must  the  line  be  struck  ?  Ans.  7||  inctiea. 

QuKST  3.  A  ceiling  contains  1 14  jrards  6  feet  of  plastering, 
and  the  room  28  feet  broad ;  what  is  the  length  of  it  ? 

Ans.  36^  feet4 

QussT.  4.  A  common  joist  b  7  inches  deep,  and  2} 
thick;  but  wanting  a  scantling  just  as  big  again^  that  shall 
be  3  inches  thick ,  what  will  the  other  dimensions  be  ? 

Ans.  1 1|  inches* 

Quest.  5^  A  wooden  cistern  cost  me  3«.  2d.  painting 
within,  at  6d.  per  yard  ;  the  length  of  it  was  103  inches, 
and  the  depth  31  inches  ;  what  was  the  width  ? 

Ans.  27  J  inches. 

QvBST.  6.  If  my  court- yard  be  47  feet  9  inches  square^ 
and  I  have  laid  a  foot-path  with  Purbeck  sione,  of  4  feet 
wide,  along  one  side  of  it,  what  will  paving  the  rest  v/hh 
flints  come  to,  at  6d.  per  square  yard  I  Ans.  51  16$.  0^. 

Quest.  7.  A  ladder,  36f  feet  long,  may  be  so  planted^ 
that  it  shall  reach  a  window  33  feet  from  the  ground  on 
one  side  of  the  street ;  and.  by  only  turning  it  over,  without 
moving  the  foot  out  of  its  place,  it  will  do  the  same  by  a 

window 


576  QUESTIONS  IN  MENSURATION. 

window  1 4  feet  high  on  the  other  side  ;  what  is  the  breadth  of 
the  street  i  Ana.  37  feet  9  j.  iochea. 

Quest.  8.  The  paving  of  a  triangular  court,  at  16d. 
per  foot,  came  to  (00/. ;  the  longest  of  the  three  sidea  waa 
88  feet ;  required  the  sum  of  the  other  two  equal  aides  ? 

Ans*  106-85  feet 

Quest.  9.  There  are  two  columns  in  the  ruina^Persef* 
polls  left  standing  upright  s  the  one  is  64  feet  above  the 
plain,  and  the  other  50  :  in  a  straight  line  between  these 
stands  an  ancient  small  statue^  the  head  of  which  is  97  feet 
from  the  summit  of  the  higher,  and  86  feet  from  the  top  of 
the  lower  column,  the  base  of  which  measures  just  76  feet 
to  the  centre  of  the  figure's  base.  Required  the  distance  be* 
tween  the  tops  of  the  two  columns  ?        Ans.  157  feet  nearij. 

Quest.  10.  The  perambulator,  or  surveying  wheel,  is  so 
contrived,  as  to  turn  just  twice  in  the  length  of  1  pole,  or 
16i  feet ;  required  the  diameter  ?  Ans.  3«636  feet. 

Quest.  11.  In  turning  a  one-horse  chaise  within  a  rio^ 
of  a  certain  diameter,  it  was  observed  that  the  outer  wheel 
made  two  turns,  while  the  inner  made  but  one  :  the  wheels 
were  both  4  feet  high  ;  and  supposiog  them  fixed  at  the  dis- 
tance of  5  feet  asimder  on  the  axletree,  what  was  the  circiuB* 
ference  of  the  track  described  by  the  outer  wheel  ? 

Ans.  6383  feet 

Quest.  12.  What  is  the  aide  of  that  equilateral  triangle, 
whose  area  cost  as  much  paving  at  8d.  a  foot,  as  the  palli- 
aading  the  three  sides  did  at  a  guinea  a  yard  I 

Ans.  72'746  feet. 

Quest.  13.  In  the  trapezium  abcd,  are  given,  ab  es  13^ 
Bc  sBs  31|,  CD  Si  24,  and  da  a  18,  also  b  a  right  angle  ;  re- 
quired the  area  ?  Ans.  410  1 23. 

Quest.  14.  A  roof  which  is  24  feet  8  inches  by  14  feet 
6  inches,  is  to  be  covered  with  lead  at  8Ib.  per  square  foot  s 
what  will  it  come  to  at  18s.  per  cwt.  ?        Ans.  22/.  I9«x  lO^d. 

Quest.  15.  tiaving  a  rectangular  marble  slab,  58  inches  by 
27,  I  would  have  a  square  foot  cut  off  parallel  to  the  shorter 
edge ;  I  would  then  have  the  like  quantity  divided  from  the 
remainder  parallel  to  the  longer  side ;  and  this  alternately 
repeatedi  till  there   ahall   not  be    the   quantity   of  a  foot 

left: 


\ 
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left :  what  will  be  the  dimensions  of  the  reTnaininif^  piece  ? 

Ans.  30  7  inches  by  6*08^< 

QuBST.  16.  Given  two  sides  of  an  obtuse-angled  triangle, 
which  are  30  and  40  poles  ;  required  the  third  side,  that  the 
triangle  may  contun  just  an  acre  of  land  ? 

Ans.  58*876  or  23*G99* 

QuKST.  17.  The  end  wall  of  a  house  is  24  feet  6  inches 
in  breadth,  and  40  feet  to  tbr  eaves  ;  \  of  which  is  2  bricks 
thick, -^  more  is  1 }  brick  thick,  and  the  rest  I  brick  thick. 
Now  the  triangular  gable  rises  38  courses  of  bricks,  4  of 
which  usually  make  a  foot  in  depth,  and  this  is  but  4}  inches, 
or  half  a  brick  thick  :  what  will  this  (uece  of  work  come  to 
at  5/.  10».  per  statute  rod  I  Ans.  20/.  1 1«.  7  jt/. 

QtJBST.  18.  How  many  bricks  will  it  take  to  build  a  walU 
10  feet  high,  and  500  feet  long,  of  a  brick  and  half  thick  : 
reckoning  the  brick  10  inches  long,  and  4  courses  to  the  foot 
in  height  ^  Ans.  72000« 

Quest.  19.  How  many  bricks  will  build  a  square  pyra* 
mid  of  100  feet  on  each  side  at  the  base,  and  also  100  feet 
perpendicular  height :  the  dimensions  of  a  brick  being  sup-  j 

posed  10  inches  long,  5  inches  broad,  and  3  inches  thick  ?  / 

Ans,  3840000*' 

•  * 

Quest.  20.  If,  from  a  right-angled  triangle,  whose  baso 
is  12,  and  perpendicular  16  feet,  a  line  be  drawn  parallel  to 
the  perpendicular,  cutting  off  a  triangle  whose  area  is  24 
square  feet ;  required  the  sides  of  this  triangle  ? 

Ans.  6,  8,  and  10. 

Quest.  21.  The  ellipse  in  Grosvenor-square  measures 
840  links  across  the  longest  way,  and  612  the  shortest,  within 
the  rails  :  now  the  walls  being  14  inches  thick,  what  ground 
do  they  enclose,  and  what  do  they  stand  upon  f 

.        C  enclose  4  ac.0  r  6  p* 
'^°*'  I  stand  on  1760i  sq.  feet. 

Quest.  23.  If  a  round  pillar,  7  inches  over,  have  4  feet 
of  stone  in  it :  of  what  diameter  is  the  column,  of  equal 
length,  that  contains  10  times  as  much  ? 

Ans.  22*136  inches. 

Quest.  23.  A  circular  fish-pond  is  to  be  made  in  a  gar« 

deui  that  shall  take  up  just  half  an  acre  ;  what  must   be   the 

>  length  of  the  chord  that  strikes  the  circle  i    Ans.  27|  yards. 

Vol.  I.  E  e  e  e  Quest. 
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Quest.  24.  When  a  roof  is  of  a  triie  pitch,  or  niakSng  a 
right  aogle  at  the  ridge,  the  rafters  are  nearly  |  of  the 
breadth  of  the  building  :  now  supposinj?  the  eves-boards  to 
project  10  inches  on  a  side,  what  ^11  the  *  new  ripping  a 
house  cost,  that  measures  S2  feet  9  inches  long)  by  33  feet 
9  inches  broad  on  the  flattj«t  15«.  per  square  ? 

Ans.  BL  15«.9itf. 

Quest.  25.  A  cable,  which  is  3  feet  long,  and  9  inches  in 
compass,  weighs  32lb  ;  what  will  a  fathom  of  that  cable 
weigh,  which  measures  a  foot  about  ?  Ans.  78|  lb. 

Quest.  36.  My  plumber  has  put  28lb.  per  square  foot 
into  a  cistern,  74  inches  and  twice  the  thickness  of  the  lead 
long,  36  inches  broad,  and  40  deep :  he  has  also  put  three 
9tays  across  it  within^  of  the  same  strength,  and  16  inches 
deep,  and  reckons  239  per  cwt  for  work  and  materials.  I| 
being  a  mason,  have  paved  him  a  workshop,  23  feet  10  inches 
broad,  with  Purbeck  stone,  at  7d.  per  foot ;  and  on  the 
balance  I  find  there  is  3*  6d.  due  to  him  ;  what  was  the 
length  of  the  workshop  supposing  sheet  lead  of  .ji|^  of  an 
inch  thick  to  weigh  5*899lb.  the  square  foot  ? 

Ans.  33  feet, 0|  inch. 

Quest.  37.  The  distance  of  the  centres  of  two  circles, 
whose  diameters  are  each  50,  t>eing  given,  equal  to  30 ;  what 
Is  the  area  of  the  space  enclosed  by  their  circumferences  ? 

Ans.  559-119. 

• 

Quest  38.  If  30  feet  of  iron  ndling  weigh  half  a  ton^ 
when  the  bars  are  an  inch  and  quarter  square ;  what  will 
50  feet  come  to  at  3jd.  per  lb.  the  bars  being  |  of  an  indi 
square  ?  Ans.  SfU.  0«.  2d, 

Quest.  39.  The  area  of  an  equilateral  triangle,  whose 
base  falls  on  the  diameter,  and  its  vertex  in  the  middle  of 
the  arc  of  a  semicircle^  is  equal  to  1 00 :  what  is  the  diametar  of 
the  aemieirtle  ?  Ans.  36*33148. 

QuKST.  30.  It  is  required  to  find  the  thickness  of  the 
lead  in  a  pipe,  of  an  inch  and  quarter  borei  which  weighs 
141b.  per  yard  in  length  ;  the  cubic  foot  of  lead  weighing 
1 1 325  ounces  ?  Ans.  -30737  inches. 

Quest.  31.  SuppoMng  the  expence  of  paving  a  semicir* 
cular  plot,  at  2«.  .4flf«  per  footj  oame  to  10/. ;  what  is  the 
diameter  of  it  ?  Ans.  14.7737  feet. 

Qusax. 


i 
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^CEST.  32.  What  is  the  length  of  a  chord  which  cuts  off 
I  of  the  area  from  a  circle  whose  diameter  is  389  ? 

Aqs.  278-6716, 

Quest*  33.  My  plumber  has  set  vne  up  a  cistern,  and,  his 
shop-book  bein^^  burnt,  he  has  no  means  of  bringing  in  the 
charge,  and  1  do  not  choose  to  take  it  down  to  have  it  weigh- 
ed ;  but  by  roeasui^  he  finds  it  contains  64,"^^  square  feet* 
and  thut  it  is  precisely  ■}  of  an  inch  in  thickness.  Lead  was 
then  wrought  at  31/.  per  foiher  of  19^  cwt.  It  is  required 
from  these  items  to  make  out  the  bill,  allowing  6^  oz.  for  the 
weight  of  a  cubic  inch  of  lead?  Ans«4/.  lU.  2d. 

Quest.  34.  What  will  the  diameter  of  a  globe  be,  when 
the  solidity  and  superficial  content  are  expressed  by  the  same 
number?  Ans.  6* 

QuBST.,  35.  A  sack,  that  would  hold  3  bushels  of  com, 
is  22^  inches  broad  when  empty;  what  will  another  sack 
contain,  which,  being  of  the  same  length,  has  twice  its 
breadth,  or  circumference  ?  Ans.  12  bushels. 

Quest.  36.  A  carpenter  is  to  put  an  oaken  curb  to  a 
round  u'ell)  at  Sd,  per  foot  square  :  the  breadth  of  the  curb 
is  to  be  7i  inches,  and  the  diameter  within  3j.  feet ;  what 
will  be  the  expense  ?  Ans.  Sa.  2\a^ 

Quest.  37.  A  gentleman  has  a  garden  100  feet  long,  and 
80  feci  broad  ;  and  a  gravel  walk  is  to  be  made  of  an  equal 
width  half  round  it ;  what  must  the  breadth  of  the  walk  be 
to  take  up  just  half  the  ground  }  Ans.  25*968  feet* 

Quest.  38.    The  top  of  a  may-pole,  being  broken  off  by  a 
blast  of  wind,  struck  the  ground  at   10  feet  distance  from  the 
■  foot  of  the  pole  ;  what  was  the  height  of  the  whole  may-pole, 
supposing  the  length  of  the  broken  piece  to  be  26  feet  I 

Ans.  50  feet* 

Quest.  S9.  Seven  men  bought  a  grinding  stone,  of  60 
inches  diameter,  each  paying  -f  P^^  of  the  expense  ;  wha^ 
part  of  the  diameter  must  each  grind  down  for  his  share  ? 

Ans.  the  1st  4-4508,  2d  4  8400,     3d  5S535,     4th  6-0765, 
5th  7-2079,  6ih  9*3935,     7lh  22*6778  inches. 

Quest.  40.  A  maltster  has  a  kiln,  that  is  16  feet  6  inehes 
square :  but  he  wants  to  piril  it  down,  and  build  a  new  one, 

that 
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that  may  dry  three  times  as  much  at  once  as  the  old  one  ;  what 
must  be  the  kngth  of  its  side  ?  Ana-  2»  feet,  7  inchei. 

Quest.  41.  How  many  3-inch  cubes  may  be  cut  out  of  a 
12.inchcube?  Ana.  64. 

Quest.  43.  How  long  must  the  tether  of  a  horse  be,  thae 
will  iiilow  him  to  graze,  quite  round,  just  an  acre  of  gromid  ? 

Ans.  39J  yat^. 

Quest  43.  What  will  the  painting  of  a  conical  spire  come 
to,  ai  Sd.  per  yard  ;  supposing  ihc  height  to  he  US  feet,  and 
the  circumlercnce  of  the  base  64  feet  ?  Ans.  14/.  0*.  8irf. 

Quest.  44.  The  diameter  of  a  standard  com  bushel  is 
1  S|  inches,  and  its  depth  8  laches ;  then  what  must  the 
dian*eter  of  that  bushel  be  whose  depth  is  74  inches  ? 

Ans.  1 9' 1 067  inches. 

Quest.  45.    Suppose  the  ball  on  the  top  of  St.  Paulas 

church  is  6  leet  in  diameter ;  what  did  the  gilding  of  it  cost 
at  3id  per  square  mch  ?  Ans.  237/.  10«.  Id. 

Quest  46.  What  will  a  frustum  of  a  marble  cone  come 
to,  at  12*.  per  solid  foot;  the  diameter  of  the  greater  end 
being  4  feet,  that  of  the  less  end  1^;  and  the  length  of  the 
slant  side  8  feet?  Ans  So]!  U.  lo^rf. 

Quest.  47.  To  divide  a  cone  into  three  equal  parts  by 
sections  parallel  to  the  base,  and  to  find  the  altitudes  of  the 
three  parts,  the  height  of  the  whole  cone  being  20  inches  ? 

Ans.  the  upper  part  13-867. 
the  middle  part  3-605. 
the   lower  part    2^528. 

Quest.  48.  A  gcnUeman  has  a  bowling  green,  300  feet 
long,  and  200  feet  broad,  which  he  would  raise  I  foot  higher, 
by  means  of  the  earth  to  be  dug  out  of  a  ditch  that  goes  round 
11 :  to  what  depth  must  the  ditch  be  dug,  supposing  its  breadth 
to  be  every  where  8  feet  ?  Ans.  7|J  feet 

Quest.  49.  How  high  above  the  canh  must  a  person  be 
raised,  that  he  may  see  ^  of  its  surface  ? 

Ans.  lo  the  height  of  the  earth's  diameter. 

Quest. 
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Quest.  50.    Acubicfi3otofbnwlPrA*rj()^^ 
of  J^  of  an  inch  in  diameter ;  what  wUr 
bei  allowing  do  loss  in  the  metal  ? 
Ads.  97784  797  jrardsi 
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into  wire, 
"the  wire 


Quest.  51.    Of  what  diameter  must  the  bore  of  tr 
be>  which  is  cast  br  a  ball  of  341b.  weight,  so  that  the  di^ 
ter  of  the  bore  may  be  ^-^  of  an  inch  more  than  that  of  tl 
ball  I  Ans.  5*647  inches. 


Quest.  53.  Supposing  the  diameter  of  an  iron  91b.  ball 
to  be  4  inches,  as  it  is  very  nearly ;  it  is  required  to  find  the 
diameters  of  the  several  balls  weighing  I9  3,  3,  4,  6,  13, 18, 
24,  33,  36,  and  43lb,  and  the  caliber  of  their  guns  allowing 
f\  of  the  caliber,  or  ^^-^  of  the  ball's  diameteri  for  windage. 


Answer, 


Wt.of 

Diameter 

Caliber  of 

ball.- 

ball. 

gun. 

1 

1-9330  . 

1-9633 

3 

3  4338 

3-4733 

3 

3-7734 

3-8301 

4 

30536 

3-1149 

6 

3*4943' 

3562^6 

9 

4-0000 

40816 

19 

4-4036 

4*4934 

18 

5-0397 

5- 1435 

34 

5-5469 

5*6601 

33 

6  1051 

6*3297 

36 

6-3496 

6*4793 

43 

6-6844 

6*8308 

Quest.  53.  Supposing  the  windage  of  all  mortars  to  be 
j^  of  the  caliber,  and  the  diameter  of  the  hollow  part  of  the 
shell  to  be  1^  of  the  caliber  of  the  mortar  :  it  is  required  to 
determine  the  diameter  and  weight  of  the  shell,  and  the  quan- 
tity or  weight  of  powder  requisite  to  fill  it,  for  eiich  of  the  sev- 
eral sorts  of  nsortarsi  namely,  the  13|  lOj  8)  5-8|  and  4-6  inch 
mortar. 

Answer, 
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Answer, 


Csilib.  t* 

•  piumeter 

Wi.  of  bhcll 

Wi  of 

Wi.ofbhelT 

vnofi'   i 

'  of  shell. 
4  523 

empty. 

powder 
0-58.^ 

filled. 

4-6 

8   .20 

8  903     J 

58 

5r(.»3 

16-677 

1  \th 

17845     f 

8 

7  167 

4J764 

S065 

46  829     1 

10 

9  »33 

85  476 

5  y86 

91*462 

13 

*    12  783 

187  79 » 

1  S  1  5  1 

200  942 

Quest.  54.  If  &  heavy  sphere,  whose  diameter  is  4  inches, 
be  let  fall  into  a  conical  glass,  full  of  water,  whose  diameter 
is  5,  and  altitude  6  inches ;  it  is  required  to  determine  how 
much  water  will  run  over  ? 

Ans.  26*272  cubic  inches,  or  nearly  }  of  a  pint. 

Quest.  55.    The  dimensions  of  the  sphere  and  cone  being 

the  same  as  in  the  last  question,  and  the  cone  only  |  full  of 

.  water  ;  required  what  part  of  the  axis  of  the  sphere  is  ini« 

nersed  in  the  water  I  Ans.  -546  parts  ol  an  inch. 

Quest.  56.  The  cone  being  still  the  same,  and  |  full  of 
water  i  required  the  diameter  of  a  sphere  which  shall  be 
just  all  covered  by  the  water  I  Ans.  2*445996  inches. 

Quest.  57.  If  a  person,  with  an  air  balloon,  ascend  verti- 
cally from  London,  to  such  a  height  that  he  can  just  see  Oxford 
appear  in  the  horizon  ;  it  is  required  to  determine  his  height 
above  the  earth,  supposing  its  circumference  to.be  2500O 
miles,  and  the  distance  between  London  and  Oxford  49-5933 
miles  ?  Ans.  ^^^j^  of  a  mile,  or  547  yards  1  foot. 

QuBsv.  58.  In  a  garrison  there  are  three  remarkable  objects 
A,  B»  c,  the  distances  of  which  from  one  to  another  are  known 
to  be,  AB  213,  AC  424,  and  BC  362  yards  ;  I  am  desirous  of 
knowing  my  pusition  and  distance  at  a  place  or  station  s,  from 
which  I  observed  the  angle  asb  1 3*  30%  and  the  angle  csb  29" 
so'  both  by  geometry  and  trigonometry. 

Answer, 

AS  605  7122; 

BS  429'68 14;  ^'^v^Bv 

CS  524*2365. 

QuESV.  59.  Required  the  same  ai  in  the  last  question, 
wh^n  the  point  b  is  on  the  other  side  of  ac,  supposing  ab  9$ 
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AC  13,  and  bc  6 furlongs;  also  th^,mgie  asb  33«  45',  and  tho 
angle  bsc  as*'  3o'.  - 

Answer, 
At  \0*64i^BS  15*64,  €•  U-OK 


QuBST.  60.  It  is  required  to  determine  the  nia|5x^\mdc  of 
a  cube  of  Kold,  of  the  standard  fineness,  which  shall  be  %qtxdX 
to  a  sum  of  480  milHon  of  pounds  sterlings  supposing  a  g^ 
nea  to  weigh  5  dwts  9}  grains.  Ans.  18*691  feet. 

Quest.  61.  The  ditch  of  a  fortification  is  1000  feet 
long,  9  feet  deep,  20  feet  broad  at  bottom*  and  33  at  top  ;  how 
much  water  will  fill  the  ditch  ? 

Ans.  1 1 58 137  gallons  nearly* 

QuBST.  63.  If  the  diameter  of  t^e  earth  bc  7930  miles, 
and  that  of  the  moon  3160  miles:  required  the  ratior  of  their 
surfaces,  and  also  of  their  solidities :  supposing  th^i  both  to 
lie  globulari  as  they  are  very  nearly  ? 

Ans.  ihe  surfaces  are  as  134  to  1  nearly  i 
and  the  solidities  as  49  i  to  I  nearly. 
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